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Abstract

We present counter-examples to demonstrate that when ¢ is unbounded the con-
ditions of Simultaneous Uniform Ergodicity and Diminishing Adaptation are not
enough to guarantee that the the weak law of large numbers (WLLN) holds, al-
though from the results of Roberts and Rosenthal [4] we know that WLLN holds
under these conditions when ¢ is bounded. Then we show various theoretical results
of the WLLN for the adaptive MCMC and unbounded measurable function g. Fi-
nally we apply our results to the Adaptive Metropolis algorithm proposed by Haario
et al. [7] (2001).

1 Introduction

Markov chain Monte Carlo (MCMC) is a popular method to simulate any distribution
m(-) on the state space through the use of Markov chains. In practice, we can choose the
transition probabiliy P from the family where {P,},cy is a collection of Markov chain
kernels with stationary distribution 7(-) on x. Then the question is how to optimize the
choice of the Markov chain’s kernel. The initial idea is to choose a “best” P, but it has
been proved by Gilks et al [5] (1996) that the optimal choice depends on the property
of the target distribution m. Therefore another solution so-called adaptive MCMC has
been proposed recently. The main idea of this method is to tune the parameter at every
step using the information from the “history” so that the choice of the parameter is
more reasonable than the fixed one. See Gilks et al [6] (1998), Haario et al. [7] (2001),
Andrieu and Robert [3] (2001), Andrieu and Moulines [2] (2005), Roberts and Rosenthal



[4] (2005), Atchade and Rosenthal [8] (2005) , and Andieu and Achade [1] (2005) for
example. Actually we can formalize the method as below (see Roberts and Rosenthal
(2005) [4]):

Let {X,} be a discrete time series on a state space x with oc—algebra F, {P,},cy be
a collection of Markov chain kernels with stationary distribution 7(:) on x, and I',, be
Y—valued random variables which are updated according to specified rules. Thus we

can define:
P[XnJrl € A‘Xn =z, 'y =1, gn] = P’Y(xaA) (11)

where G, = o(Xo, -+, Xpn,lo, - -,['n). Then we call {X,,} an adaptive MCMC with

adaptive scheme I';,. Let
A(n)((x7’7)7B):P[XHEB‘X0:$7F0:7]a BeF
and

In Roberts and Rosenthal [4] (2005), they proved the following theorems:

Theorem 1.1. Consider an adaptive MCMC algorithm on a state space x, with adap-
tation index ) and the adaptive scheme is I'y. w(-) is stationary for each kernel P, for
v € Y. Suppose also that:

(a)[Simultaneous Uniform Ergodicity] For all €, there is N = N(e) € N such that
HPWN(SL‘, J=m()|| <eforallx e X andy € Y; and

(b)[Diminishing Adaption] limp—ooD,, = 0 in probability, where D,, = supyex||Pr, ., —

Pr, || is a Gpy1-measurable random variable.

Then limp—ooT (x,v,n) =0 for allz € X and v € Y.

Theorem 1.2. Consider an adaptive MCMC' algorithm. Suppose that conditions (a)
and (b) hold. Let g : X — R be a bounded measurable function. Then for any starting

values x € X and v € I, conditional on Xg = x and I'g = v we have:

Sra0(X)
n

m(9)

in probability as n — oo.



This leads to the following questions:

Question 1. We know that condition (a) is equivalent to the following statement: There
exist M > 0 and 1 > p > 0 such that for any x € & and v € Y, [|[P}(z,:) — 7()|| <
Mp". In particular, sup,cy, zex > pei [|[P7(2,+) — 7(-)|| < oo. Then do we still have
Yoo T(z,v,n) < oo for the Adaptive MCMC satisfying conditions (a) and (b)?
Question 2. Does the WLLN hold for all unbounded g € L(7) under the same condi-
tions?

We will answer both of these questions in negative in section 2, prove the WLLN of

adaptive MCMC under stronger conditions in section 3.

2 A Counterexample
Consider X = (0,1], ¥ = (0,1] x N, 7(-) is the Lebesgue measure on X, and
gla)=a">

therefore 7(g) = 2. Furthermore, for (v, k) € ) define the kernel P, ; by:

[\

2n(A) + 30.(A)  ifz £y

w

P('y,k) (-T’ A) =

7T(A)+%(5 (A) ifx=~

win

1
4k
and construct the adaptive scheme as below:

First we define {I,,}2°; to be an independent random variable sequence such that:

1 with probability%
I, =
0 with probability”T_1

Secondly we let I'yy; =T x (1 — Ip,) + (Xpg1,n + 1) X I,.

