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0 Background Knowledge

0.1 Basic Measure Theory and Notations

Definition 0.1. o-algebra
A non-empty subset A of Q is a o-algebra if: for E € Q

1. FEec A = E°cA

2. VE\,Es,..€ A = Ui Ei€ A
Remarks

1. Qe A&De A

2. VE|,Es,..€ A = (o, Ei€ A

Definition 0.2. measure

A measure p on Q with o algebra A is a function p: A — [0, 00)if:
1. u@) =0
2. Uiy Bi) = B2, u(Ey)

Additionally, a measure P is a probability measure if P(Q) =1



Definition 0.3. Random Variable
Given (Q, A, P), a random variable is a function X : Q 5> R s.t. Ve e R{w e Q: X(w) <z} e A

Remarks
1. A random variable X that satisfy Ve € R {w € Q: X(w) <z} € Ais called measurable by A

Definition 0.4. Filtration
If X1, Xo.... is a sequence of random variables, then the associated filtration is the collection F,, where

Fn denote the information in X1, Xs....X,,

To idllustrate by an example: let’s go with a simple coin flipping, and we are interested in the re-
sults of two flips. Then Q = {HH,TT,HT,TH} At time 0, we know nothing about the outcome
after two flips, therefore the information contained in Fo = {0,Q} At time 1, after 1 flip, we can
observe the result of first flip and know more about the experiment. Hence, we know these events:
Fi1=A{0,Q,{HT,HH},{TT,TH}} D Fo could happen. At time 2, after 2 flips, we observe the fi-
nal result of the experiment and know everything about the outcome. Hence we know these events:

Fo={0,Q{HT,HH} {ITT,TH} {I'T},{TH},{HH},{HT}} > F1 could happen.

1 Martingales in Discrete Time

1.1 Conditional Expectation

Given probability space (2, A, P), and integrable random variable X. Let G be a sub o-algebra of A.
Then E[X | G] is defined to be the unique G measurable random variable such that if A € G,

E[X14] = E[E[X | G]14] (1)

Proposition 1.1. Properties of conditional expectation
Suppose X1, Xa, ... is a sequence of random variable and F,, be the corresponding filtration at time n.

Then for a random variable Y :
o GiveY is F, measurable, then E[Y | F,] =Y
e Given A is an F,, measurable event, then E[E[Y | Fp]1a] = E[Y 14]
e Given {X;} is independent from Y, then E[Y | F,] = E[Y]

e Given random variable Y, Z, and constants a,b € R, then
ElaY +bZ] = aE[Y] + bE[Z]

e Given m,n € N and m < n, then E[E[Y | F,,] | Fin] = E[Y | Fl

e Given F,, measurable random variable Z, then E[Y Z | F,) = ZE[Y | F,)



1.2 Martingales

Definition 1.1. A sequence of random variables My, My, ... is called a martingale with respect to

the filtration JF,, if:
o VYN €N, M, is F,, measurable with E[|My]|] < oo

o Ifm,n €N and m <n, then

E[M, | Fn] = My, or E{My, — My, | Frn] =0

1.3 Optional Sampling(Stopping) Theorem

This section focuses on a new concept, stopping time. Motivated by studying the behavior of a

martingale up-to a certain time.

Definition 1.2. Stopping time
A non-negative integer-valued random variable T is a stopping time with respect to filtration {Fp}

if Vn € N, the event {T = n} is F,-measurable.
For convenience, the following notes will use a new notation, M,r, to indicate
Mo + X5_, Bj[M; — M; 1]

where n A T means min{n, T}, and B; =1 for j < T and B; = 0 otherwise.
The following three theorems will yield the same result, yet the precondition will be less strict as we

progress.

Theorem 1.1. Optional Sampling Theorem I

(Named Option Stopping Lemma in STA447) Suppose T is a stopping time and M, is a mar-
tingale with respect to {Fn}. Then Y, = Muar is a martingale. If T is bounded, or if there exists a
K e R, K < o0, such that, P{T < K} =1, then

E[Mr] = E[Mo) (2)

First, we should note that even without the final precondition, as long as M,, is a martingale with
respect to F,,, then
E[Mnnr] = E[Mo] (3)

Proof. (3)
Vn € N, WLOG, assume n > T
E[Muar] = E[Mo + X7, B;j[M; — M;_1]]
= E[Mo] + X7_ B E[M; — M;_1]
= E[My] + £]_,1 % E[M; — M;_1] + 3770 x E[M; — M;_1]



VYm,n € Nand m <n

E[Mn/\T - Mnfl/\T ‘ ]:m] = E[Bn[Mn - Mnfl}
= E[M, — My_1] =0if B, = 1

=0if B, =0
O

The proof of Theorem 1.1 is relatively straight forward: since T is bounded, E[My]| — E[My] can be
separated into sums of finite steps. (i.e. Finitely many E[M;] — E[M;_1]) We have showed each step
is equal to 0, therefore the sum is still 0.

However, if we were to change the last precondition of Theorem 1.1 to something less restrictive. Say
instead of bounding 7' by K for some K € R, we only require P{T < oo} = 1. Then (3) will still hold,

and
E[My) = E[Mpn1] = E[M7] + E[MpaT — MT).

If the latter term of the right hand equals to 0 for large n, then we will have (2). Mpar — My is
obviously 0 if n AT =T. If n > T, then we have

Mn/\T — MT = I{T > ?’L}[Mn — MT]

Since Mp1{T > n} is a random variable converging to M and bounded by the random variable
|Mp| < oo, hence by the dominated convergence theorem, lim,, o E[Mp1{T > n}] = 0. Therefore,

we just need the other term to behave nicely.

Theorem 1.2. Optional Sampling Theorem II
(Named Option Stopping Theorem in STA447) Suppose T is a stopping time and M, is a
martingale with respect to {F,}. Suppose that P{T < oo} =1, and

lim Bl|M, YT > n}] =0, (1)
then,
E[Mr] = E[Mo]

Let us go a step further and examine (4). Start by separating (4) into two parts base on the value of



each M, let b € R:
E[|M,|1{T > n}] = E[|My,|1{|M,| > b,T > n}] + E[|M,|1{|M,| < b,T > n}|

1
gE[|Mn|21{|Mn| > b, T > n}] + E[|M,|1{|M,| < b,T > n}|

IN

1
g(E[|Mn|21{|Mn| > b,T > n}] + E[|M,|*1{|M,| < b,T > n}]

+E[|Myp|?1{T < n}]) +E[|M,|1{|M,| < b,T > n}]

IA

%(E[|Mn|21{T > n}] + E[|Mz|*1{T < n}])

+ BlM 1M, < b,T > n}]

E(|Mnnr|?]

<
- b

+bP{T > n}
Now, let’s bound E[|M,,7|%] < C, for some C € R. Then we have
E[|M,|1{T > n}] < € +bP{T > n}.

Continue with the inequality we just proved. First note that E[|M,|1{T > n}] and ¢ + bP{T > n}
are sequences with respect to n. Moreover, % + bP{T > n} is monotonically decreasing. Since

E[|M,|1{T > n}] is bounded by a monotonically decreasing sequence, we have

lim sup E[|M,|1{T > n}] < limsup ¢ + P{T > n}

n—o00 n—o00 b
. c .
limsup E[|M,|I{T >n}] < — + lim P{T > n}
n—00 b  n—ooo

. C
lim sup E[|M,|1{T > n}] < 7

n—oo
and,

0 < limyy o0 E[| M, |1{T > n}] < limsup,,_, ., E[|M,|1{T >n}] < ¢

Since the above inequality holds for all b, we have (4). This results in the final Optional Sampling

Theorem.

Theorem 1.3. Optional Sampling Theorem IIT
Suppose T is a stopping time and M, is a martingale with respect to {F,}. Suppose that P{T < oo} =

1, and there exists C < oo such that for each n,
E[|Muprl?] < C (5)
Then,

E[Mr] = E[M,]

1.4 Martingale Convergence Theorem

Theorem 1.4. Martingale Convergence Theorem
Suppose M, is a martingale with respect to {F,} and there exists some C' € R such that E[|M,|] < C

for all n € N. Then there exists a random variable M such that with probability one



lim,, oo M,, = M.

Proof. This proof of martingale convergence theorem will show that a bounded martingale will fluctu-
ate finitely many times outside of any interval. i.e. for any a,b € R and a < b, then there exist K € R

such that
{n: M, <a,M,_1>a}U{n: M, >bM,_1 <b} <K

Therefore, lim inf M,, = lim sup M,, and hence the limit of lim M,, exists.

Start by define a sequence of stopping times: for any a,b € R and a < b,
Sy ={n: M, <a}, T, ={n:M, >bn>5}
and for i > 1,
Si={n: M, <a,n>T;_1}, T, ={n: M, >bn>S;}

Simply speaking, S is the first time M, goes below a, T} is the first time M,, goes above b after
S1. Then S5 is the first time M,, goes below a after T7, and so on and so forth. Now define another
martingale:

W, =X B;i[M;11 — M;]
where,

B, =0 If n < S
B; =1 If for some j, S; <i <1}
B; =0 If for some j, T; <1 < Sj11

In other words, W, records the change of M, between each time M, goes below a and the next time
it goes above b.
It can be shown that W,, is also a martingale, which means E[W,] = E[Wy] = 0. Now define U,, to
be the count of the total number of "interval" recorded by W, up to time n. i.e.

