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This review type of thesis summarizes the relevant core theoretical results with a slight overview the of
application. The results of general space Markov chain is reviewed first, mainly Markov chain convergence
theorem, theory of ergodicity and quantitative bounds. Next, the result of Adaptive MCMC is reviewed,
with a focus on the theory of ergodicity. Finally, results of the boundedness of Adversarial Markov Chain

are reviewed.
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Chapter 1

General Space Markov Chain

In this section, we will dicuss the concepts of the Markov chain on general (non-countable) state
spaces, with emphasis on its asymptotic convergence and its ergodicity. The results are summarized
from [3], [5], [6]. Future work includes summarizing central limit theorem on Markov chain, optimal

scaling proofs, Harris recurrence, adaptive MCMC and relevant applications.
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1.1 Foundations

Definition 1. General State Space

A state space X is general if it is equipped with a countably generated o-algebra B(X)

Definition 2. Transition Probability Kernels
If P={P(z,A),x € X, A€ B(X)} is such that

1. For each A € B(X), P(-, A) is a non-negative measurable function on X

2. For each z € X, P(x,-) is a probability measure on B(X).

Theorem 1.1. For any initial measure p on B(X) and any transition probility kernel P = {P(z, A),z €
X, A € B(X)}, there exist a stochastic process ® = {®g, @1,...} on Q = []° X;, measurable with respect
to F =\ ;2o B(X;) , and a probability measure P,, on F such that P,(B) is the probability of the event
{® € B}, for B € F ;and for measurable A; C X;,i =0,....,n and any n

Pp((I)O € Ay, P1 € Ay,...,P, € An) :/

/ w(dyo) P (Yo, dy1)...P(yn, Arn)
YyoE€Ao Yn—1€AL_1

Typically, P, (D, € A|®y) = P"(z, A)

Theorem 1.2. (ChapmanKolmogorov equations) For any m with 0 < m < n,
Pz, A) = / P"(x,dy)P" ™ (y,A),x € X, A € B(X)
X

Definition 3. Let f be a bounded measurable function and p be a o-finite measure on B(X). Then

define operator P™ such that
i) = [ Py i
x

mwm=Ammwmm

Definition 4. Stationary distribution
A probability measure m(-) on (X,B(X)) is a stationary measure for a Markov chain with transition
probability P, if

m(A) = Pz, A)r(dx), Vze X,VAe€ B(X).

xEch

Definition 5. First Hitting that and Return time
For any set A C X, the variable 74 is defined as min{n > 0: ®,, € A}, namely, first hitting time.

For any set A C X, the variable o4 is defined as min{n > 1: ®, € A}, namely, first return time.
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1.2 Convergence of Markov Chains

Definition 6. Total Variation Distance

The total variation distance between two probability measures v;(-) and vo(+) is:
() = w2 (Il = suplvs (4) — va(4)]

Proposition 1.3.

(@ () = el = sup | [ fan ~ [ fam).

f: X%[O 1]

(0) llwa () =2 ()l =

sup |/fd1/1 /fdug\ for any a < b, and in particular
—a f:x—-1[0,1]

() = w2l = % swp | [ gavr [ fae)

f:X—=[-1,1]
(¢) if w(-) is stationary for a Markov chain kernel P,then||P"(x,-) — w(-)|| is non-increasing in n,i.e.
1P" (@, ) =7 ()l < [P a, ) = 7()]| for n €N

(d) More generally, letting (v;P)(A) = /I/i(dSC)P(:L',A), we always have

11 P)(-) = (2 P)O) < [ () = 2 ()|

(e) Let t(n) = 2sup||P"(z,-) — w(-)||, where w(-) is stationary. Then t is sub-multiplicative, i.e.
TeEX

ttm+n) <t(m)t(n) for myn € N

(f) If p(:) and v(-) have densities g and h, respectively, with respect to some o-finite measure p(-),

and M = max(g,h) and m = min(g, h), then ||u(-) —v(-)|| = %/ (M —m)dp=1 —/ mdp
X X

(9) Given probability measures u(-) and v(-), there are jointly defined random variables X and Y
such that X ~ p(-), Y ~wv(), and P[X =Y]=1—||u(:) — v(")]

Proof. (a): Let p(-) be any o-finite measure such that 11 < p and vy < p. We could always find such
measure such as p = v; + v». By Radon-Nikodym Theorem, v; and v are absolute continuous with
respect to p. Set g = 44 and h = G2 Then |[ fdn — fdvs| = |[ f(g — h)dp| = [ igony (9 = h)dp +
f{g<h} f(g—h)dp| which is maximized when f =1 on {g > h} and f = 0 on {g < h}(or vice-versa) .The
above equation equals to |f{g>h} g—h)dp| = |[,dvi — [, dvs| = [11(A) —va(A)] if let A= {g > h} or
{g < h}, corresponding to the value of ||v1(-) — va(+)]|, thus prove the equivalence.

O

Proof. (b): Following part (a), | [ fdvi — fdws| = |[ f(g — h)dp| = |f{g>h} g—nh) derf{ <ny g —h)dp|

which is maximized when f =bon {g > h} and f = a on {g < h}(or vice-versa) .
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The equation above becomes
|f{g>h}b g—nh dP—f{ Sh} @ (9g—h) dp+f{ oy @ (g—h) dp—i—f{ <h}a(g—h)dp|

= Jigony (0lg —h) —alg = h))dp+ [y alg = h)dp| = | [(,spy (b(g — 1) — alg — h))dp + a(v1(X) — v2(X))]
= |f{g>h}(b(g — h) —a(g — h))dp| since 1 and v, are probability measures.

= (b—a)|r1(A) — va(A)] if we let A = {g > h}, thus prove the equivalence. O

Proof. (c) [p"*!(z, A) = m(A)| = | [,c» P" (2, dy)p(y, A) — [, » 7(dy)p(y, A)]
= |[yex P (2 dy) f(y) = [, e m(dy) f ()|
Let p(y, A) = f(y) and clearly f € [0,1]

< supy. X=[011f, cx P(@,dy) f— [, m(dy) | = = [[p"(x,-) —7()|

since it holds for every A

= [P (w, 4) = w(A)]| < [[p"(x, A) = w(A)] for Vn N

Proof. (d) |[ vi(da)p(x, A) — [va(dw)p(z, A)| = | [ v1(dz) f(2) — [ve(dz)f(2)|

Let p(y, A) = f(y) and clearly f € [0, 1]

<suppaol ) vi(do)p(z, A) = [va(de)p(z, A)| = [[vi() —2()]|

Since it holds for every A

then || (1 P)(-) = (12 P) ()l < llva () — v2()l] O

Proof. (e): Let P(z,-) = P"(x,-) — n(-) and Q(z,-) = P™(x,-) — 7(-), so that

(PQS)(x) = fy) /GX[P”(I, dz) — m(dz)][P™ (2, dy) — 7 (dy)]

yeX

= f) / [P"(,dz) P (2, dy) — P"(x,dz)n(dy) — m(dz)P" (2, dy) + m(dz)m(dy)]
yeX z€EX

=/ f) [P (x, dy) — n(dy) — m(dy) + 7(dy)]

- / ex FIP™ " (2, dy) — m(dy)]

Then let f: X — [0,1], let g(x) = (Qf)(z) = [, Q(x,dy) f(y) and let g* = sup,cx|g(z)|

l9@)| = |[,c2[P™" (2, dy) — 7(dy)]f(y )\ < supp.yolfyen P (@ dy) — 7(dy)lf(y)| = [[P™(z,") —
7()|| < supe||[P™(z,-) —m(-)|| = $t(m) by part (a) = ¢* < Lt(m) since it holds for Va € X. If g* = 0,
then clearly PQf = 0. Otherwise, we compute that

2 sup|(PQf)(x)| = 29" sup|(Plg/g")(w)| < t(m) sup|(Plg/g7])(x)| (1.1)

zeX reX reX

Since —1 < g/g* < 1, we have (P[g/g*])(aj) < 2||P™(z,-) — w(-)|| by part(b).
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So that sup,e x(Plg/g"])(x) < t(n).

t(n +m) = 2sup||P"""(xz,-) — = (")
rzeX

=2sup sup [(PQf(z)]
zeX f:X—[0,1]

=2 sup sup|(PQf(x)l
f:X—[0,1] z€X

< t(m)t(n) by (1.1)

Proof. (f): we first show the first equality:

() —v(O)ll = 3 2 SUPfx—[—1,1] |f fdu(-) — fdv(-)| = 3 2 SUPfx—[—1,1] |f fdp(-) — fdv(’)
gl Flg=h)dpl = 3 suppx 10yl frgany Flo = R)dp + [y flg — R)dpl

= %U{g>h} 9=h)dp+ [(yeny(h = g)dpl = 5([( oy (9 = D)dp + [(ypy (h = g)dp) =5 [ (M —m)dp
Since M +m = g+ h, then [, (M +m)dp =2

%IX(M—m)dp:1—%(2—fX(M—m)dp:1—%(fX(M+m)dp—fX(M—m)dp: 1—[ymdp O

Proof. (g): let a = [, mdp, b= [,.(9 —m)dp and ¢ = [,.(h —m)dp. We only consider the case when
they are positive, since it is trivial if they are zero. We then define random variables Z, U, V', I, jointly,
such that Z has density m/a, U has density (¢ — m)/b, V has density (h —m)/b and I is independent
of Z, U, VwithPI=1=acand P[I=0=1—a. Let X =Y =ZifI=1,and X =U and Y =V if
I =0. Then
P(X € A)=P(Zc Al =1)P(I=1)+P(U € Al = 0)P(I =0)
~a [ (/a)dp+ (1 =a) [ (ta=m)myp

ng m)dp
Jx (g —m)dp

:/ mdp + fxg;pf’(}zdfldpA(g—m)dp
/ mdp + / (g —m)dp
/ gdp = / dp = p(A

/mdp+ (1—a)2—-F—
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P(Y € A)=P(Z € Al =1)P(I = 1)+ P(V € A|I = 0)P(I =0)

= [ (m/a)dp+ (1-a) / ((h = m)/b)dp

Jalh —m)dp
/mdp+ 1fa)f: W= m)dp

:/mdp+fX — Lo mdp /A(h—m)dp

hdp — [, mdp

/mdp+/(h m)dp
/hdp /du—u

we thus show that, X ~ p(-) and Y ~ v(-).Also, U supports the region {g > h} and V supports the

region {h > g},so PlU=V]=0. Then P X =Y|=P[I =1]=a=1—|u(-) —v()| by part(f). O

The concepts to total variance helps us to answer question like is lim,, _, oo ||P"(x, ) — 7 (:)|| = 0?7 And,
given € > 0, how large must n be so that ||[P"(x,-) — 7(-)| < e.
To admit convergence, we not only require that the chain have a stationary distribution, but also require
the chain to be irreducible and aperiodic. We then introduce the concept of the weaker condition of

¢—irreducibly and aperiodic.