2.1 The Answer To Question 2

Theorem 2.1. The above adaptive MCMC' algorithm satisfies conditions (a) and (b)

and 7(|g|) < oo , but the WLLN does NOT hold.



Lemma 2.1. The above adaptive MCMC' algorithm satisfies conditions (a) and (b)

Proof. Obviously each P, ;) is stationary with respect to 7, and || P, x) (2, ) =7 () lvar <
% for any (7, k), so such a family of kernels satisfy the condition (a) following the Propo-
sition 7 in Roberts and Rosenthal [9] (2004);

And following the definition of I';,, we have:
Dyn = sup | Pr,,(z,-) = Pr,(z,)]|

rzeX
S P(FnJrl 7£ Fn)

Therefore we have the conditions (a) and (b) holds. O

To prove the theorem 2.1, we show the following lemmas first:

Lemma 2.2. For any € > 0 and any sequence {z;}5°, if n and k are two positive

integers such that n < k < %j:)n_l and we also have g(zy) = 2" then:
k .
iz 9m) o (2.2)
k
Proof. Since % strictly decreases with respect to k and g(z) > 1, we have:
k ) _ n
k k
2" —(1+e)n—1
S e A2
- 27 —(1+e)n—1
1+e
2" —1
z I+ wiggeg 27
1+e€
2" —1
> 1+ X[1+e—2—¢

2" —(1+¢e)n—1
> 14+414+e—2—c¢

=0

Lemma 2.3. For any € > 0, there exists M, such that for any m > M. we have:

2t — (m 4 1)(1 + ¢)
1+¢

-1
> m?




2m+ ! (m+1)(14¢)—1
1+e€

Proof. Denote h,, = —m?, then we have lim,,,_,o0 hy, = 00. Therefore

2+l (m+41)(14€)—1

there exists M, such that for any m > M. we have h,, > 0, i.e. Tre >
m2. O
For any 0 < € < %, we define N, = max{M,, ﬁ}, then we can prove that:
Lemma 2.4. Forany Xg=1z, g =7 and 0 < e < %, then we have:
n
/ X,
P(|leng(l) —7(g)| > €|Xo = x,T¢ =) > 2 for any n > N?
Proof. For any n > N2, we have:
P(I, = 0, for any m satisfies|v/n] +1 <m < n)
o
et '
_ VAl
n
< 1
s
1

< -

S
then:

N —1
P@Em, |Vn]+1<m<n,l,=1)> ~ (2.3)
€

Whenever Iy = (Xp11,n + 1), we have g(Xp41) = 2" w.p. §. Since Ne > 2, we

Ne—1
3Ne

have > 2¢. Therefore:

N, —
3N,

P@Em, [Vn|+1<m<n,g(Xp)=2")) > = > 2¢ (2.4)

Also since m > N¢, lemma 2.3 indicates that for any |/n| +1 < m < n we have:

2" —(14+e)m—1
1+e

>m?+1> ([vVn] +1)2+1>n+1

™ _—(1+€)m—1

Following lemma 2.2 and m < n < 2 e , we know that

E?:l g9(z:) _9

n

> €



Therefore:

P(] Z?:l 9(Xi)

" —2|>¢€)
> p(ZZ’llng(Xi) _930)
> P(3Im, |Vn] <m <n,g(Xy)=2"))

> 2 following (2.4)

Now we can prove the theorem:

Proof. Consider the above example, following all the lemmas above we know that for

any € > 0, we have:

limsupP(\M —m(g)| > €) > 2

n—00 n

In other words, we do NOT have:

lim P(]Z?ﬂng (X2)

n—oo

—7(g)| >€)=0

So the WLLN does NOT hold in this example. O

2.2 The Answer To Question 1

Theorem 2.2. For the above adaptive MCMC which satisfies conditions (a) and (b),

for any x € X, there exits a measurable set B such that y >, AM) (z, B) = c0.

