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We use nonstandard analysis to significantly generalize the well-known Markov chain ergodic theo-
rem and establish a fundamentally new complete class theorem, making progress on two core problems
in stochastic process theory and statistical decision theory, respectively.

In the first part, we study the ergodicity of time-homogenous Markov processes. A time-homogeneous
Markov process with stationary distribution 7 is said to be ergodic if its transition probability converges
to 7 in total variation distance. In the most general setting of continuous-time Markov processes with
general state spaces, there are few results characterizing the ergodicity of the underlying Markov pro-
cesses. Using the method of nonstandard analysis, for every standard Markov process {X;};>0, we
construct a nonstandard Markov process {X/};cr that inherits most of the key properties of {X;},>¢
hence establishing the ergodicity without technical conditions, such as on drift or skeleton chains.

In the second part, we study the relationship between frequentist and Bayesian optimality, extending
the line of work initiated by Wald in the 1940’s. Existing results are subject to technical conditions that
rule out semi-parametric decision problems and generally rule out non-parametric ones. Using nonstan-
dard analysis, we show that, among decision procedures with finite risk functions, a decision procedure
is extended admissible if and only if its extension has infinitesimal excess Bayes risk. The result holds in
complete generality, i.e, without regularity conditions or restrictions on the model or the loss function.
This nonstandard characterization of extended admissibility also generates a purely standard theorem:
when risk functions are continuous on a compact Hausdorff parameter space, a procedure is extended

admissible if and only if it is Bayes.
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Chapter 1

Introduction

During the period of 1957-1965, Abraham Robinson introduced nonstandard analysis, a formal frame-
work built on mathematical logic in which one can rigorously define infinitesimal and infinite number-
s. Nonstandard analysis has advanced rapidly since its introduction by Robinson, with much of this
progress driven by applications to new areas of mathematics, especially probability theory. However,
due to the use of mathematical logic, the proportion of mathematicians who use nonstandard analy-
sis effectively in research is, and always has been, infinitesimal. As a result, the potential impact of
nonstandard analysis has not been fully realized. In this dissertation, we will illustrate the power of
nonstandard analysis by significantly generalizing the well-known Markov chain ergodic theorem and
establishing a fundamentally new complete class theorem, making progress on two core problems in
stochastic process theory and statistical decision theory, respectively.

Nonstandard models are constructed to satisfy the following three principles:

1. extension, associating every standard mathematical object with a nonstandard mathematical object

called its extension;

2. transfer, allowing us to use first-order logic to make connections between standard and nonstan-

dard object; and
3. saturation, giving us a powerful mechanism for proving the existence of nonstandard objects.

The formal definitions of these three principles are easily understood but the consequences are far
reaching. Indeed, all the results in this dissertation involving nonstandard analysis are consequences of
effective applications of these three principles.

The power of nonstandard analysis comes from its ability to link finite/discrete with the infinite/continuous.



non Srand acd _,nm standacd
stvvetifes Ygorem

1\
sh ush
?T)P P iovor\
v
Stan hock Stondack
stvvetuies Yworom

Figure 1.1: The structure of a “push up/down” argument in nonstandard analysis. (Image courtesy of
Daniel Roy.)

One way to establish such a link is via hyperfinite objects. Roughly speaking, hyperfinite objects are
infinite objects which possesses all the first-order logic properties of finite objects. Hyperfinite objects
can be used to represent standard infinite mathematical objects. For example, Henson [17] and Ander-
son [2] show that, under moderate assumptions, every probability measure can be “represented” by a
nonstandard probability measure with hyperfinite support. As a concrete example, Lebesgue measure A
on [0, 1] can be replaced in many situations by the uniform distribution on {0, %, %, cee, %, 1}, where
N is an infinitely large natural number. As for a more sophisticated example, Anderson [1] showed that
Brownian motion can be represented by a hyperfinite random walk with an infinitesimal increment.

In the other direction, we can often construct standard mathematical objects from hyperfinite ones.
Thus, nonstandard analysis provides a general methodology to solve standard mathematical problems.
The general structure of this approach is the following (see Fig. 1.1): Consider an existing mathemat-
ical theorem involving one or more finite objects. In order to establish an analogous result for infinite
objects, we can search for hyperfinite approximations of these infinite objects and use the properties of
hyperfinite sets to establish a hyperfinite counterpart of the original theorem. Under regularity condi-
tions, we may then be able to “push down” the hyperfinite result to obtain a standard theorem. Thus,
this general approach can be used to solve mathematical problems involving infinite objects provided

that the finite case is well-understood.