Definition 7. A chain is ¢-irreducible if there exists a non-zero o-finite measure ¢ on X such that for
all A C X with ¢(A) > 0, and for all € X, there exists a positive integer n = n(x, A) such that

P"(xz,A) >0

Definition 8. A Markov chain with stationary distribution 7(-) is aperiodic if there do not exist d > 2
and disjoint subsets Xy, X, X3, ..., Xy C X with P(z,X;41) = 1 for all z € X;(i < i < d—1) and
P(z,x;) =1 for all z € Xy, such that 7(&x7) > 0(and hence 7(X;) > 0 for all ¢).(Otherwise, the chain is

periodic, with period d, and periodic decomposition X1, ..., Xg
To better understand these two concepts, we provide an example here.

Example 1. Suppose 7(-) is a probability measure with unnormalised density function =, with respect
to d-dimensional Lebesgue measure. Consider the Metropolis-Hastings algorithm for m, with proposal
density ¢(x, -) with respect to d-dimensional Lebesgue measure. Suppose ¢(+, -) is positive and continuous

on R? x R?, and 7, is finite everywhere, we then show the algorithm is m-irreducible and aperiodic.

Proof. Let m(A) > 0. Then 3 R;0 such that 7(Ar) > 0, where Ap = AN Bgr(0). Br(0) represents the

ball of radius R centered at 0. Then by continuity, for any x € R?, infyca, ming(x,y) > € for some
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€ > 0, so we have

7.(y)q(y,x
e

m({y € Ar i mu(y) = mu(x)})

P(x,A) > P(x,ARr) > / q(x,y) min [17

AR

>eLeb({y € Ap : mu(y) > mu(x)}) +

Tpu(x)
Since 7 (-) is absolutely continuous with respect to Lebesgue measure, and since Leb(Ag) > 0, it follows

that the terms in this final sum cannot both be 0, so that we must have P(x, A) > 0. Hence, the chain

is mw-irreducible.

For aperiodicity. Suppose that X7 and X5 are disjoint subsets of & both of positive 7 measure, with

P(x,X;) =1 for all x € X;. But just take any x € X}, then since X; must have positive Lebesgue

measure,
P(x, A1) 2/ q(x,y)a(x,y)dy >0
yeX
which is a contradiction. Therefore aperiodicity must hold. O

Then we state the main asymptotic convergence theorem, whose proof is shown in section later.

Theorem 1.4. If a Markov chain on a state space with countably generated o-algebra is ¢-irreducible

and aperiodic, and has a stationary distribution 7(-), then for m-a.e. x € X

lim || P"(z,-) - ()| = 0.

n— oo

In particular, lim,, o, P™(x, A) = w(A) for all measurable A C X.

Corollary 1. If a Markov chain is ¢ irreducible, with period d > 2, and has a stationary distribution

7(-), then for m-a.e. x € X,
n+d—1

Jim [|(1/d) Z Pz, ) = m()] =0

Proof. Let the chain have periodic decomposition X, Xs, ..., Xy C X, and let P’ be the d-step chain
P? restricted to the state space X;. Then P’ is ¢- irreducible and aperiodic on X}, with stationary

distribution 7/(-). We then show that for state space X;, the stationary distribution is 7/P7~!(-), for
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1<j<d Let ACX,
/ ' PI(dy) Py, A) = / P (dy) P (y, d2) P (2, A)
yeX. zeX; JyeX
- / / o (d) P~ (r, dy) P (y, dz) P (2, A)
zeX; JzeX; JyeX

— /ZEX1 /a;eXI w’(dm)Pd(x,dz)ijl(ZaA)
/Z ILCOLEER)

=g/ pi-t (A4)

Thus we know 7(-) = (1/d) Z (7T’Pj)(-)7 we then prove the Corollary when n = md with m — oo. We
assume without loss of generality that x € X;. By Proposition (d) we have ||P™4%7 (z,-) — (7' P7)()| <
[Pmd(x,-) —='()[| Vj € N

md+d—1 d—1 d—1

I/d)y Y- Plla,) —w(O)l =l(1/d) Y P (e, ) = (1/d) Y _(x' PI)(

i=md 7=0 7=0

&.
)_.

<(1/d) IIP’”d“(% )= (@ P

7=0
0 (1.2)
<(/d) Y I[P (x,) — ')
§=0
-1
= (1/d) Y _|IP(z,) == ()|
j=0
By applying theorem to P’, we have that lim,, || P"™%(z, ) — '(:)|| = 0 for 7’-a.e. © € &)
Similarly, the result holds for (7'P7)(-)-a.e. z € X;, for 1 < j < d, the Corollary is then proved. O

1.3 Ergodicity of Markov Chain

In this section, we discuss the rate of convergence. Uniform ergodicity is one qualitative convergence

rate property.

Definition 9. A Markov chain having stationary distribution 7 (-) is uniformly ergodic if
[P (x,-) =m()| < Mp",n=1,2,3,...
for some p < 1 and M < oo.

Proposition 1.5. A Markov chain with stationary distribution 7(-) is uniformly ergodic if and only if

supex || P"(z,-) — ()| < % for some n € N.
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Proof. If the chain is uniformly ergodic, then lim, o sup,cy||[P"(z, ) — 7(-)|| < limp_00 Mp™ = 0.
Thus, for n to be sufficiently large, sup,, [ P™(z,-) =7 (-)|| < 3. Conversely, if sup,¢  [|P"(z,-) =7 (-)|| <
% for some n € N, using notation in proposition, we have that t(n) = 8 < 1, so that for j € N,
t(jn) < (t(n))? = B7. Hence, from proposition,
m m/n|n 1
1P (@, ) = w (Ol | PE @, ) = 7 ()]l < St(lm/n)n)

(1.3)
Sﬁ[m/nj < ﬁfl(ﬂl/n)m

so the chain is uniformly ergodic with M = ="' and p = /" O

Remark. The Proposition continuous to hold if % is replaced by 6 for any 0 < 6 < %.But not for 6 > %

To further develop the concept of uniform ergodicity, we present the concept of small sets first.

Definition 10. A subset C' C X is small (or,(ng, €, v)-small) if there exists a positive integer ng, € > 0,

and a probability measure v(-) on X such that the following minorisation condition holds:

P™(z,)>ev() zeC, (1.4)
ie. P™(x,A) > ev(A) for all € C' and all measurable A C X

Remark. Intuitively, the condition here means that all of the ng-step transitions from within C', all
have an ”e-overlap”, i.e. a component of size e. Small sets are widely used in Couplings we illustrated

later. There is a notion weaker than small set, called pseudo-small set.

Theorem 1.6. Consider a Markov chain with invariant probability distribution w(-). Suppose the mi-
norisation condition is satisfied for some ng € N and ¢ > 0 and probability measure v(-), in the special
case C = X(i.e., the entire state space is small). Then the chain is uniformly ergodic, and in fact

|P™(z,-) —7()|| < (1 — €)™/l for all x € X, where |r| is the greatest integer not exceeding .

Remark. The theorem helps us to find a quantitative bound on the distance to stationarity ||P™(x, ) —
7(-)]], i-e. it must be < (1 — ¢€)l"/™0). Once € and ng are known, we can find n., such that |P™ (z,-) —

7(-)|]| < 0.001. We can say that after n. iterations, the Markov chain converges.
We illustrate an example and a counter-example to better understand this concept.

Example 2. Consider in dimension d = 1, and suppose that 7, (z) = 10<|m|<1|m|71/2, and let g(z,y)

exp —(r — y)?/2 we show that the any neighbourhood of 0 is not small.

Proof. let S be the set that contain 0. Then P(z, dy) = q(x, y)dymin {1, 222} TLet z € S and we have

7";»(35)

x — 0, P(x,dy) — 0. Thus the minorisation condition does not hold, so S is not small. O
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Example 3. Suppose 7(-) is a probability measure with unnormalised density function =, with respect
to d-dimensional Lebesgue measure. Consider the Metropolis-Hastings algorithm for 7, with proposal
density ¢(x, -) with respect to d-dimensional Lebesgue measure. Suppose q(+, -) is positive and continuous
on R? x R?, and 7, is finite everywhere, we then show that all compact sets on which 7, is bounded

are small.

Proof. Let C' be a compact set on which 7, is bounded by k < oco. Let x € C, and D be any compact

set of positive Lebesgue and 7 measure, such that infxcc yep g(x,y) = € > 0 for all y € D. We then

have
P(x, dy) > q(x,y)dy min {1, )1 > gy min 1, 70y
Tu(x) k
which is a positive measure independent of x. Hence, C' is small. 0

A weaker condition than uniform ergodicity is geometric ergodicity, which is defined as follows:

Definition 11. A Markov chain with stationary distribution 7 (-) is geometrically ergodic if
[P (z,-) =7l < M(2)p", n=1,2,3,..
for some p < 1, where M (z) < oo for m-a.e. z € X

The difference bewteen geometric ergodicity and uniform ergodicity is that not the constant M may
depend on the initial state x.
If the state space X is finite, then all irreducible and aperiodic Markov Chains are geometrically ergodic.
However, for infinite X this is not the case. We then illustrate the conditions which ensure geometric

ergodicity.

Definition 12. Given Markov chain transition probabilities P on a state space X, and a measurable
function f : X — R, define the function Pf : X — R such that (Pf)(z) is the conditional expected

value of f(X,+1), given that X,, = z. In symbols, (Pf)(x) = nyX f(y)P(z,dy).

Definition 13. A Markov chain satisfies a drift condition(or, univariate geometric drift condition) if

there are constants 0 < A < 1 and b < oo, and a function V : X — [1, 00), such that
PV <AV +ble(x), (1.5)

i.e. such that [, P(z,dy)V(y) < AV (z) + ble(x) for all z € X.

The main result guaranteeing geometric ergodicity is the following
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Theorem 1.7. Consider a ¢-irreducible, aperiodic Markov chain with stationary distribution w(-). Sup-
pose the minorisation condition is satisfied for some C C X and ¢ > 0 and probability measure v(-).
Suppose further that the drift condition is satisfied for some constants 0 < A < 1 and b < oo, and a
function V : X — [1, 00] with V(z) < oo for at least one (and hence for w-a.e.) x € X. Then the chain

is geometrically ergodic.
The theorem is proved in the latter section and we then illustrate an example.

Example 4. Consider a simple example of geometric ergodicity of Metropolis algorithms on R. Suppose
that X = R* and m,(z) = e™*. We will use a symmetric (about x) proposal distribution ¢(z,y) =

q(Jy — |) with support contained in [z —a, 2+ a]. We then show that the algorithm is geometric ergodic.