Proof. Consider the set B = {4%|k: =1,2,- -}, suppose for any start valuve Xo = x

and I'g = v, we have:

S Ai((2,7), B) < oo
=1

then for any 0 < € < 1, there exists N, > 0 such that

S Ai((@,7).B) <

i=N+1

Because

1

P(Xat1 = 5ITn = (Xp,m) >

W=



and
P(T, = (Xp,n)) > P(I, = 1)
we can get
1 1
P(Xn—H = 47) = P(Xn—l—l = 477Fn (Xnan))
1
> gp(rn = (Xnvn))
1
> —-P(I,=1
> SP(=1)
_ 1
~ 3n

then following the Borel-Cantelli lemma see Jeffrey S. Rosenthal [11] (2000), we have:

1 = P3m>Nyyst. L, =1)

[e.o]

~ 1
< ) P((Xi= 1 Xo=2zTo=1)
i=N+1
o0
< Y, A@),B)
i=N+1
< €

Contradiction!! So we have Y% A¥((x,7), B) = co. Since m(B) = 0, we can get:
Y T'((x,7),B) < o0
i=1

Therefore A’((z,7),-) is neither uniformly nor geometrically ergodic. O

3 Summable Adaptive Conditions

From the above counter-example, we know that conditions (a) and (b) are not sufficient
conditions to the WLLN of unbounded functions, so we need to strengthen them. Intu-
itively if n is large enough, for any k, [ > n, Iy and I'; are “almost” the same, then the
WLLN may hold for any g € L(w). Let us consider the following condition:

(b')[Summable Adaption]> 5%, supzex||Pr;., (z,-) — Pr,(z,-)]| < oo Actually we can

prove the following theorem:



Theorem 3.1. Consider an adaptive MCMC' algorithm. Suppose that conditions (a)
and (b') hold. Let g: X — R be a measurable function such that 7(|g|) < oo. Then for

any starting values x € X and v € T', conditional on Xg = x and I'g = v we have:

> i1 9(X5) R

- (g)
in probability as n — 0.
Proof. Denote
o0
S = Z SuprXHPFiJA (@) = Pr,(z,-)||
i=n

for any € > 0, following condition (b'), there exists N such that:

P(Sn, > ¢€) < i

We can denote E = {Sn, < €}. Since |g| < oo, there exists Na, such that for any n > N
Vit g(Xa) e e
P(|l&===21" "7 )< —
(=) 6 €
Define N = max{Ny, Na}, and we can construct a second chain {X,}2° \ on E such
that Xy = Xy and X, ~ Pry(X,,_,,-) for n > N, and such that:

o0

S P(X, # X, B) <

n=N

I

Define the events: B"(e) = {\M| > §,given X, '}, then we can get:

lim P(B"(e)) =0

n—oo
That is when n is large enough we have P(B"(¢)) < {. Then we have

P(| Z:‘L:I g(Xi)

IR g
Z]'\il 9(Xi) € Z:‘L:N—f—l 9(Xi) €
< P(|==2 7 _ p(|l==7" 7 _
< p(Z=fX) ) ¢y pame N3, ¢
N n n
< p(|M’ > f) +p(|M’ > E,E) +p(‘M| > E,EC)
n 2 n 2 2
2{1 9(Xi) € Z?:N.H 9(Xi) €
< P(|l==2 27 _ p(|l==L 2 Z E°
< p(Z=t I 6y plene 05, €
n X! n )
o pZEn ) € gy S P £ XLE)
i=N+1
< €



Remark:According to the conditions in the above proposition, we know that when
N is large enough, the sequence {X,,}>° \ is almost equal to {X,;};‘ZO: ~ Which is a Markov
chain with transition kernel Pr . At the first sight, adaptive algorithms that satisty the
conditions (a) and (b') cannot show the adaptive MCMC’s advantages sufficiently. But
following Roberts and Rosenthal [10] (2005), we know that in lots of cases, the adaptive
MCMC will tune the parameter to an “optimal” one after “learning” the information
from the historical samples. So we can adjust the convergence speed of S, such that the
adaptive chain can learn enough to find the optimal parameter, that is we can make N

very large, such that I'y is almost a “good” parameter.

4 The WLLN For Adaptive Metropolis-Hastings Algorithm

Usually we construct the transition kernel using Metropolis-Hastings algorithms. Sup-
pose that 7(-) has a density 7, and Q(z,-) is the proposal distribution with a density
q(z,y), ie. Q(z,dy) = q(x,y)dy; then the Metropolis-Hasting algorithm proceeds as
below:

First we need to choose the starting value Xy. Then given X,,, generate a proposal
Y41 from Q(X,,-). Also flip an independent coin, whose probability of heads equals to
a(Xpn, Yni1), where

a(z,y) = min [17 ﬂ(y)q(y,x)]
m(z)q(z,y)