1.1 Applications to Probability Theory and Statistics

In this dissertation, we study Markov chain ergodic theorems in probability theory and complete class

theorems in statistical decision theory. In both theories, finite/discrete theorems are well-understood.



Using nonstandard analysis, we establish hyperfinite counterparts of both theorems. Neither is a trivial
application of the transfer principle—saturation is essential. We then apply push-down techniques to
establish infinite/continuous versions of a Markov chain ergodic theorem and a complete class theorem.

Both theorems are new results.

1.1.1 Markov Chain Ergodic Theorem

A Markov process is ergodic if its transition probability converges to its stationary distribution in total
variation distance. The ergodicity of Markov processes is of fundamental importance in the study of
Markov processes. On one hand, the ergodicity of a Markov process allows us to disregard the initial
distribution of the Markov process and replace its n-step transition probability by the stationary distri-
bution for n large enough. On the other hand, in the Markov chain Monte Carlo context, one can sample
form the n-step transition distribution instead of sampling from the stationary distribution for large n.
The Markov chain ergodic theorem is well-known for Markov processes with discrete time-line and
countable state space (see e.g., [7, 15, 42]). However, for processes in continuous time and space, there
is no such clean result; the closest are apparently the results in [31-33] using complicated assumptions
about skeleton chains together with drift conditions (see Theorem 5.3.7). Other existing results (see e.g.,
[51]) make extensive use of the techniques are results from [32, 33].

Meanwhile, nonstandard analysis provides an alternative way to study general stochastic processes
by associating every standard stochastic process with a hyperfinite stochastic process. Anderson [1]
gave a nonstandard construction of the Brownian motion and the It6 integral. In particular, he showed
that the Brownian motion can be represented as a hyperfinite random walk with infinitesimal increment.
Keisler [23] used Anderson’s result as the starting point for a deep study of stochastic differential equa-
tions and Markov processes. In this dissertation, we generalize Anderson’s work to give a hyperfinite
representation for continuous-time general state space Markov processes satisfying certain regularity
conditions. We also give a proof of the Markov chain ergodic theorem in a very general setting.

Given a continuous-time general state space Markov process {X; },>0, under moderate regularity
conditions, we associate it with a hyperfinite Markov process {X/ },cr, that is, a Markov process with
hyperfinite state space and hyperfinite time-line. To construct {X; };cr, we first define the time-line 7
to be {0, 8¢,26¢,...,K} for some positive infinitesimal 8¢ and some positive infinite number K. We
then partition the nonstandard extension of the state space of {X, },>¢ into hyperfinitely many pieces of
nonstandard Borel sets with infinitesimal radius and pick one “representative” point from each piece to

form the hyperfinite state space S = {s1,s2,...,s5} of {X/};er. For s;,s; € S, the one-step transition



probability from s; to s; is defined to be the nonstandard transition probability from s; to B(s;) at time
oOt, where B(s;) denotes the nonstandard Borel set containing s;. It can be shown that the nonstandard
transition probability of {X/ },c7 differs from the transition probability of {X; };>o by only infinitesimal,
hence {X/},cr provides a robust approximation of {X;};>o

Meanwhile, due to the similarity between hyperfinite objects and finite objects, {X/ };cr satisfies
the same first-order logic properties as Markov processes with discrete time-line and finite state space.
Thus, we can establish the ergodicity of {X/};cr by mimicking the proof of the Markov chain ergodic
theorem for discrete-time Markov processes with finite state spaces. Finally, we show that, under mod-
erate regularity conditions, the ergodicity of {X/},c7 implies the ergodicity of {X;},>0, establishing the

Markov chain ergodic theorem for continuous-time general state space Markov processes.

1.1.2 Statistical Decision Theory

Statistical decision theory provides a formal framework in which to study the process of making de-
cisions under uncertainty. Statistical decision theory was introduced in 1939 by Wald, who noted that
many hypotheses testing and parameter estimation could be considered as special cases of his general
notion of decision problems. Since its introduction, statistical decision theory has served as a rigorous
foundation of statistics for over half of a century. In this dissertation, we are interested in studying the
deep connection between frequentist notions (in particular, admissibility and extended admissibility)
and Bayesian optimality.

A decision procedure is inadmissible if there exists another procedure whose risk is everywhere no
worse and somewhere strictly better. Ignoring issues of computational complexity, one should never
use an inadmissible decision procedure. Thus, admissibility is necessary condition for any reasonable
notion of optimality.