Proof. Take drift function to be V(x) = e for some ¢ > 0. For x > a, compute:

x Tr+a T
PV = [ v+ [ Ve a Y
xT a era/ xT
V() / ol y)dy(L — mu(y)/ma(@))

By the symmetry of g, this can be written as

xz+a
/ I(x,y)q(x,y)dy,

where

V(y)
7Tu(y)

Hz,y) = + V(22 —y) + V() (1 - My)) = e [2 = (L4 D) (1= )]

T ()
where u =y — x. For ¢ < 1, this is 2(1 — €)V(z) for some positive constant e.Thus in this case, we have

shown that for all z > a

x+a
PV(x) < / 2V (2)(1 - gl y)dy = (1 — OV (x) (1.6)

xz
Similarly, we could show that PV (z) is bounded on [0,a], and that [0,a] is a small set. Thus the drift

condition holds and hence the algorithm is geometrically ergodic. O

1.4 Quantitative Convergence Rates
In this section, the result of quantitative bounds on convergence rates is presented.

Definition 14. The bivariate drift condition is satisfied if

Ph(w,y) < h(z,y)/a, (2,y) ¢ CxC (1.7)
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for some function h: X x X — [1,00) and some a > 1, where
Phe.g) = [ [ hew)Pla,d)Ply.du)
xJx

Proposition 1.8. Suppose the univariate drift condition (13) is satisfied for some V : X — [1,00),
CCX, A<1,and b < co. Let d = infyece V(x). Then if d > [b/(1 — A)] — 1, then the bivariate drift

condition (1.7) is satisfied for the same C, with h(z,y) = 2[V(2) + V(y)l and e = A +b/(d+ 1) < 1.

Proof. It (z,y) ¢ C x C, either x ¢ C or y ¢ C(or both), so h(z,y) > (1 + d)/2. Since univariate drift
condition is satisfied, PV (z) + PV (y) < AV (x) + AV (y) + b. Then

Phiz,y) = 5 (PV (&) + PV(y) < 5OV(2) + AV (y) +5)
= Nh(a,9) + b/2 < Ah(, ) + (b/2)h(, )/ (1+ d)/2)]
=[A+b/(1+d)h(z,y).

Since d > [b/(1 —A)] — 1, then A+b/(1 +d) < 1. O

we let

B, = max ll, a™ (1 —¢) sup Rh
CxC

where for (z,y) € C x C,
Rh(z,y) = [} [v(1—e)72h(z,w)(P" (z,dz) — ev(dz)) (P (y, dw) — ev(dw)).

Theorem 1.9. Consider a Markov chain on a state space X, having transition kernel P. Suppose there
isCCX, h: XxX —[l,00), aprobability distribution v(-) on X, a > 1, ng € N, and € > 0, such that
(??) and (1.7) hold. Define By, by 1.8. Then for any joint distribution L£(Xo,X()), and any integers
1< <k, if {Xn} and {X]} are two copies of the Markov chain started in the joint initial distribution
L(Xo, X}), then

I1£(Xk) — LX)y < (1 =€) + o (Bn, ) E[h(Xo, X{)]- (1.9)

In particular, by choosing j = |rk]| for sufficiently small r > 0, we obtain an explicit, quantitative

convergence bound which goes to 0 exponentially quickly as k — oo.

The theorem is then proved in Section below.



CHAPTER 1. GENERAL SPACE MARKOV CHAIN 13

1.5 Convergence Proofs using Coupling Constructions

In this section, we prove the theorems stated earlier. We focus on the method of coupling for the

proof, which are well-suited to analyzing MCMC algorithms on general state spaces.

1.5.1 The Coupling Inequality

Suppose we have two random variables X and Y, defined jointly on some space X. If we write £(X)

and L(Y) for their repective probability distirbutions, then we can write
1£(X) = LY)[| =sup| P(X € 4) = PV € 4)|

:stj}‘p|P(X €EAX=Y)+PYecAX#Y)

—P(Y €AY =X)-P(Y €AY #X)|

=sup| P(X € 4, X £Y) = P(Y € 4,Y # X)| (1.10)

:sgp(P(X cAX#Y)-PY €AY # X))

or Sl,}lp(P<Y EAX#Y)-P(XecAY #X))

<SP(X #Y)
The last inequality holds because both sup4(P(X € A, X # Y)) and sup,(P(Y € A,Y # X)) are
non-negative and are smaller than P(X #Y).

The coupling equality shows that the variation distance between the laws of two random variables is

bounded by the probability that they are equal.

1.5.2 Small Sets and Coupling

Suppose C' denotes the small set. The idea of coupling is to run two copies {X,} and {X,} of the
Markov chain, each of which marginally follows the updating rules P(z,-), but whose joint construc-

tion(using C) gives them as high a probability as possible of becoming equal to each other.

THE COUPLING CONSTRUCTION:
Start with X, = 2 and X, ~ 7(-), and n = 0, and repeat the following loop forever.

Beginning of Loop. Given X,, and X(/):
1. If X, = X(/)7 choose X,, = Xé ~ P(X,,-), and replace n by n + 1.

2. Else, if (X,,, X,) € C x C, then:
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/

(a) w.p. € choose Xpyny = X, 0, ~ V();

(b) else, w.p. 1 — ¢, conditionally independently choose

Kntng ~ [pno (X, o) — GV(')]

1—c¢€

1
!/
Xintno ~ 1—e€

[P0(Xy,) —ev()]

In the case ng > 1, for completeness go back and construct X, 11, ..., Xnyn,—1 from their correct
conditional distributions given X,, and X, 4,,, and conditionally and independently construct

X150 Xpyiny—1 from their correct conditional distributions given X, ..., X]

ning- 1N any case,

replace n by n + ng.

3. Else, conditionally independently choose X, 1 ~ P(X,, ) and X ~ P(X] _,,-), and replace n
and n + 1.

Then return to Beginning of Loop

We then check that P[X,, € A] = P"(x, A) and P[X] € A] = n(A) for all n.

Proof. 1t trivial that the equality holds for condition 1 and 3, since these two variables are independently
updated based on transition kernel P.

For conditional 2, when (X,, Xy) € C x C

]_ —
Xntng ~ () + 17—

[P (X, ) —ev()] = P (Xn, )

— €

1—e¢
X7ll+n0 Ney(-)+ 1— ¢

It then follows that P[X,,1,, € A] = P"*"(z, A) and P[X]

n+no

[P"(X,, ) —ev(-)] = P™ (X, ")
€ Al = w(A) for all n.
For 1 <a <ng—1and given X, ;o1 =X, ,, ; = b ,we update X, ., by
P(X,ta € Al Xnja—1 = b, Xnjn, = :/ P(b,dz)P" ™ (z,c)
A
, continuing this pattern and same thing holds for X/, . Since they are updated by transition kernel P,
the result is proved.

The Coupling equality then shows that

1P" (@, ) = ()l = sup(P[X, € A]) - PLX; € A]) <P[X, # X]

We then use this inequality to prove the theorem we state in the previous section.
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1.5.3 Proof of Theorem 1.6

In this case, C' = X, so every ng steps we have probability at least e of making X,, and X/, equal.
Then if n = ngm, then P[X,, # X|] < (1 — €)™. Hence from coupling inequality, ||P"(z, ) — 7(-)|] <
(1—¢€)™ = (1 —€)™™ in this case. It then follows from Proposition that ||P"(z,-) —7(-)|| < (1 —¢)l/mo]

for any n.

1.5.4 Proof of Theorem 1.4

Theorem 1.10. Every ¢-irreducible Markov chain, on a state space with countably generated o-algebra,
contains a small set C' € X with ¢(C) > 0.(In fact, each B C X with ¢(B) > 0 in turn contains a small

set C' C B with ¢(C) > 0) Furthermore, the minorisation measure v(-) may be taken to satisfy v(C) > 0.

The idea behind this proof is that, if one can show that the pair (X,, X},) will hit C' x C infinitely
often, then they will have infinitely many opportunity to couple, with probability > € > 0 of coupling

each time. Hence, they will eventually couple with probability 1, thus proving Theorem .

Lemma 1. Consider a Markov chain on a state space X, having stationary distribution 7(-). Suppose
that for some A € X, we have P (14 < o0) > 0 for all x € X. Then for m-almost-every x € X,

Py(ta<o0)=1
Proof. Suppose to the contrary that the conclusion does not hold,

m{x € X :Py(ra=00)>0}>0 (1.11)

Then the following claims are made:
Claim 1. Condition (1.11) implies that there are constant [,lp € N, § > 0, and B C X with n(B) > 0,
such that

P.(ta =o0,sup{k > 1; X;, € B} <) >4, z€B

Claim 2. Let B,l,lp, and ¢ be as in Claim 1. Let L = lly, and let S = sup{k > 1; X1, € B}, using the

convention that S = —oo if the set {k > 1; X1, € B} is empty. Then for all integers 1 < r < j,

/ L A)PLS = 1 X 4] 2 w(B))
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Assuming the claim. We have by stationarity that for any j € N,

4 = IL(z, AC) = w(dx i
7(AC) = / _ Fldn) P (@, 4°) /  rldPLXs ¢ A

> Z; /rex T(dr)P[S =, X1 ¢ A > S w(B)s = ju(B)o

r=1
For j > 1/m(B)J, this gives m(A“) > 1, which is impossible. This gives a contradiction, and hence
completes the proof Lemma20, subject to the proofs of Claim 1 and 2 below.
Proof of Claim 1. By (1.11), we can find 0; and a subset By C X with 7(By) > 0, such that
P.(t4 < 00) < 1—46; for all x € B;. On the other hand, since P, (14 < 00) > 0 for all z € X, we can
find Iy € N and do > 0 and By C By with 7(Bs) > 0 and with P (x, A) > &, for all z € Bs.
Set n = #{k > 1; X}y, € Ba}.Then for any r € N and z € X, we have P, (74 =00, =71) < (1 —J2)".

In particular, P, (74 = oo, =r) = 0. Hence for = € By, we have

P, (174 =00, < 00) =1 = P,(14 = 00, = 0) — Py(74 < 00)
S1-04+(1-6)=6

Hence, there is I € N, § > 0, and B C By with 7(B) > 0, such that
P.(ta =o00,sup{k > 1; Xy, € B2} <) >4, z€B
Since B C Ba, we have sup{k > 1; Xy, € B2} > sup{k > 1; Xy, € B}, thus
P.(ta =o0,sup{k > 1; Xy, € B} <) >4, z€B
Proof of Claim 2. Compute using staionarity and then Claim 1 that
/ w(dz)P,[S =r, X;1 ¢ A
reX
:/ W(dx)/ PrE(z,dy)P,[S = —o00, X1 ¢ A
reX yeB
:/ / m(dz) P (z,dy)P,[S = —00, X(j_r)1 & 4]
yeB JxeX
=/ m(dy)Py[S = —00, X(j—r)L ¢ A]
yeB

> / _, ()3 =m(B)s

Let C be a small set as in Theorem 1.10. Consider the coupling construction {(X,,Y,}. Let
G C X x X be the set of (z,y) such that P, ,y(In > 1; X, =Y,) = 1. From the coupling constuction,

if (Xo, X)) = (z, X{)) € G, then lim,_,o P[X,, = X|] = 1, so that lim,_, || P"(x,:) —7(-)|| = 0, proving
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the theorem. Hence, it suffices to show that for m-a.e. € X, we have P([(z, X|) € G]) = 1.