Un =17, forTj <n<Tjy
Then, WLOG assume n > Ty, where T represents the last time M,, > b,

Wy > Uy(b—a)+ (M, —a)

Using the property of margingale,

E[U,)(b—a) — Ela— M,] < E[W,]=0
EU,|(b—a) < Ela — M,]

E[Un](b—a) <la| + E[|Mp]] = [a| + C

< la] + C

ElUn] < b—a




Since this inequality holds for any a,b € R we have lim inf M,, = limsup M,, and hence the limit of
lim M,, = M exists. (Note, M can not be oo with a positive probability, as if it is, then E[|M,]]
cannot be bounded by C

1.5 Square Integrable Martingales
Definition 1.3. Square Integrable Martingale A martingale M, that is, for each n, E[M?2] < oo

Definition 1.4. Orthogonality Two random wvariables are considered to be orthogonal if E[XY] =
E[X]E[Y].

An important property is associated with martingales, that is the orthogonality between any two

martingale increment.

Proposition 1.2. Suppose that M, is a martingale with respect to {Fp}. Then if m <mn,
E[(Mn+1 - Mn)<Mm+1 - Mm)] =0 (6)
Proof. Given that m < n, then M,41 — M,, is F,-measurable, and hence

B[(Mpt1 = My) (M1 — M) |
= (M1 = M) E[(Myy1 — Mp)|F,] = 0

Taking expectation of F,, again,

E[(My+1 — My)(Myi1 — M)
= E[(Mys1 = Myn) B[(Myi1 — My)|Fy]] = 0

1.6 Integrals with respect to random walk
This section introduces discrete integral of martingales.

Definition 1.5. Predictable A sequence of random variables, X, is called predictable with respect to

{Fn}, if for each n, X,, is F,_1-measurable.

Suppose that {X,,} is a set of identical independently distributed random variable with mean zero
and variance o2. Let S,, = X7, X;, and {F,} be the filtration generated by {X,}. Now define J,, to
be predictable sequence with E[J2] < oo for each n. The integral of .J,, with respect to S,, is defined
by

Zy =Y X =80 ,AS; (7)

Three important properties immediately presents themselves.

1. Martingale property. The integral Z,, is a martingale with respect to {F,}



2. Linearity. If J,, K, are predictable sequences and a,b € R, then aJ, + bK,, is a predictable

sequence and

E?:lCLJi + bKZ = GZ?:ljzASrL + bZ?:lKZASZ

3. Variance Rule.

Var[Sl, J;AS;] = E[(X12, J;AS:)?] = 0?57, [J;)?
Proof. Properties

1. Given {J,} and {5, } are {F,, }-measurable, Z,, as a finite sum of products of {F,, }-measurable

random variable, is {F,, }-measurable. Also,

2. This property is immediate

3. First note Z, has mean 0, so the first part of equality holds. Then due to the orthogonality of

martingale increments

EI(Z, JiAS)Y] = S1, BlJ2 X
Then using the double expectation property over F;_; for each @
S, BIJ2XZ) = S, BIELJ2X2|FiA]]
= S B[ E[X?|FiA]]
— 2, BlJ2E[X?)]
=X 0 B[}

= UQZi:1E[Ji2]

1.7 A maximal inequality

I believe this is the Doob’s martingale inequality?

Definition 1.6. Submartingale

A sequence of random variables My, My, ... is called a submartingale with respect to the filtration JF,
if:
o VYN € N, M, is Fn measurable with E[|M,]|] < oo

o Ifm,neN and m <n, then

E[M,, | Fn] > My,



Theorem 1.5. Suppose M, is a non-negative submartingale with respect to {F,}, and let
M, = maz({M;}i)

Then for every a € R, a > 0,
N 1
P{M,, > a} < —E[M,]
a

Proof. First define 7, to be inf{i > 1: M; > a}, then
P(M, >a)=X",P(1, =i).

Note E[1{M; > a}] < E[%:], and {r, =i} is F; measurable. Then for each i, such that 1 <i < n,

a

P(ra = 1) = E[1{r, = i}]
)

< LB[Mil{r, = i}

< E|

IN

%E[l{Ta = Z}E[an:z]ﬂ

= B[1{r, = i}M,)

Summing over 1 < ¢ < n we have.

—_

Ui P(re = 1) < =X E[1{7, = i} M,]

a
1 _
< SEL{M, > a}M,]
1
< —-FE[M,
< B[M,)]
which is the desired statement. O

2 Brownian Motion

2.1 Limit of Sum of Independent Variables

2.2 Multivariate Normal

The first section of this chapter covers basic properties of limit of sums such as CLT and binomial
converge to Poisson. The second part covers multivariate normal distribution properties such as the

role of covariance matrix and independence between the sum and difference of two normal variables.

2.3 Limit of Random Walks

This section discusses the limit of a simple symmetric random walk and how it approaches something

continuous (intuitively) as the length of each time interval decreases.

Suppose X7, Xs... are independent random variables with



P{X, =1} =P{X, =-1} = %
Then define,
Sp = 210X,

be the corresponding SSRW. As in the discrete case, this SSRW have time increment At = 1 and
space increment Az = 1. Suppose define At = 1/N for large natural number N, and observe the new
process at times At, 2At, 3At, ..... Then with space increment being Az, at time 1 = NAt, the value
of the process is

W™ = AzEN X,
In order to preserve the fluctuation/variance of the process to be 1, then
Var[AzZN (X)) = (Az)*2N (Var[X]

consequentially, Az = v/At. Note by the central limit theorem
EijioXi
VN
is approximately the standard normal distribution.
As we increase N, one can see that the process shifts from discrete to continuous space. The resulting

process (the limit of random walk) is called Brownian motion or Wiener Process.

2.4 Brownian Motion

First let’s introduce a few definition and theorems.

Definition 2.1. Stochastic Process Let By = B(T) be the value at a time T. For each t, B; is a

random variable. A collection of random variable indexed by time is called a stochastic process.
There are three major assumptions about the random variable By
e Stationary Increments. If s < ¢, then the distribution of B; — B, is the same as B;_s — By

e Independent Increments. If s < ¢, then the random variable B; — B; is independent of any

value B, for any r < s
e Continuous Path. The function that maps t — B; is a continuous function of ¢.

Lemma 2.1. Borel-Cantelli lemma Let {E;} be a sequence of events in some probability space ), then
if

Y2 P(E;) < o0
then,

P(limsup E;) =0

i—00

The lim sup denotes the limit supremum of the sequence of events, that is the set of outcomes that
occur infinitely many times within the infinite sequence. Explicitly,

lim sup ﬁ G E;

OO =1 k>

10



Proof. First note,

P(X°1[E;] < o0) =1 = P(limsupE;) =0

71— 00

Then

E[EF1[E]] = S E[[E;]] = ¥7°P(E;) < oo
Then

P(E®1[E;] < 00) = 1

If not, then

E[Se1[E]) > / (SF1[E])AP = oo

N1 [E;]=00

Proposition 2.1. Basic properties of Brownian motion For s <t
e E[B;] = E[Bs] + E[B;_]
e Var[B:] = Var[Bs] + Var[B;_]

Definition 2.2. Brownian Motion A stochastic process By or B(t) is called Brownian Motion with

drift m, variance o2 starting at the origin if it satisfies:
e By =0.
e For s < t, the distribution of By — By is follows N'(m(t — s),0%(t — s)).
o If s <t, the random variable By — By is independent of any B, forr < s.
o With probability one, the function t — By is a continuous function of t.

Proposition 2.2. Scaling properties Suppose By is a standard Brownian motion (drift 0 and variance

1) and a > 0. ThenY; = ]f/“at is also a standard Brownian motion

Proof. The properties of Brownian motion are still satisfied and is easy to see.
Expectation of Y; is still 0 and the variance:

Var[Yy] = Var[Ba/va] = @ _ %t _,

2.5 Existence of Brownian Motion
This section is a bit hard for me to understand fully. The flow of the proof is as follows:
e Proof Brownian Motion exists on discrete time.
e Proof Brownian Motion exists on countable infinite time.
e Proof Brownian Motion exists on a countable infinite time that is dense in real numbers

e Proof Brownian Motion exists on all real numbers

11



2.6 Understanding Brownian Motion

This section studies Brownian motion in depth, focuses on its differential, Holder continuity, and

Brownian motion as a martingale, Markov process, Gaussian process and self-similar process.
Theorem 2.1. For any t, with probability one, the function t — By is not differentiable.

Proof. First note, for any e

Biie = B+ eN

where N is a standard normal random variable. Then

lim Bie = By = lim VeN

e—0 € e—0 €

Therefore, with probability one, said limit goes to infinity as € goes to 0. Hence the function is not

differentiable for any t. O
In fact, a stronger statement is also true:
Theorem 2.2. With probability one, the function t — By is nowhere differentiable.
The logic of the proof is as follows:
e Assume the function is differentiable at some point ¢ which falls in one of the 2™ intervals.

Observe the behavior of the three intervals near ¢ if the function is differentiable at ¢.

e Show that the probability of the intervals behaving that way has probability 0.

e Sum over all possible intervals that ¢ can fall in, and show no matter where ¢ is, the probability

is still 0.

e Sum over all possible n, and show the sum of probability is finite.

By Borel-Cantelli Lemma, the probability of the function being differentiable at some point has
probability 0.

Proof. Tt is enough to show the function is not differentiable in [0,1].
Suppose B, is differentiable at some point ¢ € [0, 1], then its local rate of change is bounded by some
finite constant M,
wp B =BO] _
€€[0,1] €
Fix M. Let t € [(k —1)/2", k/2"] for some large n and k € [0,2"]. If B(t) is differentiable at ¢, then

for all j € [1,2"™ — k]:

[B((k+4)/2") = B((k+j —1)/2")]
<|B((k+7)/2") = BO)| + [B(t) = B((k +j —1)/2")]
3/2") +M((G +1)/2%)

M(
M(2j +1)/2"

IN

12



Define a set of events:
An g ={IB((k+5)/2") = B((k+Jj —1)/2")| < M(2j +1)/2" for j = 1,2,3}
Note P(B; is differentiable at t) < P(A, ). Hence,

P(Ank) <TE_ P(IB((k +5)/2") = B((k+j — 1)/2")| < M(2j +1)/2")
= TI_, P(|B(1/2")| < M(2j +1)/2")

|B(1))

\/271

=I_, P(IB(1)| < M(2j +1)/v2")

< P(|B(1)| < TM/V27)?