It has long been known that there are deep connections between admissibility and Bayes optimal-
ity. In one direction, under suitable regularity conditions, every admissible procedure is Bayes with
respect to a carefully chosen prior, improper prior, or sequence thereof. The resulting (quasi-)Bayesian
interpretation provides insight into the strengths and weaknesses of the procedure from an average-case
perspective. In the other direction, (necessary and) sufficient conditions for admissibility expressed in
terms of (generalized) priors point us towards Bayesian procedures with good frequentist properties.

For statistical decision problems with finite parameter spaces, it is well-known that a decision proce-
dure is extended admissible if and only if it is Bayes (see e.g., [14, 26]). For statistical decision problems

with infinite parameter spaces, on the other hand, there exists an admissible decision procedure which



is not Bayes. Thus, one must relax the notion of Bayesian optimality to regain a tight link between
frequentist and Bayesian optimality (see e.g., [5, 9, 10, 20, 25, 43, 50, 52, 54-57]). As the literature
stands, for statistical decision problems with infinite parameter spaces, connections between frequentist
and Bayesian optimality are subject to regularity conditions, and these conditions often rule out semi-
parametric and nonparametric problems. As a result, the relationship between frequentist and Bayesian
optimality in the setting of modern statistical decision problems is often uncharacterized.

In contrast to existing methods in the literature, nonstandard analysis offers a different approach
in solving this long-standing open problem. Informally speaking, the utility of nonstandard models for
statistical decision theory stems from two sources: first, every nonstandard model possesses nonstandard
reals numbers, including infinitesimal / infinite positive numbers which can be used to construct priors
to make extreme statement, e.g., priors assigning positive but infinitesimal mass to some points. Using
these priors, we are able to form a nonstandard version of Bayesian optimality and are able to establish
the equivalence between frequentist and Bayesian optimality without any regularity conditions.

In particular, using a separating hyperplane argument in concert with the three principles outline in
nonstandard analysis (extension, transfer and saturation), we show that a standard decision procedure
0 is extended admissible if and only if, for some nonstandard prior, the Bayes risk of its extension *0
is within an infinitesimal of the minimum Bayes risk among all extensions. Such a decision procedure
is said to be nonstandard Bayes. For any metric on the parameter space ® such that risk functions are
continuous, we are able to show that a procedure is admissible if its extension is nonstandard Bayes with
respect to a prior that assigns sufficient mass to every standard open ball. The result is a nonstandard
variant of Blyth’s method, in which a sequence of priors is replaced by a single nonstandard prior in
order to witness admissibility. We also apply our nonstandard theory to give a purely standard result:
On compact Hausdorff parameter spaces when risk functions are continuous, a decision procedure is

extended admissible if and only if is Bayes.

1.2 Overview of the Dissertation

We conclude with a chapter-by-chapter summary: In Chapter 1, we develop, from the beginning, the
notions needed from nonstandard analysis, including the three basic principles, the standard part map,
internal sets, hyperfinite sets, and Loeb measures. We then discuss various sufficient conditions under
which the standard part map is measurable. We close with a general discussion on hyperfinite represen-

tations of standard probability spaces.



We start Chapter 2 by introducing hyperfinite Markov processes, and then prove a hyperfinite
Markov chain ergodic theorem in Section 3.1. In Sections 3.2 and 3.3, we give explicit constructions of
hyperfinite representations for discrete-time general state space Markov processes and continuous-time
general state space Markov processes, respectively.

In Chapter 3, under moderate regularity conditions, we establish the Markov chain ergodic theorem
for continuous-time Markov processes with general state spaces using results from Chapter 2. For a
continuous-time general state space Markov process {X; },>0, we first establish the ergodicity of its hy-
perfinite representation {X/},c7 then apply “push-down” techniques to establish ergodicity of {X; };c7.

In Chapter 4, we discuss constructions of standard Markov processes and stationary distributions
from hyperfinite Markov processes. We close with remarks and open problems related to Markov chains.

In Chapter 5, we begin our study of statistical decision theory by introducing its basic concepts and
discussing connections between admissibility, Bayes optimality, and complete classes. We close with
an extensive literature review of existing results on complete classes.

In Chapter 6, we study the nonstandard extensions of decision problems and define a novel notion
of nonstandard Bayes optimality. We then show that a decision procedure is extended admissible if and
only if its nonstandard extension is nonstandard Bayes, i.e., its Bayes risk is within an infinitesimal of
the minimum Bayes risk among all extensions. This result holds in complete generality.