Let G be as above, let G, = {y € X;(z,y) € G} for x € X, and let G = {z € X;7(G,) = 1}. Then

Theorem follows from 7(G) = 1. To achieve this, we first prove a lemma, below.

Lemma 2. Consider an aperiodic Markov chain on a state space X, with stationary distribution m(-).
Let v(-) be any probability measure on X. Assume that v < 7(-), and that for all x € X, there is
n=mn(x) € N and d = §(x) > 0 (for example, this always holds if v is a minorisation measure for a small
or petite set which is reachable from all states). Let T = {n > 1;38,, > 0s.t. [ v(dz)P"™(z,-) > 6,v(-)},

and assume that T is non-empty. Then there is n, € N with T D {n.«,n. + 1,n. + 2, ...}

Proof. Since P((®) > §(z)v(-) for all z € , it follows that T is non-empty.

If n,m € T, then we have

/aceX V(dm)P”er(m’ ) :/gCeX /ye;( V(dx)P"(% dy)Pm(y, )

(1.12)

2/ 5 (dy) P (y, ) = Submir(-)
yeX

thus, T is additive, i.e. if n,m € T, then n +m € T. We then prove ged(T) = 1. By leema, if T is
non-empty and additive, and ged(T') = 1, then there is n, € N such that T D n.,n. + 1,n. + 2, ..., as

claimed.
Suppose that ged(T) = d > 1. A contradiction will be derived.
For 1 <d <y, let
X, ={zcXx;IeNandd>0st P9z -)>v()}

Then Uj X; = X by assumption above. Now, let

S=J@ux) (1.13)
i#]
let
S=SuU{reX;ImeN st. P"(z,5) >0} (1.14)
and let
X =X\ 8 (1.15)

Then Xy, Xy, ..., Xy are disjoint by construction since S is removed. Also if z € &/, then P(z,S) = 0, so

that P(z, X\ §) = P(z,U]_; X)) = 1. If P(z, X/,,) > 0 and P(z, X/, ,) => 0, then = have the positive
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probability to be in state X, ; or A7 ), after one step. Then we have

/ / P(‘r, dy)Pl*(y)(d_i_l) (y’ dZ) — ply)d—i (A)

e (1.16)

Z/ / P(z,dy)é(y)v(dz) = 6" (y)v(A)
z€A JyeXi 1

/ / P, dy) P ©==K)(yy 4z) = Pl Wd=i=k+1(4)
z€A JyeX; (1.17)
> [ P = 8 wa
2€EA JYEX;

Thus, z € X/ N X}, then z would be in two different X at once, contradicting their jointedness.
We claim that for all m > 0, vP™(X; N X;) = 0 whenever i # j. If vP™(X; N X;) > 0, then there
would " C X, I1,1;, € N and 6 > 0 such that for all z € §', P9~i(z,.) > §u(-) and P24~ () > 6u(.)
implying that Iyd —i+m € T and lod — j +m € T , contradicting the fact that ged(T) = d. Then
m = 0, we have v(X; N X;) =0 for i # j. If m > 0, then v({z € X;m € N s.t. P"(z,S) > dv(-)}) =0.
Then v(S) < V(Ui (Xi N AG) + v({z € Xym € N s.t. P™(,5) > 6v()}) <0, which implies v(S) = 0.

Therefore zx(Ufl:1 X)) = u(ngl X;) — v(S) = v(X) = 1. Since v < 7, we must have W(U?:I X/) > 0.
Thus we conclude that from all of this that X7, ..., X} are subsets of positive m-measure, which respect

to which the chain is periodic, contradicting the assumption of aperiodicity O

Lemma 3. 7(G) =1

Proof. First prove that (7 x 7)(G) = 1. Indeed, since v(C) > 0, ¢(C) > 0, by Theorem (1.10) and since
Markov chain is ¢-irreducible, from lemma 2, we know for any (x,y) € X x X, the joint chain has positive
probability of eventually hitting C' x C. By applying lemma 1,the joint chain will return to C' x C' with
probability 1 from 7 X w-a.e. (z,y) € C x C. Once the joint chain reaches C x C, the joint chain update
from ﬁ(P”0 (Xn, ) —ev())(P™(X],) — ev(:)), which is absolutely continous with respect to = X 7
and hence by lemma 1, the joint chain will repeatedly return to C' x C' with probability 1. Hence, the
joint chain will repeatedly return to C' x C' with probability 1, until such time as X,, = X/ .And by
coupling construction, each time the joint chain is in C' x C, it has probability > € of forcing X,, = X7 .
Hence, eventually, we will have X,, = X/, thus proving that (7 x 7)(G) =1

If 7((G) < 1, contradicting with the fact that (7 x 7)(G) = 1. O

1.5.5 Proof of Theorem 1.9

First assume that ng = 1 in the minorisation condition for the small set for the small C', then we

write B,,, as B, then we consider the case when ng > 1.
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Let

N =#{m:0<m <k, (Xm,X,,) €CxC},

and let 71, 73,... be the times of the successive visits of {(X,,X},)} to C x C. Then for any integer j

with 1 < j <k,

P[Xi # X}] = P[Xy, # X, N1 > j] + P[Xi # X}, N1 < ]

The event X}, # X, Ny_1 > j} is contained in the event that the first j coin flips all camp up tails.
Hence, P[X}, # X}, Ni_1 > j] < (1 — €)?, which bounds the first term in (1.9).

To bound the second term in (1.9), let
My, = "B~ N b (X, Xi)1( Xk # X)), k=0,1,2,...

where (N_; = 0).

Lemma 4. We have

E[Mis1|Xo, s Xi, X0, s X4 < My,

i.e. {Mg} is a supermartingale.

Proof. If (X, X},) ¢ C x C, then Ny = Nj_1, so

E[M 1| Xo, ... Xi, X4, oo, X1
= " BTN B[R ( Xy 1, Xpy )1 (X1 # XGp1) [ Xk, Xi
= o" 1 BN B[R Xy, Xy | X XLIP[Xig1 # Xfo | Xk, X))
< P BTN B[R ( Xy, X | X, XP]1(XE # X7)
= MyaE[h(Xy, X1 | X, X0 /(X X}
<M

by (1.7). If (X, X},) € C x C, then Ny = Ni_1 + 1, assuming X, # X, ( since if Xj = X'k, then the
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result is trivial, then we have
E[Myi11Xo0, ey Xiy X0y oy X5
= oM BTN TR (X1, X ) 1( Xt # X)X, X1
= o BNk 7 (1 — €) (Rh) (X, X})
— MyaB~\(1 — )(Rh)(Xx, X)) /h(Xx, X})
<My

by (1.8). Hence, {M},} is a supermartingale. O

Since B > 1, we have
P[Xy # X}, Ny < j]=P[Xp # X}, N1 < j— 1] <P[Xy # X}, B~ Vi1 > B=U-)]
=P[1(X} # X})B Nt > B~U-V] < BITIE[1(X}, # X,)B~Ne-1]  (by Markov's inequality)
< BIT'E[1(Xy # X;)B Ve h(Xy, X)) (since h > 1)
=a *BITIB[M,] <a F*BIT'E[M,] (since {My} is supermartingale)
= a "BITIE[h(Xo, X})]
Theorem 1.9 then follows by combining these two bounds.

Finally, we consider the changes required if ng > 1. In this case, the visits to C' x C' corresponding to
the "filling in” times for going back and constructing X1, ..., Xnin, ( also X’) in step 2 of the coupling
contruction should not be counted. Thus let Ny, count the number of visits to C' x C, and {7;} the actual

visit times, avoiding all such ”filling in” times. Thus, we consider,

P[Xk # Xllc] = P[Xk # Xllchk—no 2 J] + P[Xk # Xl,caNk—no < J]

Same as above, the first part is bounded by (1 — €)?. Considering the second part, define ¢(k) as the
latest time < k which does not correspond to a "filling in” time. Then {M,,} is a martingale, where

My = aFB=Ne-no h( Xy, X)1(Xp # X)), k=0,1,2,....

Proof. If (Xt(k)’X,f(k)) ¢ C x C, then N, = Nj_,, and t(k) = k. Then the proof follows the same as
first part of the proof above.
If (Xt(k),Xé(k)) € C' x C, then we only consider the case such that (Xt(k-s-l)aX;(kH)) = (Xstnos Xegng)s

where s = k —ng + 1 is the latest time < k which does not correspond to a "filling time”, otherwise the
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result is trivial. Then M) = Msin, and Ny = Ns_p, + 1

E[M.iny| X0, Xo, Xby ooy X1
= a0 By, TN TR (Xangs X{ o) LXKy # X )| X, X
= ot B, Nemmo T (1 — ¢)(RR) (X, X))
= M. By, (1 = €)(Rh)(Xs, X{)/M(Xs, X0)
<M, ,

Thus, M) is a martingale. O]

Since B, > 1, and only consider k that is not correspondent to the filling time. we have

P[X), # Xp:Ni—ny < J] < P[Xyy # Xy, Nige)—no < J]
= P[Xu) # Xl Neky—no < J — 1] S P[Xyn) # X{(y Bng V19710 > By, ~ YY)
= P[1(Xyw) # X)) Bno V®-m0 > By, "]
< Bnoj_lE[l(Xt(k) # Xé(k))Bno_N“’“)*”O] (by Markov's inequality)
< Bn,' 'E[1(Xy) # Xf{(k))BnoiNt(k)_no M Xy, Xipy)]  (since h > 1)
_ a—t(k)Ban_lE[Mt(k)] < Oé_t(k)Ban_lE[Mo] (since { My} is supermartingale)
=a "B,," 'E[h(Xo, X{)]

Theorem 1.9 then follows by combining these two bounds and two cases.

1.5.6 Proof of Theorem 1.7

The proof of this theorem makes use of Theorem 1.9. To begin, set h(z,y) = 3[V(z) + V(y)]. The

proof will use the following technical result.

Lemma 5. We may assume without loss of generality that

sup V(z) < o0 (1.18)
zeC

Specifically, given a small set C and drift condition V' satisfying (1.4) and (1.5), we can find a small set
Co C C such that (1.4) and (1.5) still hold (with the same ng and € and b, but with \ replaced by some
Ao < 1), and such that (1.18) also holds.

Proof. Let A and b be as in (1.5). Choose § with 0 < §d <1— X, let K =b/(1 — X —9), and set

Co=Cn{zeX V(i) <K
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Since Cy C C, (1.4) continues to hold on Cy. It then remains to verify that (1.5) holds with C' replaced
by Co, and A replaced by Ag. clearly, (1.5) holds for x € Cp and « ¢ C. Finally for x € C'\ Cp, we have

V(z) > K, and so using the original drift condition 1.5, we have
(PV)(z) <AV(x)+ble(z)=1-6) -1 —-A=8)V(z)+b
<A=O)V(E)—Q1-A=0)K+b=(1-0)V(z) =XV(2),

showing that (10) still holds, with C' replaced by Cy and X replaced by Ag. O

Thus, for the reminder of the proof, it is valid to assume that (1.18) holds. Together with (1.6),
implies that

sup  Rh(z,y) < oo, (1.19)
(z,y)eCxC

which ensures that the B, in (1.8) is finite.