< (TM/V2r)?

— 1, P( < M(2j +1)/2")

The last inequality holds as standard normal is bounded by 0.5. As n increases, the probability goes
to 0. Now summing over all possible intervals:

2"L
P(B; is differentiable somewhere) < P( U A k)
k=1

< 2™(TM/V/27)3
= (M)
The sequence goes to 0 drastically as we increase n, therefore the summation E;L”P(Uinzl Ay ) will

be finite. Then by the Borel-Cantelli Lemma,

gn
P(B; is differentiable somewhere) < P(lim sup U An k) =0

which is the probability of function B(t) having a point that is differentiable. O

2.6.1 Brownian Motion as Martingale

The martingale property is the consistency of expected value with respect to a filtration {F,}. i.e. for
s<t
E[M|Fs] = M

For a Brownian Motion By, let {F,} be the martingale that B; adapted to, then
E[B¢|Fs] = E[B;s|Fs] + E[B: — Bs|Fs]]
= By + E[B; — Bs]

:BS

To rigorously state a Brownian motion adapts some filtration {F,}, we often change the second

condition for Brownian motion to:

If s < t, the random variable B; — By is independent of F;

13



The idea is even if we have more information at time s, they won’t help us predicting the future
increments. It is also worth noting that not all martingales that are defined on continuous time are
continuous i.e. f:t — M; is continuous. The most common example will be a Poisson Process which
is a kind of jumping process and will be discussed later.

2.6.2 Brownian Motion as a Markov Process

The Markov Process is about the memoryless of the random variable. i.e. let s >t and let A = {X;}}
P(X, < C|A) = P(Xs < C|Xy)
Brownian Motion satisfies such property as:
Y, = Biys — Bi

is independent from {F;}.

2.6.3 Brownian Motion as a Gaussian Process

A process {X;} is called a Gaussian Process if each subset of sequence of random variables
(Xiy oo Xipn)

has a joint normal distribution which is defined by its mean and covariance matrix. Let B; be a
standard Brownian Motion, and t; < t;11 < ... < tj1n, then the corresponding (B;, ....B;1,) can be
expressed as a linear combinations of independent standard normal random variables:

Btj - Btj71

\/tj — t]‘,1

for j € 1,..,n. Then B; is a Gaussian Process with mean zero, and if s < ¢

Z; =

Cov(Bs, By) = E|ByB;] = E[Bs(B;s + B, — By)]
= E[BY] + E[B,(B; — B,)]

=s5+0=s

which gives us Cov(Bs, By) = mins,t

2.6.4 Brownian Motion as a self-similar process

The idea of self-similar process comes from the fact that if one were to (properly) scale up a small

portion of Brownian Motion, then the small piece looks like another ordinary Brownian Motion.

Bat

Theorem 2.3. Suppose B; is a standard Brownian Motion and a > 0. Let Y; = NE

then, Y; is a standard Brownian Motion. The variance is preserved by the scaling factor a'/2

14



2.7 Computations for Brownian Motion

This section introduces a few quantities about Brownian Motion and their calculations; as well as the

Reflection Principle.

@

BB = B 2|1 = #2m) 2 [ fale 0% da

= t1/2(27r)*1/2 * 2/ ze~ 052" g
0
=V2tr—1

The last equality uses the property of half-normal distribution

A random variable is said to follow half-normal distribution if its PDF takes form

V2 x? (8)
YV exp [ -
o\ P\ 7202
or x > 0. It has expected value o o2 In this case, the last integral is almost the expected value o
Nz

a half normal random variable with o = 1, hence the integral takes value 1

©)

P(Bt 2 T) = P(\/%Bl 2 1) = P(Bl Z Tt70'5)

=1—0(rt"°)

® represents the distribution function of standard normal, and the last equality uses the fact that B,

follows standard normal

@ For any t > s,
P(B,>0,B, > 0) = / P(B, > 0|B, = ) P(B, = 2)dz
0

22
e 26 dx

*° 1
:/ P(B; — Bs > —x)
0 2(s)m
v
e 2—9)

- L=

In the case of t = 2, s = 1, one can use polar coordinates to compute the result to be %. Immediately,

z2
e 26D dydx

we have

3
P(BQ > O|Bl > O) = Z

Theorem 2.4. Strong Markov Property If T is a stopping time with p(T < c0) =1 and let
Y; = Bryt+ — Br,
then Y; is a standard Brownian Motion. Also, Y is independent of

{B,:0<t<T}

15



We will use this property to prove the famous Reflection Principle

Theorem 2.5. Let B; be a standard Brownian motion starting at the origin, then for any a > 0,

P (max Bs > a> =2P(B; > a) = 2[1 — ®(a/V1)]

0<s<t
The intuition behind the proof is that: In order for the motion to be greater than a at time ¢, the
motion needs to first reach a some time before ¢ (no matter where) which is equivalent to say the max
value of the motion before time ¢ is greater or equal to a. Then after it touches ¢, it has a 50% to not

drop below a. So the probability is twice as much.

Proof. First define T, = min{s : B; > a} = min{s : B; = a}. Note T, qualifies as a stopping time.
Then,
P (max Bs > a) =P(T,<t)=P(IT, <t)

0<s<t

The the second inequality holds automatically due to continuity of Brownian Motion. Now,
P(B; > a)=P(T, <t,B; > a)
= P(T, <t)P(B; — Br, > 0|T, <1t)

Since it is given that t > T,, we can use the Strong Markov Property:

P(By—Bp, >0/T <t)=1/2
due to independence. The numerical value is immediate. O
We will introduce one example as an application of the Reflection Principle. Let

q(r,t) =P(Bs=0:r <s<t).

The scaling property of Brownian Motion shows that ¢(r,t) can be scaled to ¢(1,t/r), which is equiv-
alent to g(1,1 4+ s) for some s € R. Then we redefine ¢(s) = ¢(1,1 + s), and let A be the event that
B, touch 0 in (1,1 + s):

q(s) = /_00 P(A|By = 2)P(B; = z)dx
Note:

P(A|By=x2)=P < min By <0|By = t>
1<k<l4s

:P(max Bk2x>
0<k<s

=2P(B; > x)
=2[1 - ®(x/V/s)]

Then the integral becoms:

/00 2[1 — ®(z//s)|P(By = x)dx

—00

Once again, using polar coordinates, we have:

2 1
q(s) =1— —arctan —
T

NG
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2.8 Quadratic Variation

This section studies the sum of the squares small increment changes in time. i.e
= i i—1\1?
= B|—-)|—-B
@-3[ () -2 (5)]

1 n
rRP IR

Note we can rewrite @, as

where

Yri:Yvi,n:

/v

which follows chi-square distribution. Consequentially,

B(:)—B(i,:)r

E[Y)] = E[2%) = 1, E[Y?) = E[Z*] = 3

Then we have:

2

1o RS
E[Qn) =~ B[] =1Var[Qu]— Y Var[¥i] = =
i=1 i=1

As n — oo, the variance goes to 0 and the random variable goes to a constant random variable.

aao- g [n(2)-2(5)]

As n — oo, the random variable approaches a constant random variable with value t. The quadratic

Extending the concept:

variation is the limit of the above expression.

Definition 2.3. Let B; be a process, the quadratic variation is

e g 2 [o(2) (5]

J<tn

As computed above, we see that (B); = t.
Now let W; = 0B, + m¢t, then (W), is equal to

S o] b () 5

Simplify we have,

2o0m tm?
U2<B>t + 73,5 4+ —
n n

As n approaches infinity, it is just o2t.
Theorem 2.6. If W; is a Brownian Motion with drift m and variance o2, then (W), = ot

Above computations have been based on 'nice’ partitions, now we observe the behavior of the quadratic

variation when the partitions are not as ordered.

For a partition IT = {t;}, 0 =ty < t; < ... < t, = t, we define

|[[| = fgiagxnti —ti—1;

17



and the corresponding quadratic variation

n

Q1) = Y [B(t:) — B(ti1)]

i=1

Recall each increment between B;, and By,_, follows N (0,¢; — ;1)

E[Q(t:1)] = > E[(B(t;) — B(ti-1))?]
1=1

n
= Zti —ti-1 =1
i=1

Var[Q(t;11)] = Y " Var[(B(t;) — B(ti—1))?]
1=1

n
= Z(tz —ti_1)?
i=1

n
< 2T Yt — ti-1) = 2|[T]|¢
i=1

Theorem 2.7. Suppose B; is a standard Brownian Motion with t > 0 and II, is a sequence of
partitions of the form

O0=ton <t1,n<..<ty,n=t
with ||II,|| = 0. Then Q(t;I1,) — t in probability. Moreover, if

> I < oo 9)

n=1

then with probability one Q(t;11,,) — ¢t

Proof. Using Chebyshev’s inequality, for any integer k:
VaT[Q(t§ Hn)]
(1/k)?