In Chapter 7, we give sufficient nonstandard conditions for admissibility of a standard decision
procedure. We also establish a standard result: For decision problems with compact parameter space
and continuous risk functions, a decision procedure is extended admissible if and only if it is Bayes.
Finally we close with remarks and open problems in statistical decision theory.

We will assume that the reader is familiar with measure-theoretic probability theory, and has had
some basic exposure to statistics and mathematical logic. For background material on nonstandard
analysis, see [40], [3], [11], and [58]. For background on Markov processes, see [42] and [31]. For

background on statistical decision theory, see [14] and [26].



Chapter 2

Nonstandard Analysis and Internal

Probability Theory

This dissertation uses Robinson’s nonstandard analysis to study fundamental problems in statistics and
probability theory. Nonstandard analysis is introduced by Abraham Robinson in [40]. A comprehensive
account of modern nonstandard analysis is contained in [3] and [11]. In this chapter, we develop from

the beginning the knowledge and notions needed from nonstandard analysis.

We start by introducing some basic notions in nonstandard analysis, including superstructures, in-
ternal and external sets, the transfer and the saturation principle. For construction of the nonstandard
universe, interested readers can read [3, Section. 1]. In Section 2.1.1, we investigate basic properties
of the nonstandard real line, *R, which is undoubtedly the most well-known nonstandard object. We

extend most of the notions and properties on *R to general topological (metric) spaces in Section 2.1.2.

In Section 2.2, we give an introduction to nonstandard measure theory. The nonstandard measure
theory is formulated by Peter Loeb in his landmark paper [28]. In [28], Loeb constructed a standard
countably additive probability space (called the Loeb space) which is the completion of a nonstandard
probability space (called an internal probability space). We start Section 2.2 by introducing internal
probability spaces followed by an explicit construction of Loeb spaces. A particular interesting class
of internal probability spaces is the class consisting of hyperfinite probability spaces. A hyperfinite set
is an infinite set with the same first-order logic properties as finite sets. Hyperfinite probability spaces
are simply internal probability spaces with hyperfinite sample space. Hyperfinite probability spaces
can often serve as “good representations” for standard probability spaces. We illustrate this idea in

Example 2.2.5 and the remark after it. We also discuss nonstandard product measure and nonstandard



integration theory in this section.

In Section 2.3, we discuss the measurability of the standard part map. A nonstandard element x
is near-standard if there is a standard element xy which is infinitely close to it. Such xq is called the
standard part of x. The standard part map st maps a near-standard nonstandard element to a its standard
part. The connection between a standard probability space and its nonstandard extension (which is
an internal probability space) can usually be established via studying the standard part map. Thus, it is
natural to require that st to be a measurable function. In other words, we would like to find out conditions
such that st~!(E) is Loeb measurable for every Borel set E. In [24], it has been shown that the answer
of this question largely depend on the Loeb measurability of NS(*X) = {x € *X : (y € X)(y =st(x))}
(the collection of all near-standard points in *X). In [3, Exercise 4.19,1.20], NS(*X) is Loeb measurable
if X is either a o-compact, a locally compact Hausdorff or a complete metric space. We give a proof for
the o-compact case in Lemma 2.3.5. We are also able to obtain a stronger result by assuming the space
is merely Cech-complete (see Theorem 2.3.6).

In Section 2.4, we discuss the idea of using hyperfinite probability spaces to represent standard
probability spaces. Such hyperfinite probability space is called a hyperfinite representation of the un-
derlying standard probability space. We restrict our attention to o-compact metric spaces satisfying the
Heine-Borel condition. In Definition 2.4.3, we give the definition of hyperfinite representations of a
o-compact metric space X satisfying the Heine-Borel condition. The idea is to decompose X into hy-
perfinitely many *Borel sets with infinitesimal diameters and pick one point from every such *Borel set.
We usually denote the hyperfinite representation by S and the hyperfinite collection of *Borel sets by
{B(s) : s € S}. Note that it is generally impossible for {B(s) : s € S} to cover *X. Thus, we only require
{B(s) : s € S} to cover a “large enough” portion of *X. A hyperfinite representation S has two parame-
ters r and €. The parameter  measures the portion of *X that is covered by {B(s) : s € S} while € puts
an upper bound on the diameters of the elements in {B(s) : s € S}. Given an (&, r)-hyperfinite represen-
tation S, in Theorem 2.4.11, we define an internal probability measure P’ on (S,.#[S]) and establishes
the link between (X, #[X|,P) and (S,.#(S),P'). Theorem 2.4.11 is similar to [11, Theorem 3.5 page

159] which was proved in [2].