Let d = infee V. Then we see from Proposition 1.8 that the bivariate drift condition (1.7) will hold,
provided that d > b/(1 — A) — 1. In that case, Theorem 1.7 follows (in a quantitative version) by
combining Proposition 1.8 with Theorem 1.9.

However, if d < b/(1 — A\) — 1, then this argument does not go through. The plan is to enlarge the
small set C' so that the new value of d satisfies d > b/(1 — \) — 1 and to use aperiodicity to show that
C remains a small set. Theorem 9 will then follow from Proposition 1.8 and Theorem 1.9 as above.
Because there is no direct control over the new values of ng and e, this approach does not provide a
quantitative convergence rate bound.

To proceed, choose any d’ > b/(1 —)X) —1,1let S ={z € X;V(x) <d'}, and set C’ = CUS. Thus
infyecre V() > d > b/(1 —A) — 1. Furthermore, since V' is bounded on S by construction, then (1.18)
will still hold with C' replaced by C”. It then follows from (1.19) that it is still ture that B,,, < co. Now,
it remains to show that C’ is a small set.

Before continuing, the notion of ”petite set” is introduced.

Definition 15. A subset C C X is petite (or, (ng, €, v)-petite), relative to a Markov chain P, if there

exists a positive integer ng, € > 0, and a probability measure v(-) on X such that
ng
> Pix,) = ev() zeC. (1.20)
i=1

Intuitively, the definition of petite set is like that of small set, except that it allows different states
in C to cover the minorisation measure ev(-) at different times ¢ (for each € C, Ji and §(z) > 0 such
that Pi(z,-) > §(x)ev(-)) . It is obvious that every small set is petite set but the converse is false in

general, as the petite set condition does not itself rule out periodic behaviour of the chain (for example,
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some of the states z € C cover ev(-) only at odd times, and others only at even times). However, for an

aperiodic, ¢-irreducible Markov chain, all petite sets are small sets.
Lemma 6. For an aperiodic, ¢p-irreducibel Markov chain, all petite sets are small sets.

Proof. Let R be (ng,€,v(-))-petite, so that > °, Pi(x,-) > ev(-) for all z € R. Let T be as in Lemma
2. Then [, _, > v(de)P(x,-) = Y10 [,y v(dz)P'(x,-) > ev(:), so we must have i € T for some
1 < i < ng, so that T is non-empty. Hence, from Lemma 2, we can find n, and §, > 0 such that

Jv(dz)P"(z,-) > 6,v(-) for all n > n,. Let r = min {6n;n* <n<n,+ng— 1}, and set N = n, + ng.
Then for x € R,

I V

smz ||M

/ PNz, dy) P(y, )
= [P

rv(dy)ev(:) = rev(:)

\%

W
S
=y

Thus, R is (N, re, v(-))-small. O

To make use of Lemma 6, the following lemma is stated.

Lemma 7. Let C' = CUS where S = {z € X;V(x) < d'} for some d < oo, as above. Then C’ is

petite.

Proof. Choose N large enough that r =1 — ANd' > 0. Let 7¢ = inf{n > 1; X,, € C} be the first return
time to C. Let Z, = A™"V(X,,), and let W,, = Z,,i5(n,r.)- Then the drift condition (1.5) implies that

W, is a supermartingale. Indeed, if 7¢ < n, then
EW,11|Xo0, X1, ..., Xn] = E[Z:2| X0, X1,y o0y X = Zop, = W,

while if 7¢ > n, then X,, ¢ C, so using (1.5),
E[W,i1|Xo0, X1, ..., Xn] = A~ FD(PV)(X,)
< AUV (X,)
= A"V (X,)

=W,
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Hence, for x € S, using Markov’s inequality and the fact that V' > 1,
Plrc > N|Xo = 2] = P]A7™¢ > A"V | X, = 2]
<AVENTC X = 2] < A\VE[W,..|Xo = 7]
<AVEWy Xy = 2] = MWV (z) < AVd,
so that P[re < N|Xg = x| > r.

On the other hand, recall that C is (ng,€,v(+))-small, so that P™(z,-) > ev(-) for z € C. Then for

reSs
N+ng N+no
Z Pl(x") > Z Pl(l‘f)
i=1 i=14n0
N
= ZPiJrno(xv )
=1
N
> Pi(z,dy)P™ (y,)
i=1 7Y€l

N
zéw;ﬁm@ww

— Plre < N|Xo = ale()

> rev(-)
So C' = SUC is petite. Then we have,
Lemma 8. C’is a small set
Proof. Combine Lemma 6 and Lemma 7, then we prove this Lemma 8. O

Hence, Theorem 9 is proved. O
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2.1 Preliminaries

Let 7(-) be a fixed "target” probability distribution, on a state space X with o-algebra F. The goal

of MCMC is to approximately sample from 7 (-) through the use of Markov chains.

Let {Py},cy be a collection of Markov chain kernels on X, each of which has n(-) as a stationary
distribution: (7Py)(:) = m(-).

Assuming P, is ¢-irreducible and aperiodic, this implies that P, be ergodic for x(-), i.e. that for all
z, limy, o0 | P (2, ) — 7()[|. That is, P, represents a "valid” MCMC algorithm. So, if  is fixed, then
the Markov chain algorithm described by P, will eventually converge to ().

Some choices of 7 may lead to far less efficient algorithms than others and to know in advance which
choices of v are preferable might be difficult. To make the algorithm as efficient as possible, adaptive
MCMC proposes that at each time n, the choice of v is given by a )-valued random variable I';,, updated

according to specified rules.

Formally, for n = 0,1,2, ..., we propose a X-value random variable X,, representing the state of the
algorithm at time n, and a Y-valued random variable I',, representing the choice of kernel to be used

when updating from X,, to X,,11. We let
Gn=0(Xo, ey X, Doy oo T)
be the filtration generated by {(X,,I',}. Thus,
P X,41 € BIX,, =2,T, =7,Go_1| = Py(z,B), z€X,ye€Y,BeF, (2.1)

while the conditional distribution of I',, 11 given G, is to be specified by the particular adaptive algorithm
being used. We let

A" ((x,~),B) =P[X, € B|Xg=2,Tg=1], BeF
record the conditional probabilities for X, for the adaptive algorithm, given the initial conditions Xy = x

and I'g = 7.

Finally, we let
T(z,v,n) = |A™((2,7),) = =(-)l| = ;gl;\A(")((xm)yB) —m(B)|

denote the total variation distance bewteen the distribution of our adaptive algorithm at time n, and
the targe distribution 7(-). The adaptive algorithm is ergodic if lim,, o, T'(x,y,n) = 0 for all x € X and
v € Y. In this section below, we will try to answer the question “Will the adaptive chain necessarily be

ergodic?”
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2.2 Some special cases

First introduce some special cases of Adaptive MCMC schemes,
e Traditional MCMC: I',, = 1 for all n.

e Systematic-scan hybrid algorithm: (I',,) = (1,2,...,d,1,2,...,d,1,2,...), where P; moves only the

it" coordinate.

e Random-scan hybrid algorithm: {T',,} are i.i.d. ~ Uniform{1,2,...,d}.

All those algorithms above are independent adaptation such that for all n, T'), is independent of X,.

For independent adaptations, stationary of m() is guaranteed:

Proposition 2.1. Consider an independent adaptation algorithm A ((x,~),-), where 7(-) is station-
ary for each P,(x,-). Then m(-) is also stationary for each P,(x,-). Then 7(-) is also stationary for
A ((z,5),-), i.e.
/ . P[X,1 € B X, =2,G,_1]n(dz) =7(B), BeF
e

Proof. Using (1), and the independence of I';, and X, and the stationary of () for P,, we have:
/ P[X,11 € B|X,, = z,G,_1]|7(dx)
zEX
:/ / P[X,41 € BIX,, =2,T,, =7,G,-1|P[[,, € dv|X,, = z,Gp—1]7(dx)
zeX JyeY
[ | P@BPL, € diG,in(do)
zeX JyEY

[ Piedlg [ P B
yEX

zeX

=1-7(B) =n(B)

However, for independent adaptions, irreducibility might be destroyed

Example 5. Let X = {1,2,3,4}, with n{1} = {2} = {3} = 2/7, and 7{4} = 1/7. Let Pi(1,{2}) =
Pi(3,{1}) = P1(4,{3}) = 1, and P1(2,{3}) = P1(2,{4}) = 1/2. Similarly, P»(2,{1}) = P(3,{2}) =
Py(4,{3}) = 1, and P5(1,{3}) = P2(1,{4}) = 1/2. We could check that two chains P; and P are
irreducible and aperiodic, with stationary distribution 7(-). On the other hand, (P1P)(1,{1}) =1, so
when beginning in state 1, the systematic-scan adaptive chain P P, alternates bewteen states 1 and 2
but never reaches the state 3. Hence, this adaptive algorithm fails to be irreducible, and also T'(z,~, n)

does not converge to as n — 0o, even though each individual P; is ergodic.
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2.2.1 Examples

To illustrate the limitations of adaptive MCMC, and the application of our theorems, the following
running example is presented.

Let K > 4 be an integer, and let X = {1,2,..., K}. Let 7{2} = b > 0 be very small, and 7{1} = a > 0,
and 7{3} =nm{4} = ... =7{K} =(1—-a—5b)/(K+2)>0. Let Y =N. For v € Y, let P, be the kernel

corresponding to a random-walk Metropolis algorithm for = (-), with proposal distribution
Qy(z,-) =Uniform{z —vy,oc —~v+1,.,a— Lo+ 1,2+2,...,x+~}

i.e. uniform on all the integers within y of x, aside from x itself. The kernel P, then proceeds, given
X, T'n, by first choosing a proposal state Y, 41 ~ Qr, (X, ). With probability min[1, 7(Y,41)/7(X,)] it
then accepts this proposal by setting X,, 11 = Y,,41. Otherwise, with probability 1-min[1, 7(Y,41)/7(Xn)],
it rejects this proposal by setting X,, 11 = X,, (If Y,, 1 ¢ X, then the proposal is always rejected, which
corresponds to setting 7(y) =0 for y ¢ X.)

We define the adaptive scheme as follows. Begin with I'g = 1(say). Let M € N U {oo} and let
p: N —=[0,1]. For n =0,1,2,..., given X,, and I, if the next proposal is accepted (i.e., if X, 11 # X,,)
and I';, < M, then with probability p(n) let ', 41 = T'), + 1, otherwise let I',,11 = T',,. Otherwise, if the
next proposal is rejected (i.e., if X,,11 = X,,) and I';, > 1, then with probability p(n) let T',,41 =T, — 1,
otherwise let T',, 11 = T',,. In words, with probability p(n), we increase v (to a maximum of M) each time
a proposal is accepted, and decrease v (to minimum of 1) each time a proposal is rejected.