As n — oo, the right hand side goes to 0, which gives convergence in probability. If (8) holds, then

;P (|Q(t;Hn) —t] > k) < 2k%t Y ||TL,|| < oo

By the Borel-Cantelli lemma, with probability one, for large enough n, we have

1
Q [Hall) =t < o

1
P (Q(t;Hn) > k) < < 28| |t

3 Stochastic Integration

3.1 Introduction

This section provides a very general idea and motivation for stochastic calculus. Normally, as we

learned in Riemann integrals, we have ODE (ordinary differential equation) as
df (t) = C(t, f(t))dt

18



or
a _

=10 = O )

where function C' represents the differentiation operator. For SDE( stochastic differential equation),
we have

dXt = m(t, Xf)dt + O'(t, Xt)dBt

where m and o are the drift and variance of a process X;. The first part of the right hand side is a
normal ODE with respect to time with a random integrand m(s, X;); the second part is the tricky

one. To solve it we will use Itd integral

3.2 Stochastic Integral

In this section we will introduce stochastic as follows:
1. Discuss the integration with respect to simple processes
2. Extend the idea to bounded continuous paths by using limit and sum

3. Extend the idea to all continuous paths with the help of stopping time

3.2.1 Integration on Simple Process

To start off let’s think Z;, which is defined as

t
7, = / A,dB,
0

to be a Brownian motion that have variance A2 at time s, which changes as time goes on. First, let
A; be a simple process, which means it has constant value over pre-defined intervals. (Similar to step

function in Riemann integrals). Formally,

Definition 3.1. Simple Process A process Ay is a simple process if there exist times
O=ti<t1 <..<tp, <00

and random variables Y; j = 0,1,..,n that are F;,-measurable such that
Ay =Y, fort; <t <tjp

Now define )
t J—
7 = / AydB, = Yi[By,,, — By,] + Y;[Bi — By]
0 i=0

fort; <t <t;11. Note

t
/ AydBy = Z; — Z,

Proposition 3.1. Let B; be a standard Brownian Motion with respect to filtration {F;}, and Az, Cy

be simple processes.
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e Linearity If a,b are constants, then aA; + bCy is also a simple process and

t t t
/ (aA, +bC,) dB, = a/ A,dB, +b/ C.dB,
0 0 0

t T t
/ Ayds = / AydBs + / A,dB,
0 0 T

e Martingale Property The process

If 0<r<t,

¢
7, = / A,dB,
0
is a martingale with respect to {F}

e Variance rule Z; is square integrable and
t
Var [Z,] =E [Z}] = / E [A2] ds
0

o Continuity With probability one, the function t — Z; is a continuous function.

Proof. Linearity and continuity are immediate (from definition and the fact that Brownian motions

are continuous).

e Martingale Property We need to show that F (Z;|F,) = Zs, Vs < t. This proof will show the
case when r = t;, s = t;, for some j > k, the other cases are similar. (Just add a few terms here

and there) By definition
k—1
ZS - Z}/Z [Bti+1 - Bti]
i=0

j—1
e =g+ ZY; [Bti+1 - Btl]
i=k

We know that E(Z4|Fs) = Zs, then
Jj—1
E(Ze|\Fs)=Zs+ Y E[Yi[Bi,, — Bi] |7
i=k
For i € {k,j — 1}, we have t; > s, since Fs C Fy,then
E [le [Bt7:+1 - Bti] |‘FS] =K [E (Y; [Bti+1 - Bti] |‘Ft1) |‘F"']

Since Y; is Fi,-measurable and By, , — By, is independent of F;,, we have

i+1

E(Y: (B, - B] %) = V:E (B, - B,

Fi.) =YE[By,, —Bi,] =0

i+1 it+1 i+l
If t, s are not chosen to be one of the increments, i.e.
r#t;and s £t Vi, k
Then then 37, k such that
k=min {ilt; > s} j = max{ilt; <r}
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Hence we have

k—1
ZS = }/Z [Bti+1 - Btl] + Yk?Jrl[BS - Btk]
=0
Jj—1
Zp = Zs+Yip1[Br,, — B+ > _Yi [Bi,, — By] + Yj41[B, — By]
i=k

The expected value of the additional terms are all 0, the above proof’s logic still works

e Variance Rule We will show for s = ¢;, the other case is similar as well (just add one extra

term), then
j—1j-1

Z32 - Z ZY’ [Btiﬂ B Bti] Yi [Btkﬂ - Btk]
1=0 k=0

For any i # k (assume i < k), then (By,,, — By,),Y;, Y} are F;, measurable and (By, ,, — By,) is

i

not.
E [Yi [Bti+1 - Bti] Yy, [Btk+1 - Btk”
=K [E (Y; [BtiJrl - Btl] Y [Btk+1 - Btk] |]:tk)]
:}/;[Bti+1 - Btl]YkE [Btk+1 - Btk|]:tk]

=0

Therefore any two term with different increment will have expectation 0. For the rest,

<.
|
—

E|

N
2w
Il

E[Y;Z(Bti,+1 - Bti)2]

S

S
[l
= O

(]

E[E(}/iz(BtiJrl - Btl)2|ftl)}

S
[l
= O

E[Y?E((Bi,,, — Bi,)*| )]

i+1

I
oL =,
7 M
= O

E[Y? (tig1 — ;)]

I
K. e,
T M
= O

= Z(ti+1 — t:)E[Y]]

i=0
By definition, Ay is a step function with values from Y;, therefore we have

j—1

B2) = ¥ B[]t —t) = [ B[4 ar

i=0
Similar to the Martingale Property proof, if s are not incremental points, then Z; have
an additional term, Y;1[Bs — Btj]. The interaction terms with these additional terms all have
expectation 0, therefore the only additional terms remaining in E[Z2] is (Y;41[Bs — By,])?, which

equals to j;: E[A2]dr
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3.2.2 Integration on Continuous Processes
In this section we discuss the integration on continuous processes, A;.

Lemma 3.1. Suppose A; is a process with continuous paths, adapted to the filtration {F;}. Suppose
also that there exists C < oo such that with probability one |Ai| < C for all t. then there exists a

sequence of simple processes Aﬁ") such that for all t,

n—roo

t 2
lim [ E “As — A } ds =0 (10)
0

Moreover, for all n,t, |A§n)\ <C.

Proof. The proof is rather simple. We will show for ¢ = 1. Define the sequence of simple processes as

; i+ 1
AE") =A; where L <t< s .
n n n

One can easily see that Ai”) converges point-wise to A;, and is bounded by C as well. Therefore by

the dominated convergence theorem,

im [ [AS” - At} “dt =0

n—oo 0

Since the integral is a bounded random variable, the expectation of the integral is also 0, i.e.

1 2
lim E [ / [Aﬁ’” - At] dt} —0
n—oo O
O

Given this lemma, we can define integration on a bounded, continuous paths as a limit of integral on
the simple paths that satisfies (9). i.e.

b b k—1
Z :/ Ads= lim [ AMdB, = lim Y A [Bﬂ —Bi}
a n—00 n n n
=m

n—oo a

where % = b, and 7 = a Lemma 3.1 gives us the tool to approximate an integration with respect to
a continuous Stochastic process. So for an bounded continuous process A;, we can find sequence of

simple processes A,En) described in lemma 3.1. Then for any given ¢, we can define

t t
/ AqdB, = lim [ AMdB,. (11)
0 n—oo 0

We can call the integral, which is a random variable, Z;. Immediately, Z; presents four nice properties:

Proposition 3.2. Let B; be a standard Brownian Motion respect to filtration {F;}, Ay and Cy be

bounded, adapted process with continuous paths, then

o Linearity. If a, b are constants, then

t t t
/ (als+0Cy)dBs = a/ AsdBgs + b/ CsdBs
0 0 0

In addition, if r<t, then

t t t
/ (aAs)dBs = a/ A,dBg + b/ AydBy
0 0 r
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e Martingale property. The random variable/process

t
Zy / AgsdByg
0

is a martingale with respect to the filtration {F;}.

e Variance rule. Z; is square integrable and
t
Var [Z,] =E [2}] = / E [A?] ds
0

e Continuity. The function Z :t — Z; is a continuous function with probability one.

The above proposition and lemma deals with bounded continuous processes, for unbounded processes,
we can approximate them using bounded ones incremented by natural numbers. Let A; be a continuous
process, not necessarily bounded, we define T,, = min{t : |A,| = n} (i.e. the first time A; hits n, and
redefine A} = A a7,. Then each .
AR / A™dB,
0

is well defined as A} are bounded for every n. Then define

Zy = lim z{™

n—oo

The implied assumption here is that A; is not bounded when ¢ can take all real value, but bounded
when ¢ is finite.

Under this construction, the Z; will saticify linearity and continuity. If A; is square-integralable, then
Z, will also saticify the variance rule, if A, is not, then Var[Z,] = E [Z7] = fOtIE [A2] ds = co. The
martingale property, which we will study more in depth later in the report, may not be satisfied.
Also, because we are dealing with a probability space here, the requirement of the paths can be relaxed
to piece-wise continuous except a set of points of measure 0.

To incorporate stopping time into the integration (with respect to the same {F;}, we can add the
stopping time restriction into the integrand.

Let A; be a continuous process and we wish to integrate A; from 0 to some stopping time 7', then

tAT t
Zt/\T = / Asst = / As,Tst
0 0

In other words, stopping the integral is equal to adjusting A; to 0 after a certain time.
From our definition of stochastic integral, we can now attempt to define stochastic differential equations
(SDE).
Let X; be a process that satisfies .
X = Xo —|—/ AsdB;
0

where Ay is a continuous process. We can intemperate the equations as describing X; to be a process

that has a shift of Xy and variation of A? then we can define dX; to be

dX, = ¢ (X,)dBt
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where ¢ represents the differentiation operator. Our goal will be to derive the expression for said ¢.
However, note that stochastic calculus differs from the classic calculus in many ways. Take the most

simple example, integrating a Brownian motion against a Brownian motin.

t
Zt:/ B.dB;.
0

Note Z; have finite expectation. The traditional approach would be to apply integrating rules and

assume that

1 B?
2= Yoy - 2
However, from our previous calculations, we know that E[Z;] = 0 and E[B?/2] = t/2. The two values

clearly do not agree, hence we need to explore for another method.

3.3 Itd’s formula

Before we start to derive the Itd’s formula, recall quadratic variation of a process.