2.1 Basic Concepts in Nonstandard Analysis

Those familiar with nonstandard methods may safely skip this section on their first reading. Nonstandard

analysis is introduced by Abraham Robinson in [40]. For modern applications of nonstandard analysis,



interested readers can read [3] or [11]. Our following introduction of nonstandard analysis owes much
to [3].

For a set S, let Z2(S) denote its power set. Given any set S, define Vo(S) =S and V1 (S) =
Vu(S)UZ2(()V,(S)) for all n € N. Then V(S) = U,en Vi (S) is called the superstructure of S, and S is
called the ground set of the superstructure V(S). We treat the elements in V(S) as indivisible atomics.
The rank of an object a € V(S) is the smallest k for which a € V;(S). The members of S have rank 0.
The objects of rank no less than 1 in V(S) are precisely the sets in V(S). The empty set @ and S both
have rank 1.

We now formally define the language £ (V(S)) of V(S).

e constants: one for each element in V(S).

variables: x,x2,x3,...

relations: = and €.

parentheses: ) and (

e connectives: N (and), V (or) and — (not).

quantifiers: ¥ and 3
The formulas in £ (V(S)) are defined recursively:

e If x and y are variables and a and b are constants,

(x=y),(x€y),(a=x),(a€x),(x€a),(a=b),(ac b) are formulas.
e If ¢ and y are formulas, then (¢ A y), (¢ V y) and (—¢) are formulas.

e If ¢ is a formula, x is a variable and A € V(S) then (Vx € A)(¢) and (3x € A)(¢) are formulas.

A variable x is called a free variable if it is not within the scope of any quantifiers.

Let us agree to use the following abbreviations in constructing formulas in .Z(V(S)): We will write
(¢ = ) instead of ((—¢9)V (y)) and (¢ <= y) instead of (¢ —> Y)A(y = ¢).

It may seem that we should include more relation symbols and function symbols in our language.
For example, it is definitely natural to require 1 < 2 to be a well-defined formula. However, every
relation symbol and function symbol can be viewed as an element in V(S) and we already have a

constant symbol for that. Thus our language is powerful enough to describe all well-defined relation



symbols and function symbols. In conclusion, there is no problem to include these symbols within our

formula.

Definition 2.1.1. Let k¥ be an uncountable cardinal number. A k-saturated nonstandard extension of
a superstructure V(S) is a set *S and a rank-preserving map *: V(S) — V(*S) satisfying the following

three principles:
e extension: *S is a superset of S and *s = s for all s € S.

e rransfer: For every sentence ¢ in .Z(V(S)), ¢ is true in V(S) if and only if its *-transfer *¢ is true
in V(*S).

e K-saturation: For every family .% = {A; : i € I} of internal sets indexed by a set I of cardinality
less than k, if .# has the finite intersection property, i.e., if every finite intersection of elements in

Z is nonempty, then the total intersection of .# is non-empty.

A ¥ saturated model can be constructed via an ultrafilter, see [3, Thm. 1.7.13].

The language of V(*S) is almost the same as .Z” except that we enlarge the set of constants to include
every element in V(*S). We denote the language of V(*(S)) by Z(V(*S)). If ¢(xy,...,x,) is a formula
in Z(V(S)) with free variables xi,...,x,, then the x-transfer of ¢ is the formula in .Z(V(*S)) obtained
by changing every constant a to *a. Clearly, every constant in *¢ (x1,...,x,) is internal.

An important class of elements in V(*S) is the class of internal elements.

Definition 2.1.2. An element a € V(*S) is internal when there exists b € V(S) such that a € *b, and a

is said to be external otherwise.
The next theorem shows that saturation to any uncountable cardinal number is possible:

Theorem 2.1.3 ([29]). For every superstructure V(S) and uncountable cardinal number x, there exists

a K-saturated nonstandard extension of V(S).

From this point on, we shall always assume that our nonstandard extension is always as saturated as
we want.

As one can see, internal elements are those “well-behaved” elements which can be carried over via
the transfer principle. It is natural to ask how to identify internal elements. By Definition 2.1.2, we
know that an element @ € V(*S) is internal if and only if there exists a k € N such that a € *V;(S). It is
then easy to see that every a € *S is internal. The following lemma gives a characterization of internal

elements in Z2(*S).