The specific versions of this scheme is recorded below:

e The ”original running example” has M = oo and p(n) = 1, i.e. it modifies T',, in every iteration

except when I';; = 1 and the next proposal is rejected
e The ”singly-modified running example” has M = oo but arbitrary p(n).
e The ”doubly-modified running example "has M < oo and arbitrary p(n).
e The ”"One-Two” version has M = 2 and p(n) = 1.
We now provide an example that such adaptive scheme can completely destroy convergence to 7(-) :

Example 6. Let € > 0, and consider One- Two version with K = 4, a = ¢, and b = 3. Then it is easily
verified that there is ¢ > 0 such that P[X3 =T5 =1|Xo =2,Tg =7] > ce for all z € X and v € ),
i.e. the algorithm has O(e) probability of reaching the configuration {x = = 1}. On hte other hand,
P[X;,I; = 1|Xg = [y = 1] = 1 — €2/2. On the other hand, P[X1,T; = 1|Xo =Tg = 1] = 1 — €2/2, i.c.
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the algorithm has just O(e?) probability of leaving the configuration {z = v = 1} once it is there. This

probabilistic asymmetry implies that lim._,¢ lim, o, P[X, =T, = 1] = 1. Hence,

lim lim T(z,v,n) > im(1 —7{1}) = lim(1 —€) = 1. (2.2)
e—0 e—0

e—0n—o0

In particular, for any 6 > 0, there is € > 0 with lim, . T(x,v,n) > 1 — 0, so the algorithm does not

converge at all.

2.2.2 Uniformly Converging Case.

Theorem 2.2. Consider an adaptive MCMC' algorithm, on a state space X, with adaption index Y, so

w(-) is stationary for each kernel P, for v € Y. Assume that:

(a) [ Simultaneous Uniform Ergodicity]For all € > 0, there is N = N(¢) € N such that | P} —

w()|| <eforallze X andy e Y.

(b) [ Diminishing Adaptation] lim, . D, = 0 in probability, where D, = sup,cy|Pr,,,(z,-) —

Pr, (z,°)| is a Gni1-measurable random variable (depending on random values T'y, and Typiq ).

Proof. Let € > 0, by (a), we choose N = N(¢). Let H, = {D,, > ¢/N?} and use condition (b) to choose

n* = n*(e) € N large enough so that
P(H,) <e¢/N, n>n* (2.3)

Fix a "target time” K > n* 4+ N. The idea of the proof is to construct a coupling which depends on
the target time K and to prove £(Xj) ~ 7(-). Define the event E = N'ZN"1HE. Tt follows from 2.3

that for n > n*, we have P(E) > 1 — e. By the triangle inequality and induction, on event E we have

sup ex||Pr,,,. (z,) — Pr,(z,-)|| <¢/N for all k < N, and in particular
IPr o (x,)=Pp, (z,))| <e/NonE, z€eX,K-N<m<K (2.4)

we first construct the original adaptive chain {X,,} together with the adaptation sequence {T',, }, starting
with Xo = z and Ty = . Claim that on E, we could construct a second chain {X], nK:KfN such that
Xk nv=Xg_n,and X| ~ Pr, (X} _1,)for K—-N+1<n<K,and P[X] =X, for K- N <i<
m]>1—[m— (K — N)le/K.

The claim is trivial true for m = K — N. Assume the inequality holds for some value m. Then
conditional on G,, and the event that X! = X; for K — N < i < m, we have X,,41 ~ Pp,_(Xpm,")
and X 1 ~ Pr_(X],,") = Prg_y(Xpm,-). It follow from 2.4 that the conditional distributions of

X1 and X, within €/N of each other. Then by Proposition (1.3)(g), we know that the conditional
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probability that X,,11 = X/

m

41 is great than or equal to 1 — ¢/N. It follows that

PX,=X, for K- N<i<m+1]>P[X;=X] for K— N <i<m](1—¢/N)
=1 =[m—(K—-N)e/N)1—-¢€/N)
=1-[m— (K- N)l¢/N—¢/N
=1-[(m+1) = (K = N)e/N + [m — (K — N)](¢/N)
>1—[(m+1)— (K —N)]e/N
Thus, the claim follows from the induction.
This shows that on E, P[X} = Xk] > 1— (K — (K —N))¢/N =1—e. That is, P[X} # Xk, E] <e.
Using the condition (a) that conditioning on X _n, we have [Py (Xg_n,-) —7(-)|| < e. Then
1 B, (5, )PE Ny, dx) — [ 7() PNy, da)]| = LX) — 7()]| < € | PX—N(y,dz) = e. Tt again
follows from Proposition 1.3 (g) that we can construct Z ~ w(-) such that P[X} # Z] < e. Furthermore,
we can construct all of {X,}, {X/} and Z jointly on a common probability space, by first constructing
{X,} and {X/} as above, and then constructing Z conditional on {X,,} and {X/ } from any conditional
distribution satisfying that Z ~ x(-) and P[ X} # Z] < e.
Then on event E, we have |L(Xg) — ()| = [|[L(XK) — L(Xg) + L(Xg) — 7()|| < [L£(Xk) —
LX)+ 1£(X%) = 7(-)||. By coupling inequality, on event E, we have |£(Xk) — n(-)|| < P[Xx #
Xi]+ P[X} # Z]. Thus we have

P Xk # 7| <P[Xkx #Z,E|+P[E ) <P[Xy # X\, E] + P[ X}y # Z,E] + PI[E°] < e + €+ € = 3¢

Hence, [|[L(Xk) — ()|l < 3¢, i.e. T(x,7v,K) < 3e. Since K > n* + N was arbitrary, this means that

T(z,v, K) < 3¢ for all sufficiently large K. Hence, limg o, T'(z,7v, K) = 0. O

We then have following corollaries from Theorem 2.2.

Corollary 2. Suppose an adaptive MCMC algorithm satisfies Diminishing Adaptation, and also that
each P, is ergodic for w(-)(i.e., limn_>oo||P,’f(x,j —7()]|=0for all x € X and v € ). Suppose further

that X and ) are finite. Then the adaptive algorithm is ergodic.

Proof. Let € > 0. By assumption for each x € X and v € ), there is N(x,~,¢) such that ||P»£V(I’%€) -
7(-)|| < e. Letting N(¢) = max,ex ey N(z,7,€), we see that condition (a) of Theorem 5 is satisfied.

So we could apply Theorem 5 and the result follows. O

Corollary 3. The doubly-modified running example (presented above) is ergodic provided that the

adaptation probabilities p(n) satisfy lim,, ., p(n) = 0.
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Proof. In that example, for each ~, since Metropolis-Hasting Algorithm is used, P, is m-irreducible and
aperiodic, and hence ergodic for m(-). Furthermore, both X and ) are finite. Also, for this scheme we
have for each n € N D,, = a < 1 with probability p(n) and D,, = 0 with probability 1 —p(n), thus given
€ >0, P(D,, > ¢) < p(n). Because lim,_,o p(n) =0, as n — oo, P(D,, > €) < e. Thus thee Diminishing

Adaptation holds. Hence the result follows from Corollary 6. O

Corollary 4. Suppose an adaptive MCMC algorithm satisfies the Diminishing Adaption property, and
also that each P, is ergodic for 7 (). Suppose further that X x ) is compact in some topology, with
respect to which the mapping (z,7) — d(z,7,n) is continuous for each fixed n € N. Then the adaptive

algorithm is ergodic.

Proof. Fixe > 0. Forn € N, let W,, C X' x) be the set of all pairs of (z, ) such that || P} (z,-)—7()|| <e.
Since each P, is ergodic, this means that every pair (z,7) is in W, for all sufficiently large n. Hence
U W, =X x ).

By continuity, the pre-image of an open set is open, so W, is an open set. By compactness of X x ),
there is a finite set {n1, ..., n,} such that W,, U...UW,, = X x Y. Letting N = N(e) = max[ny, ..., n;],

we find that the condition of Theorem 5 is satisfied. The result follows. O
The following lemma is sometimes useful in applying Corollary 8.

Lemma 9. Suppose the mapping (x,v) — Py(x,-) is continuous with respect to a product metric space
topology, meaning that for each x € X,y € Y, and € > 0, there is 6 = d(x,v,¢) > 0, such that
|1 Py (2, ) — Py(x,-)|| <€ for all ' € X and ~' € Y satisfying d(x,z’) + d(7,7') < &( for some distance

metrics on X and Y ). Then for each n € N, the mapping (z,7v) — d(x,~,n) is continuous.

Proof. Given z € X,y € Y,n € N and € > 0, find § > 0 with ||Py/(2',-) — Py(z,-)|| < €¢/n whenever
d(z,z") + d(,7") < 0. Then given 2’ and +" with d(z,2’) + d(vy,7') < §, as in proof of Theorem 5
we can construct X;, and X, with X ~ PI'(a',-), X, ~ P} (x,-). Specifically, starting with Xo =
and 'y = v, X§j = 2/ and I'j, = 4/, we construct the un-adaptive chain recursively as follows. First,
we have X{ ~ P, (z',-) and X; ~ P,(x,-), then given X/ and X,,, we have X/ .| ~ P, (X/,, ) and
Xmt1 ~ Py(Xp,-). We claim that P[X] = X; for 1 <i<m]>1—me/nfor 1 <m<n.

We show it by induction. When m = 1, by Proposition (1.3)(g), we can ensure that P[X] = X;] >
1 —¢/n. Then conditional on the event X! = X, for 1 <4 < m, then the conditional distribution of
Xmy1 and X, are within €/n of each other. Hence by Proposition (1.3)(g) we can ensure that X, 1
and X ., with probability > 1 —€/n. It follows that P[X] = X;, for 1 <i < m +1] > P[X] =

X; for1<i<m](1—¢/n)>[1—me/n][l —¢/n]>1- (m+D ¢ The claim then follows by induction.

n
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Thus P[X,, = X]] > 1 — € by construction. So P[X, # X/] < e. Thus, by coupling inequality, we
have ||£(X])— L(X,)| < e. By triangle inequality, this implies that [|[£(X]) — 7 (-)|| and ||£(X,) — 7 ()]
are within € of each other. It is also clear that X, ~ PJ'(z,-), X}, ~ P\ (x,-). Hence ||P}(z, ) — ()|

and [P} (z,-) — m(-)|| are within € of each other, thus giving the result. O

The continuity conditions in Lemma 9 will be satisfied if the transition kernels have bounded densities

with continuous dependencies.

Corollary 5. Suppose an adaptive MCMC algorithm satisfies the Diminishing Adaptation property, and
also that each P, is ergodic for m(-). Suppose further that for each v € Y, P,(z, dz) = f(z, 2)A(dz) has
a density f.(z,-) with respect to some finite reference measure A(-) on X. Finally, suppose the f,(z, z)
are uniformly bounded, and that for each fixed z € X, the mapping (z,v) — f(x, z) is continuous with
respect to some product metric space topology, with respect to which X x ) is compact. Then the

adaptive algorithm is ergodic.