<B>t:nlggoz [B <2)B<i;1)]2—t (12)

Jj<tn

Now we extend the idea to any stochastic process, let Z; be defined as

t
Zt:/ ASdBS =t
0

(Z) :7}1_%0]% [Z (;) —Z<i;1)]2

¢
= / A2ds
0

Now suppose f is a C'! function, then we may expand the function f using Taylor approximation

Then

flt+s)=ft) + s+ f'(t) + o(s)
where o(s) approaches 0 as s? approaches 0. It&’s formula is derived using similar ideology.

Theorem 3.1. (It6’s formula I). Suppose f is a C? function and By is a standard Brownian motion,

then for every t, . )
f(Bt) = f(Bs) +/s f/(Bs)st+ %/s f”(Bs)dS
which yields
df (B)) = ' (B)) dB, + % £ (B dt

We can interpolate this result as the process X; = f(B;) at a certain time, ¢, behaves like a Brownian

motion with drift f”(B;)/2 and variance f(By)?.
Proof. The logic of the proof goes as follows (roughly):

1. We will prove the case for ¢ = 1 and s = 0, the general case is easily salable.
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2. Separate the whole interval into finite sub-intervals, and label them using natural numbers.
3. Approximate each sub-interval using Taylor approximation.

4. Study each component of the approximation.

5. Let the number of sub-intervals go to infinity and observe the final limit.

6. The differential form can be attained by taking ¢ infinitely close to s.

First separate the interval into n sub-intervals,

n

F(BY) = f(Bo)=Y_[f (Bjjn) — f (Bii—1)/n)]

i=1
Now expand the sub-intervals using Taylor approximation
F(Bjm) = (Bg-vym) = £ (Bi-1ym) * [Bjjn = Byl
1
+ 51" (B-1ym) * [Bjjm = Bij-yml”

+ 0 ([Bj/n — Bi—1y/nl?)

Now let the number of sub-intervals go to infinity. Then we can see that difference between f(B;) and

f(Byp) contains three components:

dim > (Bimvym) [Bi = Bi-1y/a] (13)
j=1
R 2
Jim = f" (By-nym) [Bim = Bi-1m] (14)
J=1
lim io <[Bj/n - B(jfl)/n]Q) (15)
n—oo J:1

By equation (14) we see that [B;/, — B(j—1)/n] = 1/n, which makes the last term goes to 0 quickly as
we let n go to infinity. In addition, equation (12) is the approximation of the stochastic integration of

1/ (B:) through simple processes. Therefore equals to

1
| £,
0
For the second term, equation (13), we can see that a part of the limit is the quadratic variation of
By, if we can extract that part, then we can reduce the limit to something simple. Since we assumed
f to be C?, then we can define h(t) = f”(B;) and h is continuous. Hence we can find step functions
to approximate h. i.e. for every e given, we can find h, such that |h(t) — he(t)] < €, then we have

2
[Bjn = Bii—1ym]” —e€

J

SR — he(t)] [Byjn — Big-1ym]’| < €

Jj=1 J

I

1

Now take the limit of the term replacing h with h.

n 1
. 2
nlinéoz;he(t) [Bj/n = B(j-1)/n] :/O he(t)dt
]:
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Note here h, is a function of real number ¢ rather than a Brownian motion. Since € is arbitrary, we

have the following

1t 1t 1t
lim = [ h(t)dt = 7/ h(t)dt = 5/ " (By)dt
0 0

e—0 2 0 2

Hence, , .
!/ ]‘ 1"
£~ B0 = [ £ (Byas+g [ (B
O

The proof given is somewhat a simplification of full the rigorous proof, difference being the application
Taylor approximation to stochastic processes. As we know, Taylor approximation relies on approxi-
mating the value of a function by using the rate of change, or derivative, near that point. However,

the intuition is slightly different when we replace the input variable with a Brownian motion.

We will outline the proof for the validity of Taylor approximation on Brownian motions

1. Choose a sequence of partition between (in this case) 0 and 1 with restrictions on their limiting

sum of max norm being finite.

2. Proof for each partition in the sequence, given bounded second derivative, the upper and lower

second order term of the approximation agrees as the partition becomes infinitely fine.

3. Conclude that we can approximate the Taylor approximation of f by simple processes base on

the chosen partition.

4. Let the partition go to infinite.

3.4 More versions of Ito’s formula

We have studied the integration of a process solely depending on time, next we look at a more general

case involving the position (Brownian motion) as well.

Theorem 3.2. (Ité’s Formula II). Suppose f(t,x) is a function that is C' int and C? in x. If By is

a standard Brownian motion, then

f(t,Bt):f(O,Bo)—i—/ awf(s,Bs)st—l—/ {&f(s,Bs)—&-;amf(s,Bs)} ds
0 0
Or equivalently

df (t, By) = 0o f (t, B,) dB, + {@f (t,B)) + %&mf (t, Bt)} dt

The logic of deriving this formula is similar to the one dimensional case. The expansion of Taylor

approximation around (¢, z) is

ft+ At,B,+ ABy) — f(t,By) =
atf(t, Bt)At + O(At) + 8Btf(t, Bt)AJJ + %8BtBtf(t, Bt)(ABt)2 +o0 ((ABt)z)

The second order term for B; survives because of quadratic variation, while the rest of the term quickly

vanishes as the increment becomes smaller.
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3.4.1 Geometric Brownian motion

Definition 3.2. A process X; is a geometric Brownian motion with drift m and volatility o if it
satisfies the SDE
dXt = thdt + O'XtdBt = Xt [mdt + O'dBt]

where By is the standard Brownian motion

Example 3.1. Let f(t,x) = e® % where a,b € R, then
6tf(t7l') :a’f(tvx)v arf(ta‘r) :bf(t7l‘), aT’rf(t7I) :b2f(t,17)
and we have
1
dXt = |:atf (Z‘:7 Bt) + §8wzf (t, Bt) dt + aa;f (t, Bt) dBt
b2

= (a + 2) Xtdt + bXtdBt

The format the above example has is worth exploring.

Definition 3.3. A process X; is a geometric Brownian motion with drift m and volatility o if it
satisfies the SDE
dXt = thdt + O'XtdBt = Xt [mdt + O'dBt]

where By is the standard Brownian motion

The solution to geometric Brownian motions is

o2
X, :Xoexp{<m— 2>t+aBt}

The intuition behind geometric Brownian motions is that the change between each increment is no
longer normally distributed, but the change in percentage between each increment is. The above
solution to the geometric Brownian motion SDE is called a ’strong’ solution.

Now suppose that X; satisfies the following form:
dX; = Rydt + A, dBy (16)

or equivalently,

t t
X, = X, +/ des+/ A,dB,
0 0
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Then the quadratic variation of X; only depends on the drift term.

2
()= Jim 3 (X~ Xe)

J<tn

J i i1 i=1 2
= lim » /"des+/ Asst—/ des—/ A,dB,
n—roo 0 0 0 0

J<tn
2

J j—1 J j—1
1 1

= lim Y ( S ORT-— =Y RT-—]| + |Y_ATAB, - > ATAB, )

n—roo ] <in 1 n n 1 n n 1 n 1 n

1 2
- im 3 (|mp s ay-an,p))
Jj<tn " "

. 1 m 2 2 m 2 1 m m

JE&%([W(R,J;) [ |ame - (an)] 2. 5 amay )

where A7 and R}" are simple processes used to approximate A; and R;. In the end, if we take m to
go to infinity and n to go to infinity, the first and third term of the inner summation vanishes, and we

are left with

s 3 [ (a7)" 2]

j<tn

=3 |(1) ]

J<tn

t
= / A dt?
0

If for another adapted process H;y, we can define the integration of H; with respect to X; as the

following

t t t
/HSdXS:/ Hsdes+/ H,A,dB,
0 0 0

To approximate the integral, one can simulate using the following discrete form
HAX, = H, [Xipn, — X] = H, [RtAt + Aﬂ/ﬂN}
Proceeding from this example, we have our final form of 1t6’s formula
Theorem 3.3. Suppose X; satisfies equation (15), and f(t,x) is C* in t and C? in z, then
& (1,X0) =0uf (6,X0) db -+ 0, (6, X0) dXe + 5000 f (1, X1) d(X)s
= |0uf (t, X¢) + RO f (£, X¢) + A??Gmf (t, Xy)| dt

+ A0y f (t, X)) dBy

Notice the function involved in theorem is a map for time and a stochastic process (not a standard

Brownian motion).

Example 3.2. Let X; be an SDE satisfying

dXt = AtXtdBt, XO = XTo
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Then X; is an exponential SDE, and the solution is:

t 1 t
X, = zgexp {/ AydB, — 5/ Agds}
0 0

To verify, observe the exponential term first,
¢ 1 [t
2
}/;f :/ Asst - 7\/ Agds
0 2Jo

By Ité’s lemma, we have
A2
ay; = —?tdt + A'dB;,

and d(Y); = A2dt.
Then X; = zoexp(Y:), and by chain rule, we obtain the following,

1 A2 1
dX, = X, dY; + §Xtd(Yt) = Xt(—édt + A)tdB; + §Xtd(Yt) = A, X,dB;

The requirement regarding the smoothness of It6’s formula is sometime too strict. To allow ourselves
to work with a partial smooth function, we have the following local form of the formula. This form just
restricts a the time (and hence the location) in the desirable range before it escapes to bad behaved

section of the function.

Theorem 3.4. Suppose X, satisfies (15) with a < Xo < b, and f(t,x) is C* in t and C? in z € (a,b).
Then define T = inf{t : X; = aorX; = b}, then for t<T

F(tX0) = £(0,X0) + [ Audaf (s, X,) dB,
+ [ [asf (5, Xo) + Raduf (5, Xo) + 220, (s, XS)} ds

The theorem is a simple extension of the previous ones, and the proof is not as enlightening. The
idea is to approximate T' by restricting it to a slightly tighter interval, and then using the denseness

of smooth functions to approximate the original function, and finally take the limit.