10



Lemma 2.1.4. Consider a superstructure V(S) based on a set S with N C S and its nonstandard exten-

sion, for any standard set C from this superstructure, .o, *Vi(S) N Z2(*C) = *2(C).

Proof. Let us assume that C has rank n for some n € N. Z(C) € V,.11(S) hence we have *Z(C) €
“Vnt1(S). Consider the following sentence (Vx € Z2(C))(Vy € x)(y € C), the transfer of this sentence
implies that *22(C) C Z(*C). Hence we have *Z(C) C U< "Vi(S) N Z(*C), completing the proof.

0

Thus, we know that that A C *S is internal if and only if A € *22(()S).
The following lemma shows a particularly useful fact of internal sets which will be used extensively

in this paper.

Lemma 2.1.5. Let a be an internal element in V(*S). Then the collection of all internal subsets of a is

itself internal.

Proof. As a is an internal element, there exists a k € N such that a € *V;(S). For any internal set
a C a, it is easy to see that ' € *Vi(S). Let b denote the collection of all internal subsets of a. The
sentence (Vx € y)(x € Vi(S)) = (Y € Vi11(S)) is true. Thus, by the transfer principle, we have that

b € *Vi+1(S) hence b is an internal set. O

It takes practice to identify general internal sets. The main tool for constructing internal sets is the

internal definition principle:

Lemma 2.1.6 (Internal Definition Principle). Let ¢ (x) be a formula in £ (V(*S)) with free variable x.

Suppose that all constants that occurs in ¢ are internal, then {x € V(*S) : ¢(x)} is internal in V(*S).

Saturation can be equivalently expressed in terms of the satisfiability of families of formulas. The

role of the finite intersection property is played by finite satisfiability:

Definition 2.1.7. Let J be an index set and let A C V(*S). A set of formulas {¢;(x) | j € J} over V(*S)
is said to be finitely satisfiable in A when, for every finite subset o C J, there exists ¢ € A such that ¢;(c)

holds for all j € o.
We can now provide the following alternative expression of k-saturation:

Theorem 2.1.8 ([3, Thm. 1.7.2]). Let *V(S) be a k-saturated nonstandard extension of the superstruc-
ture V(S), where K is an uncountable cardinal number. Let J be an index set of cardinality less than

K. Let A be an internal set in *V(S). For each j € J, let ¢j(x) be a formula over *V(S), so all objects
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mentioned in ¢;(x) are internal. Further, suppose that the set of formulas {¢;(x) | j € J} is finitely

satisfied in A. Then there exists ¢ € A such that §;(c) holds in *V(S) simultaneously for all j € J.

Example 2.1.9. A particular interesting example of superstructure is V(R). The nonstandard extension
of this superstructure is V(*R). V(*R) contains hyperreals, *N, etc. We will study this particular

superstructure in detail in Section 2.1.1.

Through out this paper, we shall assume our ground set S always contain R as a subset.
We conclude this section by introducing a particularly useful class of sets in V(*S): hyperfinite sets.

A hyperfinite set A is an infinite set that has the basic logical properties of a finite set.

Definition 2.1.10. A set A € V(*S) is hyperfinite if and only if there exists an internal bijection between
A and {0,1,....,N — 1} for some N € *N.

This N, if exists, is unique and this unique N is called the internal cardinality of A.

Just like finite sets, we can carry out all the basic arithmetics on a hyperfinite set. For example,
we can sum over a hyperfinite set just like we did for finite set. Basic set theoretic operations are also
preserved. For example, we can take hyperfinite unions and intersections just as taking finite unions and
intersections.

We have rather nice characterization of internal subsets of a hyperfinite set.
Lemma 2.1.11 ([3]). A subset A of a hyperfinite set T is internal if and only if A is hyperfinite.
An immediate consequence of Theorem 2.1.8 is:

Proposition 2.1.12 ([3, Proposition. 1.7.4]). Assume that the nonstandard extension is K-saturated. Let
a be an internal set in V(*S). Let A be a (possibly external) subset of a such that the cardinality of A is

strictly less than K. Then there exists a hyperfinite subset b of a such that b contains A as a subset.

2.1.1 The Hyperreals

Probably the most well-known nonstandard extension is the nonstandard extension of R. We investigate

some basic properties and notations in *R.