Proof. We have that

1Py’ = Po(o )l = 5 [ 1) = m(m)Iay) (25)

By continuity of the mapping (z,v) — f,(z,y), and the finiteness of A(+), it follows from the Bounded
Convergence Theorem that the mapping (z,7) — P,(x,-) is continuous. The result then follows by

applying Lemma 9 to Corollary 2.2. O

Metropolis-Hastings algorithms do not have densities because they have positive probability of re-

jecting the proposal. However, if the proposal kernels have densities, then asimilar result srill holds:

Corollary 6. Suppose an adaptive MCMC algorithm satisfies the Diminishing Adaptation property,
and also that each P, is ergodic for 7(-). Suppose further that for each v € Y, P, represents a Metropolis-
Hasting algorithm with proposal kernel Q~(z, dy) = f,(z, y)A(dy) having a density f,(z,-) with respect
to some finite reference measure A(-) on X, with corresponding density g for m(-) so that n(dy) =
g(y)A(dy). Finally, suppose that the f,(z,y) are uniformly bounded, and for each fixed y € X, the
mapping (z,v) — fy(z,y) is continuous with respect to some product metric space topology, with

respect to which & x Y is compact. Then the adaptive algorithm is ergodic.

Proof. In this case, the probability of accepting a proposal from x is given by:

_ [ in |1 WA
(o) = |, ll’ g(fc)fw(w,w] FeA( @,
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which is a jointly continuous function of (x,v) € X x ) by the Bounded convergence theorem. The

probability measure P, (x,-) as:
Py(x,d2) = [1 - a,(2)]6,(d2) + p (2, )A(d=) (2.6)

hwere p+(x,z) is jointly continuous in = and 7. Iterating this, we can write the n—step transition law
as:
Pl (x,dz) = [1 — ay(2)]"6.(dz) + pl(z, 2)A(dz)
for appropriate jointly continuous pZ(z, 2).
We can assume without loss of generality that a,(z) = 1 whenever A{z} > 0, i.e. that d,(-) and

m(-) are orthogonal measures. (Indeed, if A{z} > 0, then we can modify the proposal densities so as to

include [1 — a(x)]d,(dz) as part of p,(z, 2)A(dz).) It then follows

P2 ) =7l = 1= ao) + 5 [ 1"(@.2) = g(a)IAG).

This quantity is jointly continuous in x and -y, again by the Bounded Convergence Theorem. Moreover,
by ergodicity, it converges to zero as n — oo for each fixed z and . Hence, the results follows by

Corollary 5. O

2.2.3 Non-uniformly converging Case

In this section the uniform convergence rate condition (a) of Theorem 2.2 is relaxed. To proceed, for

€ > 0, define the "€ convergence time function” M, : X x Y — N by
Mo(w,7) = inf{n > 1: | P2(@,) = 7()]| < e}
If each individual P, is ergodic, then M, (x,v) < oo.

Theorem 2.3. Consider an adaptive MCMC algorithm with Diminishing Adaptation

(i-e., limy, oo sUp,ex || Pr,.., (z,-) — Pr,(z,-)|| = 0 in probability). Let xv. € X and v» € X. Then
limy, 00 T(@, Ya,m) = 0 provided that for all € > 0, the sequence { M (X, 1)} is bounded in proba-
bility given Xo = x. and T'g = 7, d.e. for all § > 0, there is N € N such that P[M(X,,T,) < N|X, =

Ty Lo =] >1—10 foralln € N.

Proof. From the condition above, we could find N € N such that (writing that Gy for {X¢ = 2., =
7*})7

P[M(Xrk-~n,I'k-n) > Nl|Go] <€
Since we start with Xy = z,,Tg = 7%, we have P[Gy] = 1. Thus, P[M.(Xkx_n,Tx_n) > N| < e



CHAPTER 2. FUNDAMENTALS OF ADAPTIVE MCMC 34

From the proof of Theorem 2.2, we have for all € > 0 there is n, € N such that for all N € N and all

K > n, + N, we can construct the chain {X,}, {X/}, and Z ~ «(-) such that
PXy # 7] < P[Xx # X, ] + P[X} # 7, F] + P[E*]
=P[Xx # X, E| + P X} # Z, B, M(Xg-n,T—n) < N]
T+ P[X) £ 7, B, M(Xx_x,Txc_w) > N] + P[E]
— P[Xx # Xje, | + P[X) # 2, EIM.(Xxe_n,Tic_n) < NIP[M.(Xxc_x,Tie_n) < N]
+P[ Xk # Z,EIM.(Xk_n,T_n) > NP[M(Xk_n,Tx_n) > N| + P[E°]
<etetetPMA(Xk_nTr_n)>N| =3¢+ P[M(Xx_n,Tx_n) > N] < de
By coupling inequality, ||L(Xk) — ()| < 4e, i.e. T(x4, 7+, K) < 4e. Since K > n* 4+ N is arbitrary, this

means that T'(z., v«, K) < 4e for arbitrary large K. Thus lim,, oo T(z+,v«,n) = 0.
O

Lemma 10. Let {e,}2, be a sequence of real numbers. Suppose epi1 < Ay +b for some 0 < A < 1

and 0 < b < oo, for alln=0,1,2,3,.... Then sup,, e, < max[eg,b/(1 — N)]

Proof. Prove this lemma by induction. For n = 1, we know e; < Aeg+b. Then either e; < eg or e; > eg.
If e1 > eg, then Ae; +b > Aeg +b > e; = €1 < b/(1 — ). Thus supe; < max[eg,b/(1— N).

Suppose sup,, e, < maxeg,b/(1 — A)]. We have two cases e,+1 < €, O €nq1 > €. If ent1 < e,
then e,4+1 < max[eg,b/(1 — N)]. If €1 > en, €ng1 < Aepp1 +b = epp1 < /(1 — A), which implies

en+1 < max[eg,b/(1—A)]. In either case, we have e, 1 < max[eg,b/(1—M)]. The result then follows. O

Lemma 11. Let {W,}52, be a sequence of non-negative random variables. If sup, E(W,) < co, then

{Wy,} is bounded in probability.

Proof. Since sup,, E(W,,) < oo, let K = sup,, E(W,,). Given e¢ > 0, there exist M = K /e, such that, by
Markov inequality, P[W,, > M] < P[W,, > M| < K/M = e = sup,, P[W,, > M] < e. Thus, {W,} is

bounded in probability. O

2.2.4 Laws of large numbers

The sequences of random variables X7, X5, ..., X, generated by adaptive MCMC are usually combined
together to form averages of the form 37 | g(X;) to estimate the mean 7(g) = [g(z)m(dz) of a
function g : X — R. To justify such approximations, we require laws of large numbers for ergodic

averages if the form:

Z?:l 9(X;)

- — 7(g)
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either in probability or almost surely, for suitably regular functions g.
In this section, the laws of large numbers which hold for adaptive MCMC under weaker assumptions

are considered.

Theorem 2.4 (Weak Law of Large Number). Consider an adaptive MCMC algorithm. Suppose ethat
conditions (a) and (b) of Theorem 5 hold. Let g : X — R be a bounded measurable function. Then for
any starting values x € X and v € Y. Then for any starting values © € X and v € Y, conditional on

Xo=x and 'y = v we have

22;1 9(Xi)

n

— 7(g) (2.7)

in probability as n — 0.

Proof. Assume without loss of generality that m(g) = 0. Let a = sup,cx|g(z)| < co. Denote E,, , for
expectations with respect to the Markov chain kernel P, when started from Xy = z, and write P, , for
the corresponding probabilities. Denote E and P for expectations and probabilities with respect to the

adaptive chain.

The usual law of large numbers for Markov chains implies that for each fixed x € & and v € ),

1

n

>, 9(Xi)| = m(g) = 0. Condition (a) implies that this convergence can be bounded

limy, o0 E, .

uniformly over choices of x and ~, i.e. given € > 0 we can find an integer N such that

1n
E,.[]|—- X; <€, eX,ve).
() <o ernes

In terms of this N, condition b is used to find nx € N satisfying (2). The coupling argument in the
proof of Theorem 5 then implies that on the event E( which has probability > 1 — ¢, for all n > n,, the
adaptive chain sequence X, 1, ..., X+~ can be coupled with probability > 1 — e with a corresponding

sequence arising from the fixed Markov chain Pr . In other words, since |g| < a, we have

1 n+N 1 n+N

< ae+ aP(E°) < 2ae

The first term ae comes to the fact the if the sequences X,, and X, are not coupled ( with probability

<€), the differences is less than ae because g is bounded by a. The second term aP(E°) means that if

it is not on event F(with probability < €), the difference is less than aP(E°) because g is bounded by a.
By triangle inequality, we have

1
Bl —
(&

n+N

> 9(Xq)

i=n+1

gn> < (14 2a)e (2.8)
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Now consider any integer T sufficiently large that

an® aN
) P 2.9
s [, <. e
Then (|r]| denotes the greatest integer not exceeding r) we have:
1 I | E= N
ESPESIEES S R ey TOBCNINI
i=1 N j=1 =1
1 T
+ ‘f Z 9(Xi)
n*+| T N+
* o (2.10)
1 n N N
< ’T > 9(Xi)|+ Z NZQ(XN(j—1)+k+n*)
i=1 j=1 k=1
T

+ ‘% > 9(Xi)

n* | IS | N+1

By 2.9, the first and last terms on the right-hand side of 2.10 are each < e. By 2.8, the middle term is

an average of terms each of which has absolute expectation < (1 + 2a)e, thus we have that

1 X
E )7
(1720
Markov’s inequality then gives that

(i

Since this holds for all sufficiently large T, and € > 0 was arbitrary, the result follows. O

XZ-)) <e+ (14 2a)e+e=e(3+ 2a).

1/2> < e/%(3 + 2a).
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3.1 Set up and assumptions

Let X be a nonempty general state space, on which is defined a metric 7, giving rise to a corresponding
Borel o algebra F. Assume that X contains some specified ”origin” point 0 € X'. Let P be the transition
probability kernel for a fixed time-homogeneous Markov chain on X. Assume that P is Harris ergodic

with stationary probability distribution m, so that
lim |P"(z,")—w|| =0, z€X (3.1)
n—roo

To relate the Markov chain to the geometry of X', assume that there is a constant D < oo such that P

never moves more than a distance D, that is such that
Pz, {ye X:n(z,y) <D} =1, zelX (3.2)

Let K € F be a fixed bounded nonempty subset of X, and for r > 0 let K, be the set of all states within
a distance r of K, so that each K. is also bounded.