3.5 Diffusion
Definition 3.4. A process is a diffusion process if it is a solution to an SDE of the form
dXt = m(t,Xt)dt—Fa(t,Xt)dBt (17)

where m, o are functions. When the two functions does not depend on t, the solution is considered to

be time-homogeneous. An example we have already encountered is the geometric Brownian motion.

Diffusion processes are Markov processes. To recap, the special property of Markov processes is the
only valuable information needed to evaluate X, is X; for any s > t.

In this section, we will study the concept of generator of a Markov process.

Definition 3.5. The generator L = Ly of a Markov process X; is

t—0+ t
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We may rewrite it as
E[f(Xy)] = t* Lf(x) + f()

Intuitively, the generator contains the information of the behavior of the process X; on an infinitesimal
small interval.
To study it more precisely, we will use Itd’s formula to understand the generator of the diffusion X;.

For now, assume function m, o are bounded smooth functions. Then by It6’s formula we have

& (X0) =f (X)) dX + 3 (X0 d{X)e

g’ t) en
= te.x0) £ 000+ T ) a
+ f(Xy) o (t, Xy) dBy
in other words,
50 = 1000 = [ [mtsoxa 70+ ZEX s [ ()6, am,

Now take expectation on both sides, realize the second term on the right side is a martingale as the
intergand is bounded, and it can be expressed as a sum of Brownian motion increments. Then let tY;
be the first integral on the righthand side, we have

E[f(X1) = f(Xo)]
t

= E[Y}]

Rewriting it slightly,
0'2 (0, X())

S0 1 (Xo) (18)

lim Y; = m(0, Xo)f'(Xo) +
t—0+
Since the integrand is bounded, we can apply Monotone Convergence Theorem (in Lebesgue or Rie-
mann) to take limit of expectation

_ o Bl - fl@) , o2(0, z)
Lf(w) = lim —=—=—rmr = m(0,2) f'(2) + —5—

f(x)

We can extend the idea to other time intervals by replacing ¢t and 0 with ¢ 4+ s and ¢, given X; = «

and we can obtain
a%(t, )

mit,a)f (@) + 7

f// (I)

The above computations shows how the generator is computed for a diffusion process and how the
generator can help generate the process on small intervals. So far, we have assumed the diffusion

process does in fact have a solution. The proof is not as trivial as one might think.

Theorem 3.5. [t6’s existence and uniqueness theorem
The outline of the proof is as follows:
1. Prove the general existence of a solution to a function with Lipschitz derivative.

(a) Tteratively approximate the function by taking integral over small region.
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(b) Show each step integral is bounded, and the sum of integral is bounded as well

(¢) Conclude the existence of solution
2. Consider process X; as a function of time
3. Validate the process still satisfies boundedness when taking step integrals/expectations
4. Conclude the convergence of approximate
5. Conclude the existence of solution

Consider equation
y'(t) = F(t,y(t), y(0) = yo (19)
We will assume F' is uniform Lipschitz, meaning, there exists L < oo such that for all s, ¢, x,y

|F(s,2) = F(t,y)| < Li(s — 1) + (z = )| (20)

We will now leverage the Picard iteration and construct a solution to (18) upto some point ¢y, therefore
all ¢ below satisfies ¢ < ¢y. Start with the initial function
Yo(t) = yo
then
t
Yk (t) = Yo +/ F(s,yr—1(s))ds
0

Let, K = max,e[o] |[F(5,%0)|By construction we have

[y (t) — yo(t)] < /0 |F(s,y0)|ds < K %t

For k > 1 we have

|%H@—mﬁn§A|F@m@»—F@%4@mm

SLAMM@—WA@WS

Applying induction we have
chtk+1
(k+1)!

Since each yg(t) is essentially small steps to approximate y(t), the limit of yx(t) agrees with y(¢), and

IN

|yk1(E) — yr(t)] (21)

hence exists, then
©  rigitl
yk1(t) — g ()] < KZ

Then consequence, yi(t) approaches

y0+/0 F(s,y(s))ds

which satisfies the original ODE; it is easy to check y(¢) agrees with this expression. The involvement
of to is to eliminate cases where time is near 0 and z,y are close to yg. We will not delve into the

details on this topic.
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Now lets relate what we just proved to the diffusion process, suppose m, o both satisfy (18). For ease,

choose top = 1 and define the iteration for ¢ € [0, 1]
Xto =%

t t
XE =y + / m(s, X¥)ds + / o (s, X¥)dB,
0 0

¢ 2
(/ L‘Xs(k)—XS(k_l))ds>
0
t o (s, X®) —q (s, XV | dB, |
(f o (s x9) =0 (s x0-)] .
0

Take expectation on both sides

E |Xt(k+1) _ thﬂ < 9E

+2E

Applying Holder inequality on the first integral we have

t 2
(/ LIx* — X§—1|ds>
0

E

t _
<E {L%/ | x5 — Xk ds
0 i

t
< LQ/ E[|xk - x5 as
0

The second integral can be bounded by applying the variance rule

(/Ot (o (s,Xf)—a(s,Xf‘l)]dBS> z/OtE([a (S,Xf)—g(s’Xf—l)]Q) ds

< p? /tE [|X§ - X§*1|2} ds
0

2
E

Since E[|XF — XF] is bounded, then (20) suggests the existence of A satisfying
. i \rght1
Xt - XF ()] < ] (22)
The above proof can be extended to all rational numbers due to countability, then leveraging the
denseness of rationals, the result can be extended to ¢ continuous cases. It is also worth noting the
Lipschitz is stronger than we need. We can still bound or restrict our case on a locally Lipschitz region

like we did for Theorem 3.4.

3.6 Covariation and the product rule

Let X;, Y; saticify
dX; = Hydt + AydBy,dY; = Kydt + CydBy

Then the covariation process is defined by

= a5 [ -] [ v

J<tn

Note X, Y; are independent, then

= A;Cydt + O(dt?) + O(dtd By)

t
= / A,Cyds
0
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Equivalently
d(X,Y), = A Cidt

If we look at the traditional product rule in calculus, for functions f, g

d(fg) = f(z +dr)g(x + dx) — f(x)g(x)
= [f(z + dx) — tlg(z + dz) + f(2)[g(x + dz) — g(z)]

= (df)g + (dg) f + (df)(dg)
=gf'dt+ fg'dt + f'g'dt?

and the last term vanishes in traditional calculus. In stochastic calculus, if we replace f, g with X;,Y; as
functions of ¢, then the last term, (dX:)(dY}), does not vanish, instead becomes d(X,Y);. Combining
all of the above we have

d(X:Y;) = XudY, + Yid X + d(X, Y )
in other words.

Theorem 3.6. Let X;, Y; be defined as above, then
t t t
Xth:Xoyo—i—/ XSdYS+/ stX5+/ d(XY)s
0 0 0

t t
= XOYO +/ [XSKS + YeHs + Aecs]ds + / [Xsos + YGAG]st
0 0

4 More on Stochastic Calculus

4.1 Martingales and local martingales

Recall a square integrable process Z; = fot Adt satisfies

¢
/ E[A%)ds < oo
0

This section will introduce the optional sampling theorem by first showing an example where the
the process is not square integrable and not a martingale. The example is a continuous extension
of previously introduced martingale betting strategy where an individual bets twice of what was lost
until victory. The game allowed the player to have infinite amount of money and was allowed to bet
infinitely large amounts, the following example carries the same idea but in a limited time interval

which forced the frequency of betting to increase dramatically.

Example 4.1. Let Z; be the outcome of a continuous betting strateqy A, i.e.

t
Zt:/ AsdBs
0

where Ay takes constant value across [t;,tiy1], and

ti=1-27"
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the value of Ay is defined as the following.
Let Ay =1 fort €[0,1/2], then

P(Zl/2>1):P(Bl/2>1)>O

The process stops if the outcome exceeds 1, which means Ay =0 fort € [0.5,1] if Byp > 1.
If Byj3 <1, then define Ay = « for t € [0.5,0.75] where a satisfies

P(Oé[B3/4 — BI/Z} Z 1-— Z1/2) = P(Zl/g > 1)

Realize o is Fp1/2 measurable. Then observe Zsy

3/4
AV / AsdBs = Z1 )3+ a[Bsjy — Byjp] > 1
0

So by construction
P(Z3/4 > 1|Z1/2<1) =1

Now repeat the process for t,, = > . 27*. Then by simple induction one can check

P(Ztn > 1|Ztn—1 < 1) = q

and hence,

P(Z, <)< (1l—-qg)"

which goes to 0 as n tends to infinity. So E[Z; > 1 almost surely. Yet Zy = 0, so Z; fails to be a
martingale. By the denseness of piece-wise continuous processes, there exists a continuous processes

that is equal to Ay (almost) everywhere with the same result.

Even though this betting strategy fails to be a martingale, if one were to restrict the allowed betting

amount, it will become a martingale.

Definition 4.1. Local Martingale A continuous process My adapted to the filtration {F;} is a local
martingale on [0,T) if there exists an increasing sequence of stopping times {1} such {T,} — T

almost surely, and Mia,, is a martingale for each 1.
For stochastic integrals, we can define {7,,} to be

T =inf {t: (Z) = /OtASdBS :i}

Then Z;., is square integrable for each ¢ and hence on [0,T). T is consequently defined as

7 =inf {t {2 = /tASdB5 = oo}
0

Note for general Z; satisfying
dZy = Rdt + ArdBy

to be a martingale, R; needs to be 0. However, as we just saw, stronger conditions are needed to

guarantee martingale property.
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Theorem 4.1. Optional Sampling Theorem Suppose Z; is a continuous martingale and T is a stopping

time, with respect to same filtration {F}. Then
1. If Ziar is a continuous martingale with respect to the filtration. Also, E[Zir] = E[Z0]
2. If there exists C' < 0o such that for all t, Z2, < C. Then if P[T < oc] =1, E[Zr) = E[Zy)

Proof. The proofs are analogous to the discrete version of optional sampling theorem stated earlier in

the notes.