Definition 2.1.13. The set *RR is called the set of hyperreals and every element in *RR is called a hyperreal
number. An element x € *R is called an infinitesimal if x < % for all n € N. An element y € *R is called

an infinite number if y > n for all n € N.
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We write x =~ 0 when x is an infinitesimal.

Definition 2.1.14. Two elements x,y € *R are infinitesimally close if |x —y| ~ 0. In which case, we
write x =~ y. An element x € *R is near-standard if x is infinitesimally close to some a € R. An element

x € *R is finite if |x| is bounded by some standard real number a.
It is easy to see that if x € *R is bounded then there exists some a € R such that |x — a| is finite.
Lemma 2.1.15. An element x € *R is finite if and only if x is near-standard.

Proof. 1t is clear that if x is near-standard then x is finite. Suppose there exists a x € *R such that x is
finite but not near-standard. Then there exists a ap € R such that |x| < ag. This means that x € *[—ag, ag.
As x is not near-standard, for every standard a € [—ag,ap] we can find an open interval O, centered at
a with x € *O,. The family {O, : a € [—ap,ao|} covers [—aop,ap] and therefore has a finite subcover
{01,...,0,}. As [—ap,a0] C U<, Oi, *[—ao,a0] C U;<, *0;. Since x & U<, *Oi, x & *[—ao, ap] which is
a contradiction. Hence x € *R is finite if and only if it is near-standard.

Pick an arbitrary near-standard x € *R. Suppose there are two different a;,a; € R such that x ~ a;
and x ~ a;. This implies a; ~ a, which is impossible since a;,a; € R. Hence there exists a unique

a € R such that x = a. O
This lemma would fail if we take some points from R.

Example 2.1.16. Consider the set R\ {0}. Then every infinitesimal element in *R is finite since they

are bounded by 1. However, they are not near-standard since 0 is excluded.

Definition 2.1.17. Let NS(*R) to denote the collection of all near-standard points in *R. For every
near-standard point x € *R, let st(x) denote the unique element in a € R such that [x —a| =~ 0. st(x) is

called the standard part of x. We call st the standard part map.

For A C *R, we write st(A) to mean {x € R : (Ja € A)(x is the standard part of @) }. Similarly for
every B C R, we write st~ (B) to mean {x € *R: (3b € B)(]x— b| ~ 0)}.
We now give an example of an external set. The example also shows that we have to be very careful

when applying the transfer principle.

Example 2.1.18. The monad u(0) of 0 is defined to be {a € *R : a ~ 0}. We show that 1 (0) is an
external set. Consider the sentence: VA € Z(()R) if A is bounded above then there is a least upper

bound for A. By the transfer principle, we know that (VA € *22(()R))(for all internal subsets of *R
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if A is bounded above then there is a least upper bound for A). Suppose u(0) is internal then there

exists a ap €* R such that ag is an least upper bound for 1 (0). Clearly ap > 0. Note that ap can not

be infinitesimal since if ag is infinitesimal then 2ao, would also be infinitesimal and 2ay > ag. If ag is
ao

non-infinitesimal then so is 4. But then % is an upper bound for 11(0). This contradict with the fact

that ay is the least upper bound. Hence 11(0) is not an internal set.

It is easy to make the following mistake: if we write the sentence as “VA C R if A is bounded above
then there is a least upper bound for A” the transfer of it seems to give that “VA C *R if A is bounded
above then there is a least upper bound for A”. As we have already seen, this is not correct. The reason
is because C is not in the language of set theory thus we have an “illegal” formation of a sentence. This
shows that we have to be very careful when applying the transfer principle.

The following two principles derived from saturation are extremely useful in establishing the exis-

tence of certain nonstandard objects.
Theorem 2.1.19. Let A C *R be an internal set

1. (Overflow) If A contains arbitrarily large positive finite numbers, then it contains arbitrarily small

positive infinite numbers.

2. (Underflow) If A contains arbitrarily small positive infinite numbers, then it contains arbitrarily

large positive finite numbers.
We conclude this section by the following lemma. This lemma will be used extensively in this paper.

Lemma 2.1.20. Let N be an element in *N. Let {ay,...,an} be a set of non-negative hyperreals such
that YN (a; = 1. Let {by,...,by} and {cy,...,cx} be subsets of R such that b; ~ c; for all i < N. Then

arby +asby +---+ayby = ajci +axca + - - +aycy.