Based on the above assumptions, the ”adversarial Markov chain” {X,} is defined as follows. It
begins with Xy = x( for some specific initial state zy; For simplicity, assume that zo € K. When ever

the process is outside of K, it moves according to the Markov transition probabilities P, that is,
P(X,41 € AlXo, Xq,....Xn) =P(X,,,A), n<0,AeF, X, ¢K. (3.3)

When the process is inside of K, it can move arbitrarily, according to an adversary’s wishes, depending
on the time n, or the chain’s history in a nonanticipatory manner (i.e., adapted to {X,,}), subject only to
measurability [i.e.P(X,+1 € A|Xo, X1, ..., X;,) must be well defined for all n > 0 and A € F], and to the
restriction that it can’t move more than a distance D at each iteration - or more specifically that from
K, it can only move to points within Kp. In summary, {X,} is a stochastic process which is ”mostly”
a Markov chain following the transition probabilities P, except that it is modified by an adversary when
it is within the bounded subset K.

In this paper tries to find conditions that guarantees that such process {X,} will be bounded in

probability, that is, will satisfy that

lim sup P(n(X,,0) > L|Xg =x¢) =0 (3.4)

L—00 peN

3.1.1 Results

Consider two new assumptions. The first provides an upper bound on the Markov vhain transitions

out of Kp:
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(A1) Thereis M < oo, and a probability measure u, concenetrated on Kop\Kp, such that P(z,dz) <
Muy.(dz) for all z € Kp \ K and z € Kyp \ Kp

The second assumption bounds an expected hitting time:

(A2) The expected time for a Markov chain following the transitions P to reach the subset K p, when

started from the distribution p., in (A1), is finite.

In terms of the above two assumptions, the following theorem is presented:

Theorem 3.1. In the set up of 3.1, if (A1) and (A2) hold for the same ., then (3.4) holds, that is,
{X,} is bounded in probability.

To prove Theorem 3.1, we begin by letting {Y,,} be a ”cemetery process” which begins in the dis-
tribution p, at time 0, and then follows the fixed transition kernel P, and then dies as soon as it hits
Kp. Assumption (A2) then says that this cemetery process {Y,,} has finite expected lifetime. For
L > Iy == sup{n(z,0) : x € Kp}, let B, = {x € X : n(x,0) > L}, and let N denote the cemetery
process’s total occupation time of By, (i.e., the number of iterations that {Y,} spends in By, before it

dies). Before proving Theorem 3.1, a Lemma is stated and proved.

Lemma 12. Let {X,} be the adversarial process as defined previously. Then assuming (Al), for any

n € N, and any L > ly, and any x € K, we have
P(Xn c BL|X0 = .’L') < ME(NL),

where Ny, is the occupation time of By, fot the cemetery process {Y,} defined above.

Proof. Let o be the last return time of {X,,} to Kp by time n, this exists because Xy € Kp. Let ug be

the law of X} when starting from Xy = xg. Then letting I = Kp \ K ("inside”) and O = K3p \ Kp
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(“outside”), then
P(Xn € BL‘XO = ZL’o)

= P%)Q,EABL,O'Zkan)ZZIQ)

/ / P(_Xk:dy7Xk;+1 =dz, X, GBL,U:leozl'o)

yel JzeO

= Z/ / i (dy) Py, dz) x P(X,, € Br,0 = k|Xo = zo, X = y, Xp+1 = 2)
yel JzeO

/ / pk(dy) M p(dz) x P(X,, € Br,o = k|Xo = 20, Xi, = y, Xp41 = 2)

yel JzeO

< [ ] )M d)P Yo € BulYo =2)
yel JzeO
1

<M / P(Y, 41 € BrlYy = 2)pua(d)
zeO

Jj=

E[l{yv,ep. 1Yo = 2]p.(dz) = M/ o E[) 1pven)[Yo = 2u.(d2)
ze =0

=M OE[NﬂY:zLu*(dz):ME[NL}

The result then follows. O
We now use this lemma to prove Theorem 3.1.

Proof. For each A € F, let v(A) be the above cemetery process’s expected occupation measure, which
is the expected number of iterations that the cemetary process {Y;,} spends in the subset A. Then the
total measure v(X') is the expected liftetime of the cemetery process, and is thus finite by (A2). Hence,

by the continuity of measures,

lim v(Br) =v(NBL) =v(=) =0.

L—oo

This shows that E(N;) — 0 as L — oo. Hence, by Lemma 12,
lim sup P(Xn € BLlXO = J}Q) < MLhm E(NL) =0,
—00

L—co peN

so {X,,} is bounded in probability. O

Consider another assumption:
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(A3) The set Kop \ Kp is small for P; that is, there is some probability measure v, on X, and some
e > 0, and some ng € N, such that p™ (z, A) > ev.(A) for all states x € Kop \ Kp and all subsets

AeF.

The another theorem is as follows:

Theorem 3.2. In the setup of Section 2, if (Al) and (A3) hold where either (a)vs. = ps or (b) P is

reversible and . = 7|k, \K,,, then 8.4 holds; that is, {X,} is bounded in probability.
Before prove this theorem, we first prove two additional probability lemmas:

Lemma 13. Consider a Markov chain with stationary probability distribution 7, and let A € F with

w(A) > 0. Then:
1. Epja(ta) = 1/m(A) < oo, where T4 is the first return time to A.
2. For allk € N, E; 4(7h) = k/m(A) < oo, where TXC) is the k™" return time to A.

Proof. For Part 1, using Theorem 10.0.1 of [2] with B = X', we obtain

| = 7(X) = /x y W(dx)E$[TZA Lx,ex] = /x B fra] = 7(A)Er .

giving the result.

For Part 2. Expand the original Markov chain to a new Markov chain on X’ x {0,1,...,k — 1}, where
the first variable is the original chain, and the second variable is the count (mod k) of the number of
times the chain has returned to A. So each time the original chain visits A, the second variable increases
by 1(mod k). Then the expanded chain has stationary distribution = x Uniform{0,1, ...,k —1}. Hence,
by part 1, if we begin in (7|A) X g, then the expected return time of the expanded chain to A x {0}
equals 1/[m(A) x (1/k)] = k/m(A). But the first return time of the expanded chain to A x {0} corresponds

precisely to the k*" return time of the original chain to A. O

Lemma 14. Let {W,,} be a sequence of nonnegative random variables each with finite mean m < oo, and
let {I,} be a sequence of indicator variables each with P(I, = 1) = p > 0. Assume that the sequence of
pairs {(Wy, I,)} is i.i.d. [i.e., the sequence {Z,} is i.i.d where Z, = (W, I,,)]. Let T =inf{n: I, =1},
and let S =377 Wi. Then E(S) = 7 < co.

Proof. We can write S = Zf; W;l;>;. Now, the event {7 > i} is equivalent to the event that I = I, =

- = I;_1 = 0. Hence it is contained in o(Z, ..., Z;—1) and is thus independent of W; by assumption.
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Also, 7 is distributed as Geometric(p) and hence has mean %. We then compute that

E(S) = E(i Wi172i> = iE(Wi]--rZi)
= ZE(Wi)EL'Zi = ZmP(T > i) = mE(T) = m/p,

The result then as follows. O

Now consider two more Lemmas which helps us prove Theorem.

Lemma 15. Consider a ¢-irreducible Markov chain on a state space (X, F) with transitional kernel P
and stationary probability distribution w. Let B,C € F. Suppose C' is a small set for P with minorizing
measure i; that is, there is € > 0 and ng € N such that P (x, A) > eu(A) for all states x € C' and all

subsets A € F. Let T be the first hitting time of B. Then E,(15) < co.

Proof. Tt suffices to consider the case where ng = 1, since if not we can replace P by P™ and note that
the hitting time of B by P is at most ng times the hitting time of B by P™°.

The proof uses the Nummelin [2] splitting technique. Consider the Markov chain on state space
X x {0,1}, where the second variable is an indicator of whether or not to regenerate according to f.

Let @« = X x{1}. Then « is a Markov chain atom (i.e., the chain has identical transition probabilities
from every state in «), and it has stationary measure 7(«) = en(C) > 0. So, starting in p*( corresponding
to the original chain starting in w). If the chain arrives in «, then it will return to « in finite expected
time 1/7(a) < oo by Lemma 13.

Now, let W,, be the number of iterations between the (n — 1)/ and n*" returns to «, and let I,, = 1
if the chain visits B during the (n — 1)!* and n'" visit to alpha , otherwise I,, = 0. Then P[I,, = 1] > 0
by the ¢-irreducibility of P. Hence, {W,, I,,} satisfies the conditions of Lemma 14.

Therefore, by Lemma 14, the expected number of iterations until we complete a tour which includes

a visit to B is finite. Hence, the expected hitting time of B is finite. O

Lemma 16. Let P be a Markov chain transition kernel on (X, F), with stationary probability measure
m. Let C € F such that w(C) > 0. Assume that C is a small set for P; that is for some ng € N and

B > 0 and probability measure v,
po(x,A) > pr(A), AeF,xzeC. (3.5)

Then,
1
P (P > 1527r(A NC), AeF,reC (3.6)
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where P* is the L*(r) adjoint of P. In particular, if P is reversible with respect to 7, so that P* = P,

then
P (g, A) > %ﬁ%r(A NnC),Ae F,xeC.
Proof.
dv
D(e) = {xeX T« )>e} (3.7)

By replacing P by P™ and P* by (P*)™. It suffices to assume that ny = 1. Now, the Radon-Nikodym

derivative 22 of v with respect to 7 satisfies that I dv (z)m(dz) = v(X) = 1. For every € € [0, 1], let

Since v is absolutely continuous with respect to v, v(A) = 0 whenever 7(A4) = 0. If 7(D(e)) = 0, then

v(D(e)) = fD(E) em(dx) > em(D(€)) = 0. Contradiction happens. So w(D(e)) > 0. Then compute

V(D(e)°) :/D@c %(x)ﬂ'(daj) < E/Xﬁ(daﬁ) —c

hence
v(D(e)) > 1—e (3.8)
The adjoint P* satisfies
7(dz)P(x,dy) = ©(dy)P*(y, dx). (3.9)
Now let z € C, and A € F with AN C # @. Using first 3.5 and then 3.7,

PP* (2, A) = / Pla, dz)P* (2, A) >g/ P*(2, AN Cw(dz)

/ / (z,dy)en(dz)
z€D(e) yEAﬁC

To continue, use 3.9, then 3.5 again and finally 3.8 to obtain

PP*(z,A) > Pe / 7(dy)P(y, dz)
z€D(e) Jye ANC

> BZev(D(e))m(ANC) > B2e(1 —e)n(ANC)

Setting € = %, we have
PP*(z,A) > Bxm(ANC)/m(C).
where 8x = 1827 (C). O

Then, we have following corollary.
Corollary 7. (A3) with v, = p. implies (A2).

Proof. This follows immediately by applying Lemma 15 with C = Ksp \ Kp, and B = Kp, and

= e = Vs O
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Proof of Theorem 5

Proof. Under assumption (a), the result follows by combining Corollary 7 and Theorem 3.1. Under
assumption (b) such that P is reversible and p. = 7T, \k,. It follow from Lemma 16 that (A3) also

holds with vx = g, \k, = p+. Hence assumption (a) still applies, so 3.4 again follows. O
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