For 1, Vt € N, WLOG, assume t > T
t
E[Ziar) = E[Ag +/ AydB,
0
t
~ Ao+ B / AydB.]
1

— E[%) + E| / " AdB 4 E] /T 4B,

= E[Z]

The second term in the second last equality has value 0, this can be calculated by approximating Ag
upto finite time T using simple processes and take expectation of each increment.

The proof for 2 is nearly identical with the discrete case. We start by observing

Jim E[M,|1{T > )]

E[|Z|1{T > t}] = E[|Z¢|]1{|Z:| > b, T > t}] + E[|Z:|1{|Z:| < b, T > t}]

1
< L EIZ P12 > 6T > )+ E|ZIW|Z] < b.T >t}

1
E(E[IZt|21{|Zt| > b,T > t}] + E[|Z:|*1{| Z:| < b,T > t}]

IN

+E[|Z7|*1{T < t}]) +E[|Z:|1{|Z:| < b, T > t}]

IN

%(E[|Zt|21{T >t} + E[|Z7|*1{T < t}])

+ E[|Z:|1{]Z:| <0, T > t}]
E[|Zinr ]
b

IN

+bP{T >t}

Then we have
E[|Z|1{T > t}] < € + bP{T > t}.
Observe for each n,

limsup E[|Z,|1{T > t}] < lim Sup% + P{T >t}

n— oo n—oo

limsup E[|Z:|1{T > t}] < — + le P{T >t}

n— oo

limsup F[|Z:|1{T > t}] <
n—r oo

= Q = Q

and hence

35



0 < limyo0 E[| Ze|1{T > n}] < limsup,_, o, E[|Z|1{T >t}] < §
holds for all b, take b to infinity we have
Jim E[IM[I{T > t}] = 0,
Combining above we have

E[My] = E[Mnr]
= E[M7| + E[Mir — Mr)
= E[M7] + E[1{T > t}[M; — Mr]]

— B[My] + EQ{T > t}[M,]] - E[{T > t}Mz]]

As n approaches infinity, the second term goes to 0 as 1{T > t} goes to 0, and the third term, as we

just proved, goes to 0 as well. Hence we have the result. O

After obtaining the tools needed, we will be looking at a few examples of stochastic processes.

4.2 Bessel Process
Definition 4.2. Bessel Process A Bessel process with parameter o is the solution to the SDE
o
dX; = —dt+dBy, Xg =19 >0
Xi

The process constantly swings away and back towards the axis due to the inverse drift parameter.
The main motivation of this section is to observe how « influences the processes’ behavior near the
X-axis.

The deriving process using the following ideology,
1. Realize X; has solution on any interval away from O.
2. Observe the behavior of the process with in (r, R)
3. Reduce the problem to an ODE
4. Take limit of both r and R to get final result

First note the process starts above the axis, therefore for any €, and T, = inf{t : X; < €}, the process
is well defined. Moreover, the process is Lipschitz on the interval [e, 00), so by the Itd’s existence and
uniqueness theorem, the equation has a unique solution. Then only time we need to worry about the

well-definiteness of the process is at time T', where
T =inf{t: X; =0}

Now suppose 0 < r < < R < o0, and ¢(z) be the probability of the process, starting at x, to reach
R before r. Now consider

M; = E[x{x,=r}|Ft]
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So M; is the expectation of the process reaching R before r. Due to the Markov property of diffusion

processes:

M; = ¢(XtAT)
and by the tower property, M; satisfies a martingale:
E [My|Fs] = EE (J|F) |Fs] = EJ|Fs] = M,
Then by It6’s formula we have

46 (X0) =  (X0) X, + 56 (X0) d(X),

~[ad' (Xy) 97 (Xy) /
= X, + 5 dt + ¢’ (Xy) dB;

Since we have showed the process is a martingale, then the dt term must vanish. So we have obtained

the standard one dimensional differential equation
z¢"(z) + 2a¢/(z) = 0

with solutions 1
d)(CC) =c + CQIliQa, a # =

2

1

#(z) = c1 +calogz, a=3

Applying boundary conditions of ¢(r) =0, ¢(R) =1

I1_2a _ Tl—?a 1
¢(x) = Rl—2a _gi-2a’ ¢ # B

_logx —logr 1

¢(ac)_longlogr’ T2

Now fix any R > =z, consider all » € (0,z) and observe ¢(x). Recall ¢(x) is the probability of x
reaching R before 7, then P(X, =r) =1 — ¢(x). Now take r to be infinitely small

0 ifa>1/2

liI%P{XT:r}: e
[ 1—(z/R)' % ifa<1/2

This result is proposition 4.2.1 in the book.

4.3 Feynman-Kac Formula

This section we take a look at at popular model for evaluating an option price. Suppose the price of

a stock follows a geometric Brownian motion
dXt = m(t, Xt)dt + O'(t, Xt)dB +1

An option is an arrangement between two parties that will be executed if the price of the stock at

time T', X7 is above a certain threshold, S. Then the option’s present value of the option is

F(Xr) =max{Xr - 5,0}
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Normally, we assume there is a inflation rate r (typically the saving interest rate at the banks). Then
the present value of the option will be e F(X7), now we define the function for the expected value of

the option value at a certain point in time,
(t, ) = Ele" TV F(X7)|X; = 2] (23)
and the function for inflation/interest rate
th = T(t, Xt)tht
Note R; denotes the value at time tg.
t
R, = Roexp{/ r(s, X5)ds}
0

The Feynman-Kac formula provides some insight to this value. Putting this into ¢,

o(t,x) =E lexp {— /Tr (s, Xs) ds} F(X7)|X: = m]
t
We will assume ¢ is twice differentiable in z, and differntiable in ¢. Now let
M; = B[Ry F(Xr)|Fi]
Note M; is a martingale, take any s < t,

E [M|F,] =E [E (E[Ry'F(Xr)|Fr]|F) | F]
=E[E (Mr|F) |F.)
—E [Mr|F,]
=E [Rp'F(Xr)|F,]

:MS
putting R; into M; we have

M; =R 'E

T
exp {—/t r (s, Xs) dS} F(Xr) |]:t]

Since X; is a Markov process, we have the result
M; = R o(t, X))t
Then apply 1t6’s formula we have
do (t, X)) = 0ep (t, X)) dt + 0, ¢ (¢, X¢) d Xt + %amgb (t, X;) d{X),
= (000X (4,0 220 (1. + 50 (1.0 00 (1. X,) ) -+ 016, X060, )
Now return to M, since (R); = 0, we can apply the product rule,
R0 (. X0)] = Ry (t, Xp) + ¢ (t. X,) d [Ry ']
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Then we have the drift term to be

R;l(_r (t, X¢) o (t, X¢) +0cp (£, Xy) + m (L, Xy) 020 (¢, Xy)

—+ %0’ (t, Xt)2 aszvb (ta Xt))

As M; is a martingale, the above must equal to 0, and hence we have,
1
=1 (t, X¢) ¢ (¢, Xy) + 0 (¢, Xy) +m (¢, Xy) 000 (8, Xi) + 57 (t, X1)? D0ad (£, X1) = 0
We have the following theorem.

Theorem 4.2. Feynman-Kac Formula Suppose Xy is a geometric Brownian motion with drift m(t, Xy),
variance o(t, Xy¢), r(t,x) > 0 is a discounting rate. Then a payoff Fr with E[|F(Xr)|] < oo for an
option with strike price S, if ¢(t,x) fort < T is C' int, and C? in x, then ¢(t,x) satisfies the PDE

6u(t,2) = —m(t,2)026(, ) — 30 (t )2 0und(t,2) + r(t, )60, )

with terminal condition ¢(T,x) = F(x)

4.4 Binomial Approximations

So far, we have been approximating SDEs using the Euler method. This section wishes to introduce
sampling methods where each X (t + At) takes one of two values. Let X; be a Brownian motion with

zero drift and constant variance o2. Then binomial scheme is approximation by a random walk where
P(Xt+At — Xt = iO'\/ At) = 1/2
Then the value of Xy, takes value in the lattice of points

{ — o@,o,a@....}

Suppose the variance is constant, but the drift depends on time and location, then we have two

methods to approximate. One is to use Euler’s method
P(Xyinr — X = m(t, X ) At + ovVAL) =1/2
The other method is to adjust the probability base on the drift,
P{Xiiae — X¢ = +o VAL X} = % 1+ M@
Note the expectation of difference between X; and X1 ¢ is still m(¢, X;)At, same as the first method.

Example 4.2. We will use the second rule to simulate a Brownian motion with constant nonnegative

drift and constant variance of 1.

Suppose At = 1/N for large N, and we are interested in X;. If we denote each upward/downward

moment by a; = £1, then the behavior of the motion is dictated by
w = (al,aQ...aN)
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Note if we let J = J(w) be the number of +1’s and define r = N/2)), then

(7=
X, = VAt[ay + - +ap]

= JVAL — (N — J)VAt

= 2rV/NVAt = 2r

And for each w, the corresponding probability is

N
q(w) = <1> 14+ mVAY7[1 —mVAN

pa N
27 NV/2 VN —rvV/N
[ b b

Using the approximation for e, we have

e—m2/2e2rm _ elee—m2/2
This result essentially shows we can simulate this motion by a Brownian motion without drift and
scale it proportionally. This leads to our final theorem.