Then if the coin is heads, “accept” the proposal by setting X,, 11 = Y,,+1; otherwise set

Xn+1 = X,,. Replace n by n+1 and repeat. We can observe that the Metropolis-Hastings

algorithms do not have densities with respect to some finite measure. However, if the

proposal kernels have uniformly bounded densities, Roberts and Rosenthal [4] (2005)

have proved the following ergodic property:

Corollary 4.1. Suppose an adaptive MCMC' algorithm satisfies the Diminishing Adap-
tation property, and also that each P, is ergordic for m(-). Suppose further that for each

v € Y, P, represents a Metropolis-Hastings algorithm with proposal kernel Q- (x,dy) =
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fy(x,y)A\(dy) having a density f.(x,y) with respect to some finite reference measure
A(+) on X, with corresponding density w for w(-) so that w(dy) = w(y)\(dy). Finally,
suppose fv(x,y) are uniformly bounded, and that for each fizred y € X, the mapping
(x,7) — fy(x,y) is continuous with respect to some product metric space topology, with

respect to which X x Y is compact. Then lim, .o T(x,vy,n) =0 for allz € X and~y € ).
Then we can prove the following WLLN for unbounded measurable function g.

Theorem 4.1. Consider an adaptive MCMC that satisfies the conditions in corrollary

4.1. Then for any measurable function g such that A\(|g|) < oo and 7(|g|) < co we have:

> i1 9(X5)

n

— 7(g)
in probability as n — oo, conditional on Xg = x, and T'y = .

Remark: If there exist M > m > 0 such that m < w(x) < M, where 7(dy) =
w(y)A(dy), then we know that A(|g|) < oo if and only if 7(]g|) < co. A typical case is
that the state space X is compact set in R, w(y) is continuous function on X and A is
Lebesgue measure. Then we have M > w(z) > m > 0, and the WLLN of the adaptive
MCMC satisfying the conditions in corollary 4.1 will hold for any measurable function
g such that 7(|g|) < oc.

We will prove the theorem following the steps below:
Step 1: For all M > 0, denote Ejy = {x € X||g(z)| < M} and for all £ define:

M. = inf{M>0\Ey)>1 —5,/E @)\ (dz) > 5 — ¢}

— inf{M > OA(ES) <, / o)A (dz) < <)

EM
If A(|g]) < oo, we will prove that € - M, — 0 as ¢ — 0;
Step 2: Suppose Py (z,A) = [, fo (@, y)N(dx) + r-(2)d,(A) then Under the conditions
of the theorem 4.1 we have 0 < r(z) < n;
Step 3: Suppose A%)(z, A) = P(X, € A[Xo = 0,I'g = v), then there exist L > 0 and
0 < n < 1, then under the conditions of the theorem, we have

A3(w.B) = [ WA dy) + 0l @)3.(B)
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such that hgn) (xz,y) < L and wgn) (x) <n"

Step 4: Prove the WLLN using coupling methods.

4.1 Some Technical Results

Suppose the probability of accepting a proposal y generated from z according to @ is

given by a(z,y) = min{1, %}, so we have:

P, (2, B) = /B £ )y (2, ) A (dy) + (1 — /X o (2, ) \(dy))5.(B)

We can denote f.(x,y) = f,(z,9)a(z,y), 7(z) = (1 — S @y (z,y)A(dy)) and suppose
fy(z,y) < F. Obviously we have fv(x, y) < F since ay(z,y) < 1. We also need to prove

the following lemmas before we prove the theorem.

Lemma 4.2. Suppose (x,5,\) is a probability space, and g : x — R is a measurable
function such that A(|g|) = s < co. Then for Ve > 0, there exists M > 0, such that:

MEN)>1—¢ and fEZ\/I lg(x)|\(dz) > s—¢
Proof. Suppose there exits €p > 0, for each M, we have
A(E}y) > €0 (4.5)
or
| la@lr) < s - = (46)
Ewm

If (4.5) holds, we have fE?‘u lg(x)|m(dx) > Meg for all M, contradiction!

If (4.6) holds, we have fx lg(x)|1E, (z)m(dz) < s —gg for all n € N, suppose

Yo = 9(X)[1g, (x)
obviously Y, T |g(X)|, then by the monotone convergence theorem
Ex(lg(@)]) = limp—oc E(Yy) < 5 — €0

which is contradicting with F)(|g(x)]) = s. O
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Lemma 4.3. Suppose g : x — R is a measurable function such that A(|g|) = s <
oo. Then for each sequence {e,} — 0, there exists a subsequence e, \, 0 such that
enyMe,, — 0 asn — 0.

AER, ) .
——en- < 1, there is a subsequence

Proof. Following lemma 3.2 we know that 0 <
MBS, )
eny \ 0 such that {#} is convergent to some a. Then we can think about the
"k

problem in the following two cases:

MES,. )
(1) 0 < a < 1; then there exists N > 0 such that for each & > N, ]# —al < §,ie.
"k
MES, ) > Sen,, s0
€nk
0 = limie [ lgta)lr(dz)
Ene,
> limp oo MBSy ) M.,
, a
> llmk%oo§5nkMenk
> 0
S0 limg—ooEn,, Mgnk =0
(2) a = 0; then there exists N, k > N, such that
c 1
MEir,, ) < 5em, (4.7)
And following (4.5) for each § > 0,
Alg(@)] = Me,, —0) > e, (4.8)

Following (4.7) and (4.8), let § — 0, we can get:

)‘(|g($)| = M&nk) > Eny — ifnk,
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Since €n,(y < &ny, Me,, < Msnkﬂ?

0 = limpn / l9(2) |\ (dz)

> i / |9(x)[A(dx)
{lg(x)|=Mc,, 1 }
= limkaMenk+l : )‘(‘g(x)’ = ManzﬁLl)

. 1
> lzmkHwiMaan Enpgr

v

0

So lzmk_,ooMEnkJrl “Engpyy =0 ]

Lemma 4.4. Suppose g : X — R is a measurable function such that \(|g]) = s < oo.

Thene- M, — 0 ase — 0.

Proof. Suppose there exists ¢ > 0 such that for each n € N, there exists ¢, < % and
€n - M, > cfor all n, then every subsequence {en, } of {e,} satisfies that e,, - M., >c,
which is contradicting with the lemma 4.3. So - M, — 0 as € — 0. O

Lemma 4.5. Under the conditions of corollary 4.1, we have that condition (a) holds.

Proof. Following the proof of Corollary 12 in Roberts and Rosenthal [4](2005), we can

get the lemma directly. O

Lemma 4.6. Condition (a) is equivalent to: There exist M > 0 and 0 < p < 1 such

that for any x, v we have:
1P} (z,) =7 )| < Mp"

Proof. Suppose t,(n) = 2sup,ey ||} (z,-) — 7(-)||, following Roberts and Rosenthal [9]
(2004) Proposition 3(c), we know that t,(m + n) < t,(m)ty(n). Under condition (a),
there exists n which is independent of v such that t,(n) = 8 < 1, so for all j € N,

ty(jn) < (ty(n))? = B7. Therefore, we have:
1
1By (@, ) = w ()] < [P () = ()] < Jty(lm/n]n) < plmiml < g=t(gt/mym

so all the kernels are uniformly ergodic with M = =1 and p = g4/ O
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Lemma 4.7. Suppose Py(z,A) = [, Fo (@, )N (dx) + 7 (2)0,(A), then there exist mea-
surable functions f7 (m,y) on x* such that PJ(z,A) = [, fén) (z,y)A\(dz) + rl(2)d(A)

Proof. We will prove it by induction, and obviously the conclusion holds when n = 1.

We suppose it also holds when n = k, then let’s consider the case when n =k + 1:
Pl ) = [ Phy AP o, dy)
X
= /[/ By, 2)\(dz) + ¥ (y)6, (A)]Lf (2, y)7(dy) + ry ()02 (dy)]
x JA
- / [ B2 w)N) + O 2 (@)6l)
()3, (A) f (@, ) N(dy) + 18 ()8, (A)ry (2) 5z (dy)
-/ / A e\ d)n(ds) + [ (@) fs(e ()
A
[ AR @A) + T )5(4)
_ /A [ (g, 2)A(d2) + 15 ()0, (A)

where

FE (@) = / K0y, 2) () (dy) + 1 () P (2 2) + 75 (@) o 2) (49)
X
]

Lemma 4.8. Suppose Py(z,A) = [, Fo (@, )N (dx) 4 7 (2)0:(A) where A(-) is a finite
reference measure on X such that A({z}) = 0 for any x, with corresponding density w
for w(-) so that w(dy) = w(y)A(dy). Then under condition (a),we have 0 < ry(x) <1,

where the n is the same as in lemma 4.6.