Theorem 4.3. Suppose
dXt = m(Xt)dt + O'dBt

where m is continuously differntiable, let p(t,x) denote the density of Xy, then
atp(tv JZ‘) = L;p(ta Jf)
where
* / o’ "
L* f(z) =[m(2)f(2)] + 5 f"(z)
o2
= —m'(2)f(z) = m(@)f'(x) + 5 f"(z)

Note if m is constant, it resort to the expression we saw for generators earlier. For non constant m,

we will derive the expression by using the second binomial approximation,

P{X(t + At) — X (t) = o VALX (1)} = % [1 + m(aXt)\/E]

Then for the motion to be at position x = kv At at time t + At, it must be at x oz = kv At at time

t, then | { ( | }
p(t+e.a) =plt,z — o005 |1+ e
+p(t,x + ae)l [1 _ m(w;r o€) } (24)

We also know

p(t+ At,z) = p(t, z) + Op(t, x) At + o (At)
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and
2 2

p(t,x + o€) + p(t,x — oe) =p(t, z) + %&mp(t, x)+o (62)
p(t,z + o€) =p(t,x) £ Ozp(t, x)oe + o(e)
m(x £ oe) =m(x) = m/(z)oe + o(e)

Plugging the above into (23), we have the result.

4.5 Continuous martingales

In this section, we will prove that Brownian motion is the only type of continuous martingale.

Proposition 4.1. Suppose M, is a continuous martingale with respect to a filtration {F} with My = 0,

and suppose that the quadratic variation of My is the same as that of standard Brownian motion,

- [ () (2)]

J<2n4

Then for all X € R
Elexp{i\M;}] = eNi/2

This proposition shows the form of the characteristic function of any continuous martingale is in the
above form, hence the distribution is is normal. Recall the first term of the It6 Integral is a martingale,

then,

t 2 t
FOR) =000 =N+ 5 [ Onyds =N =5 [ p ) as

where N, is a martingale. Then for r < ¢ we have

B ()~ £ (1) = 52| [ 7 0 as| = =5 [ Bl n))as
Take G(t) = E[F(M,)], we have ,
G'(t) = —%G(t)

and the solution of G(t) is the result.
Theorem 4.4. Let M; saticify the above proposition, then M, is a standard Brownian motion.

All that is left to show is the independent, normal increment. Since the process is adapted to filtration

Ft, then the independence is obvious, and the normality follows from the characteristic function.

5 Change of Measure and Girsanov Theorem

5.1 Absolutely continuous measures

This section we will be introducing measures into the play, as well as measure spaces.
Definition 5.1. Suppose p,v are measures on space £ with sigma-algebra F, then

e v is absolutely continuous with respect to p, v << w, if for all E € F, un(E)=0—v(E)=0
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e 1 and v are mutually absolutely continuous if v << p, p << v
e 1 and v are singular measures, p L v, if Q= EUF, and uw(E) =0, v(F) =0

The fundamental theorem we will be using is the Radon-Nikodym Theorem, we will now prove the

theorem rigorously. First we introduce a lemma we will be using,

Lemma 5.1. Suppose that v and p are finite measures on (X, M). Then either v L u or there exists

e >0 and E € M such that u(E) >0 and v > eu on E.

Theorem 5.1. Radon-Nikodym Theorem Let v be a o-finite signed measure and u a o-finite positive
measure on a measure space (X,M) with corresponding sigma algebra. Then there exists a unique

o-finite signed measures X\, p such that
AL p,p<<p,andv=XA+p

More over, there exists an extended p-integrable function f such that dp = fdu.

Since we are only dealing with probability spaces, we can assume the two measures on the space are

finite, positive measures. We also ignore the A\ measure and assume v << p

Proof. Define set
3= {f : X — [0, 00] :/ fdu < v(E)for allE € M]}
E

Then § is nonempty as the zero function is in it. If, f,g € §F, then hmaz(f, g) € §.
/ hdp = fdu + / gdp <v(ENA)+v(E\A) =v(E)
E ENA E\A

Let a = sup{[ fdu : f € §}, then by above, a < v(X) < co. Then we can find a sequence { f,, }in § that
increasingly converge to a, by monotone convergence theorem, let f = sup{f,} we have [ f, = [ f,
so f € § Now we check f satisfies the requirement in the theorem. Observe d\ = dv + fdu is singular
with respect to du, assume not, by lemma, there exists F and € > 0 such that u(E) > 0 and A > eu
on E. Then expdu < dA, then we found a new function f + exp that has integral value greater than

a. So we reached a contradiction. O

On a rough sense, the above theorem gives us a ’derivative’ of measures. Later in the chapter, when
we want to switch the base measure from one to another, we can do so using this method, and take
expectation of a random variable with respect to another setting.

Earlier in the book, we touched on the notion of conditional probability as the following. Suppose
(Q,F,P) is a probability space and G € F is a sub og-algebra. Then E[X|G] is the conditional
probability given G. More precisely, Q(A) = FE[14X], for A € G defines a measure that satisfies
@ << P. There is a G measurable random variable ¥ such that Q(A) = E[14Y], for A € G, and Y is

the conditional expectation of X given G.

Example 5.1. Let Q be the set of continuous function from [0,1] — R. Let B; be the standard

Brownian motion with 0 drift and o variance, then there is a measure P, as the distribution of the
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"function-valued" random variable t — By. If V' is a subset of ), then P,(V) is the probability that
the Brownian motion lies in V. Furthermore, if o # X, then P, L Py. Certainly, define

& j i-1N\]?
- {rmE (&) (5] -

Jj=1

Then P,(E,) =1, and Px(E\) =1, and E,NEy =

5.2 Give drift to a Brownian motion

This section we will be studying the different behavior of Brownian motion under different measures.
Keep in mind expectation in probability is essentially just a integral. Suppose B; is defined on the

probability space (2, F, P), now consider
M; = exp{mDB; — mTQt} (25)
Then M, is a martingale, by Itd’s formula we have
dM; = mMdB;
Now define Q¢(V') = e[ly M] for F measurable event V. Equivalently for each t we have
dP = M,dQ, (26)

For s < ¢, by the towering property, we have Qs(V) = E[ly E(M;|Fs)] = Q+(V). Now we write Q for

the measure. and we claim

e For standard B; in the P measure is a Brownian motion with drift m and variance 1 under the

() measure.

We can, of course, alter the variance as well, but that will be the topic for another day. The continuity
of path is immediate, so we need to show the increments over period ¢ are independent and normal
with mean mt, variance t. To do so we will show the moment generating function is of the normal
form, i.e.

Eq (exp {A (Bess — By)} | Fs) = MmN t/? (27)

Since we are now dealing with more than one measure, the subscript ) denotes which measure we are
taking expctation over. To establish the above, by the definition of conditional probability, we need

to show for every Fs measurable set V/
Eo [1v exp {A (Biys — By)}] = Eq |1y 1/2
_ e)\mte)\zt/2Q(V)

Equivalently,
E[1y exp {\ (Bits — Bs)} Myys] = eX'eX /2R [1y M,]

43



Since Y = B;1, — B; is independent of F;, we have
Eq (v exp {\ (Biss — Bs)} |Fs) = E(Ly E (e Myy5| Fs))

= EBE(lyE (eAyemB,,+s€—m2(t+s)/2|}-s))
= B(lye ™2 (Y Y em B 02 )
= E(lyMye ™ /?E (MY ™| F))
= E(ly M,e ™ /2K {emmw})
= E(1y M,)e ™ t/2e0+m)*t/2
= E(lVMS)e)\zt/Qe)\mt

The proof is completed. As a result of the above theorem, suppose X; is a geometric Brownian motion

with drift m, and variance o, then we can find a new probability measure ¢ such that
dB; = rdt + dW,
where Wy is a Brownian motion with respect to @, hence X is
dX; = X¢[(m + or]dt + odW;
With respect to @, X; is a Brownian motion with same variance but new drift.

Example 5.2. Suppose we have By the standard Brownian motion, and M, the martingale defined
in (25). Then for a > 0, let T, = inf{t : By = a}. Then under measure Q as defined in (26), By is a
Brownian motion with drift m.

First note since P{T, < oo} =1, we have
Q{T, < 0o} = E[My,1{T, < oo}] = E[Mr,]

also,

2
2
=e'™E {exp {_mZTa H

Since we know P{T, < oo} =1, we have
Q{T, < 0} = / MdP =1

Ty, <oo

2T,
E {exp {_m2 a H =e

Q{T, <o} =E [exp {m 5, _ T H

Then,

5.3 Girsanov Theorem

Girsanov Theorem establishes a way to observe a Brownian motion from the prospective of another
measure. The M; defined in the previous section, is one example, in this section, we generalize it to a

family of (local) martingales. Suppose B; is the standard Brownian motion, and M; satisfies

dM, = A, M,dB, (28)
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Then we have seen before this is a exponential SDE, and has solution

¢ 1
M,; = eajp{/ AydB, — QAids}
0

Now we define probability measure P+ to be

PH(V) = E[ly Mi] (29)
equivalently,
dp*
op = M (30)

All the findings from the previous section still holds. One thing to keep in mind is for all F; measurable
X.
E*[X] = E[XM,]

Theorem 5.2. (Girsanov Theorem) Suppose M, is a nonnegative martingale satisfying () and let P*

be the probability measure defined in.If
t
Wt = Bt — / ASdS
0
then with respect to the measure P*, Wy is a standard Brownian motion. In other words
dB; = Audt + dW,
where Wy is a P* Brownian motion.

Proof. The proof will use notations B, and B(t) interchangeably.
Here we will provide a derivation using binomial approximation. Suppose dt is give, by binomial

approximation,

P(B(t + A1)~ B(r) = +VAIB(1) = 5

Then the approximation for (28) is
P{M(t + At) = M()[1 + A()VAL|B(t)} = %
In other words, the probability to jump one increment for P« is scaled by M(t), then
P*{B(t + At) — B(t) = VAt B(t)} = %[1 + A(t)VAL)
As we showed in section 4.4, this implies,
E*[B(t + At) — B(t)|B(t)] = A(t)At

In other words, in P, the process obtained a drift of A(t).
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