Proof. Because Py(x,{z}¢) = fx—x fy(x,y)7(dz), Py(z,2) = r,(z) and m(z) = 0, and
following (4.9), we know that |P)'(z,{z}) — n({z})| = 77 (x) for each x € x. Then
following condition (a), we know for Ve > 0, there exists N such that 7“5 (x) < e, that is

ry(x) < v for each ~ and x. Then we take € < 1, and we can get n = v <1 O

Lemma 4.9. Suppose A%(x, A) = P(X,, € A|Xo = 0,['g =), then under the conditions

of corollary 4.1, there exist L >0 and 0 <n < 1

A3(w.B) = [ KA + 0l ()3:(B)
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such that hgn) (x,y) < L and wgn) (x) <n"

Proof. Suppose the joint distribution of (X7, Xo,- -+, Xy, I'1,T, -+, ',—1) given Xg =z

and T'g = ~ is u(n) ) obviously the marginal distribution of X,, is A™((x,7),-). Since

(z,y

~n is a measurable function of (x1,x9,- -, n, V1,72, - -y Yn—1), We have:

ATV (,),B) = [ P (o B (A dadyy - dy)
X"Xy" 1 7y

- / [ / Foo (@ 9)Ny) + 7, (20) (B (B (s - - dandys -+ - dyn1)
xnxyn—1.JB 7
= / / f’Yn (xnvy)ﬂgz,)v)(dxl o drpdyr - - dyp-1)Mdy)
anyn—l

+ / Ty (T1) 0, (B)NEZ)W)(dml coedxpdyy - dyp—1)
xn Xy” 1 ’

We can observe that the second term:

/. o T (B (- dady - )
TL>< mn

/X" Ixyn—1
xn—
[—
/X"lxy"l

Ty (zn)0x,, (B)P'ynA(xn—b dxn)#g:y;)(dxl edrpqdyr - - dyp)

s f T @) Py (@, day)pn 3 (dwy -+ dzgady - dyo)
>< n—

P (20) Fr 1 (201, @) N(dan) e (dy - davn_1dyy -+ - dryn o)

o (@0) Py (01)0i,y () (g - dagadiy - - dys)

tu\m\m\k\

If Tn = ’Y’n(mawh s Tny Y VL, '7’771—1)7 then we can define:

Vi

1 i—1
= ’Yn(xa L1y 9y Tn—i—1,Tn—iy Tn—is " " "y Tn—i, Vs Y1y ° ')Vn—i—&—l’ t '7’Yn—1)

Similarly we can compute the second term of the above inequality:

/ /r%(:nn)r% L (Tn-1)0a,,_ 1(d$n)ﬂgx ,Y))(dxl ~dxp_1dyr - - - dyp—2)
xn len 1

/ / 1 (Tn—1 T’Y’n (T I)P'Yn 2 (Tn—2,dry I)ME 77))(d371 - dry_gdyr - - dyn—3)
Xn 2><yn 1 B

xn—

2><yn 1

/ 7ot (Tn=1)Ty (Tn—1) froo (Tnez, T 1))\(d$n—1)MEZ;§)(dx1 o dzp_odyr - dyn-3)
B

/ [ s En a2 s ey )
xn 2><yn 1.JB 7
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Inductively we have:

Wyt (a,y) = / Fon @y 91 (A1 - dpdy - - 1)
Xnxyn—1 ’

+ / P (@) Fru (@0t 2o (day -+ dwpadiy -+ dyn o)
Xn—1 Xyn—2 ’

_l’_

1
s n—2
/Xn—2><yn—3 /B H)Tryjli (wn—i)f'yn—z(xn—%ljn—l)ﬂgzﬂ))(dx - dxp_odyr - dyn—3)

n—1
" /B 17 @0f (el (de)
=0

n—1 A
< FY 7o
i=0
F
< -
= 10
and
n—1
wf @) = [[rp @)
i=0
< "

4.2 The proof of Theorem 4.1

Now we state the proof using the above lemmas as below:

Proof. suppose 7(g) = 0,A(lg]) = $,Dn = supaex||Pr,.,(2,) = Pr, || and fy(z,y) < F.
Lemma 4.2 implies that given € > 0, there exits 1 > 0 such that M, n; < € denote

n2 = 1, then we have:

[ lat@s) <

Mp,

Following lemma 4.4, we can find 7 < min{n;, 72} such that M,n < € and

| la@irn) <=

My,

Then we define gy(z) = g(x)dg, (), Since gar, () is a bounded measurable function,

then we can find an integer N such that:

E Z'fil IM;, (X’L)

'Yva N H<€7 xeX'}’Ey
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Denote H,, = {D,, > %}, then Diminishing Adaptive condition implies that we can find

Ny € N such that for each n > Ny, P(H,) < 7 and % < €. Define the event

E = ﬂf:tfil Hf. Then when n > Np, we have P(E°) < n.For all n > N, following the

triangle inequality and induction, on event E we have:

supzex||Pr, . (@, ) — Pr, (2, )| <n/N,k <N
In particular, for all z € Yy and k — N <m <k
| Pry_y(2,-) = Pr,,(z,°)] < myon E

SO ||PFNk_N

(z,:) — P(Xk € /| Xk-n = 2,Gi—nN)|| <n on FE for all x € xy. Then we can
construct a second chain { X, }¥_,  suchthat X, y = Xz_nand X,, ~ Pr, (X, _;,")
for k— N +1 < n < k such that P(X,; # Xi) < mn. So for any n > Nj, we have the
following inequality (*):

n+N

1
B(| Y 9(Xi)lXo = 2., To = %)
i=n+1

n+N n+N
Z’L—’I’L+1j\~]gMn( 7‘) ||gn)|X0 =z, FO — ,7) + E( ‘ Zl—n+1(gN gMn)( ’L)

it g, (X0) it E(l(g = 90) (X0)|| X0, To)

IN

E(E(|

||X0,To)

IA

N N
St Jpg, 9l @IA (@2, 72). dy)
N
S S, 101D (e p)Ady) + w0l ) g ()|
N
S g, 191@)IA@y) +7'lg(.)|

N
n+1

IN

€+e+ Myn+

IN

et+ete+

IN

3e +

lg(2:)|n
N(1—mn)

(4+ L)e (%)

IN

(3+ L)e+

IN

Now consider any integer T' sufficiently large such that:

N1F8+ lg(zx)] NFs+ lg(zx)]
max| T = T L ] < ¢ (4.10)
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Then we have

i=1 9(Xi
BIZ=5 g ry = )

p(ZEL9) L9 16, = ., T = 1)

1= N

1 1
=] 2 NZ I XN G-yv4klXo = 24, To = 7))
N j=1 k=1

T
EN1+LT*]\,1\71 IN+1 9(Xq)
T

+ K] | Xo =24, To = )

For the first term we have:

i=19(Xi
B(Z2 i p =

ik B(lg(Xi)||Xo = 24, To = )
- T
Ez 1JXx ’g( )|A(n)(($*77*)7dy)
T

SN e lg@) RS (s, )M (dy) + g ()l
T

IN

IN

[IEB]
§ NiFs+ 924
= T

(VAN
12

and for the third one we know that:

T
ZNl""I_T_NN*JN"'lg(Xi)D
T
- T
lg ()|
- NFs+ 1—r
- T
< €

E(]

Finally following the inequality (*), the second term < (4 + L)e, so we have

E(|ZZT:1 Q(Xi)

2L < (64D

Markov’s inequality then gives that

P(|T~ 129 2

[
[

| AN

(64 L)e2
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Since this holds for all sufficiently large T, and since € > 0 is arbitrary, the result

follows. O

Remark: Here we actually get the conclusion: for any € > 0, x € X and v € ),

there exists IV such that for any n > N we have:

P(\zzlnzlngm\ >€) <e

But here the “N” is dependent on the choice of the starting value x, but independent
of the starting value ~. In fact, this kind of dependence of the starting value is reasonable
when ¢ is unbounded. Let us consider the following example which is a general Markov
chain with the kernel being uniformly ergodic:

Consider X = (0, 1], and

Pz, A) = Sp(A) + 35.(4)
where 1 is Lebesgue measure on (0, 1]. Since
[ Paantin) = [ Zu04)+ 3. (Autdo)
= 2(A) + p(4)
= u(A)

7 is stationary with respect to P(z,-). And following that:

1P, ) =7 Clar = 1= ga(A) + 38(A) o <

W =

Therefore, P is uniformly ergodic with respect to u. Now suppose g(z) = 1:7%, then

u(g) = 2, and then P(X; € (0, #]\XO = #) = # + % for each m € N. Suppose for
N .

some 0 < € < %, there exists N such that P(|w| > €| Xo =x0) < eforall zp € X.

If we take 29 = (3N)~2, since g(X;) > 0, we have:

N )

P(|Z“N9(X’) —7(g)l > el Xo = (3]1V)2) > P(g(})vﬁ) —2>elXo= (3]17)2)
> P(g9(X1) =2 3N|Xo = (3;)2)
> P(X; < (3;[)2’)(0 = (Sjv)g>
> 3

Contradiction!
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4.3 A Corollary

In Roberts and Rosenthal [4] (2005), they also studied the adaptive MCMC with bounded

densities and proved the following corollary:

Corollary 4.10. Suppose an adaptive MCMC algorithm satisfies the Diminishing Adap-
tation property, and also that each P, is ergordic for w(-). Suppose further that for
each v € Y, Py(z,dy) = fy(x,y)\(dy) has a density f,(x,y) with respect to some fi-
nite reference measure A(-) on X. Finally, suppose f.(x,y) are uniformly bounded, and
that for each fized y € X, the mapping (x,v) — fy(x,y) is continuous with respect
to some product metric space topology, with respect to which X x Y is compact. Then

lim,, oo T'(z,7y,n) =0 for allz € X and vy € Y.

We also have the WLLN for the unbounded measurable function g under the same
conditions in the corollary 4.10. Actually Py (z,A) = [, fy(x,y)A(dy) is a special case
of Py(x,A) = [, fy(x,y)A(dy) + ry(2)0.(A) when ry(x) = 0. We just plug in n = 0 to

the proof of theorem 4.1, then we can prove the following corollary:

Corollary 4.11. Consider an adaptive MCMC that satisfies the conditions in Corollary

4.10, then for any measurable function g such that A(|g|) < oo and w(g) < 0o we have:

Z?:1 9(Xi) R

n

m(9)

wn probability as n — oo, conditional on Xg = x and 'y = 7.

Remark:The corollary 4.11 indicates that: for any ¢ > 0, z € X and v € ), there

exists N such that for any n > N we have:

P(] Z?:1 9(Xi)

>e€) <
T s g <

However it is not hard to find that such an “N” is independent of the choice of the
initial values x and ~.
4.4 Applications

As an application of theorem 4.1, we will think about the Adaptive Metropolis algorithm

of Haario et al. [7] (2001) , in which the target distribution 7 is supported on the subset
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S C R? and it has the density 7 with a slight abuse of notation with respect to the
Lebesgue measure on S.

Now let us state the adaptive algorithm, at n—step, we will use the Gaussian distribution
¢n with mean at the current point X,,_; and covariance C,, = Cy,(X¢, X1, -+, X;,—1) as
the proposal distribution, where C), is defined as following:

Co, n<ng
C, =

sqcov(Xo, - -+, Xp—1) + sq€lg, n > ng
Here s is a parameter that depends only on dimension d , € > 0 is a constant that we may
choose very small compared to the size of S, I; denotes the d-dimensional identity matrix
and the initial covariance Cy is an arbitrary strictly positive definite matrix according to

our best prior knowledge. Haario et al. [7] (2001) have prove the following Strong Laws
of Large Number(SLLN):

Theorem 4.2. Let m be the density of a target distribution supported on a bounded
measurable subset S C R%, and assume that 7 is bounded from above. Let € > 0 and
let po be any initial distribution on S. Define the adaptive MCMC as above. Then the
AMCMC simulates properly the target distribution w: for any bounded and measurable

function f: S — R, the equality:

fim, L (F(X0) + F(X0) + -+ F(X) = / f(@)m(da)
S

n—oo n +
holds almost surely.

However following our theorem 4.1, we actually can prove that the WLLN holds for

any unbounded measurable function g with A(|g|) < co where A is Lesbesgue measure.

Corollary 4.12. The WLLN holds for the above adaptive MCMC and any measurable

function g satisfying A(|g|) < oo and 7(|g|) < oco.

Proof. In this adaptive algorithm, according to the formula (14) in Haario et al. [7]
(2001), the parameter space ) consists of all the d x d matrix v satisfying that ¢1I; <

v < coly for some ¢; > 0 and cp > 0. If we consider ) as a d? vector space and define
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the metric on it as d(y1,72) = |/ D 1<i<j<a <('yl)ij - (’}’Q)ij>2. Obviously Y is compact
with respect this metric topology, hence X x ) is also compact. Furthermore since
the proposal distribution Q. (x,-) = MV N(x,~), Py is ergodic for 7(-) and the density
mapping (z,7) — fy(z,y) are continuous and bounded. Therefore following the theorem

4.1 we have the conclusion. O
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