Proof. By the transfer of convex combination theorem, we know that (a1by + axby + -+ + ayby) —
(arc1+axcr+--+ayey) =ai(by —c1) +ax(by—c) +---+an(by —cy) <max{a;|b;—c;| : i <N} =
0. ]

2.1.2 Nonstandard Extensions of General Metric Spaces

We generalize the concepts developed in Section 2.1.1 into generalized topological spaces. We espe-
cially emphasize on general metric spaces.
Let X be a topological space and let *X denote its nonstandard extension. For every x € X, let %,

denote a local base at point x.
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Definition 2.1.21. Given x € X, the monad of x is

ux) = () *U. (2.1.1)
UeRB,

The near-standard points in *X are the points in the monad of some standard points.

If X is a metric space with metric d, then *d is a metric for *X. The monad of a point x € X, in this

case, is [t(x) = ,ex *Uyn where each U, = {y € X : d(x,y) < 1}. Thus we have the following definition:

Definition 2.1.22. Two elements x,y € *X are infinitesimally close if *d(x,y) ~ 0. An element x € *X is
near-standard if x is infinitesimally close to some a € X. An element x € *X is finite if *d(x,a) is finite

for some a € X.

If x € *X is finite, then generally x is not near-standard. This is not even true for complete metric

spaces.

Example 2.1.23. Consider the set of natural numbers N. Define the metric d on N to be d(x,y) = 1 if
x # y and equals to 0 otherwise. Then (N,d) is a complete metric space. Every element in *N is finite.

But those elements in *N\ N are not near-standard.
Just as in *R, we have the following definition.

Definition 2.1.24. Let NS(*X) to denote the collection of all near-standard points in *X. For every
near-standard point x € *X, let st(x) denote the unique element in @ € X such that *d(x,a) ~ 0. st(x) is

called the standard part of x. We call st the standard part map.

In general, NS(*X) is a proper subset of *X. However, when X is compact, we have NS(*X) = *X.

This is the nonstandard way to characterize a compact space.
Theorem 2.1.25 ([3, Theorem 3.5.1]). A set A C X is compact if and only if *A = NS(*A).

Proof. Assume A is compact but there exists y € A such that y is not near-standard. Then for every
x € A, there exists an open set O, containing x with y € *O,. The family {O, : x € A} forms an open
cover of A. As A is compact, there exists a finite subcover {Oy,...,0,} forsomen € N. AsA C J_, O;,
by the transfer principle, we have *A C |J?_; *O;. However, y € O; for all i < n. This implies that y & A,
a contradiction.

We now show the reverse direction. Let % = {Oq : & € <7 } be an open cover of A with no finite

subcover. By Proposition 2.1.12, let Z be a hyperfinite collection of *% containing *O, for all a € <7.
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By the transfer principle, there exists a y € *A such that y ¢ U for all U € %. Thus, y € *O, for all

a € 7. Hence y can not be near-standard, completing the proof. O

This relationship breaks down for non-compact spaces as is shown by the following example.

Example 2.1.26. Consider *[0,1] = {x€*R:0<x <1}, as [0, 1] is compact we have *[0, 1] = NS(*[0, 1]).
(0, 1) is not compact and this implies that *(0, 1) # NS(*(0, 1)). Indeed, consider any positive infinites-
imal € € *R. Then € € *(0, 1) but € ¢ NS(*(0,1)).

However, under enough saturation, the standard part map st maps internal sets to compact sets.

Theorem 2.1.27 ([29]). Let (X,.7) be a regular Hausdorff space. Suppose the nonstandard extension
is more saturated than the cardinality of 7. Let A be a near-standard internal set. Then E = st(A) =

{xeX:(FacA)(acu(x))}iscompact.

Proof. Fix y € *E. If U is a standard open set with y € *U, then UNE # 0. Letx € ENU. By the
definition of E, there exists an a € A such that a € u(x) C *U. Thus, for every open set U with y € *U,
there exists a € AN*U. By saturation, there exists an ag € A such that ag € AN*U for all standard open
set U with y € *U.

Let xo = st(ap). In order to finish the proof, by Theorem 2.1.25, it is sufficient to show that y € tt(xp).
Suppose not, then there exists an open set V such that xo € V and y € *V. By regularity of X, there exists
an open set V' such that xo € V/ C V/ C V. Thenx € V' and y € *X \ *V'. It then follows that ay € *V’

and ap € "X\ *V'. This is a contradiction. ]
Moreover, for o-compact locally compact spaces, we have the following result.

Theorem 2.1.28. Let X be a Hausdorff space. Suppose X is 6-compact and locally compact. Then there

exists a non-decreasing sequence of compact sets K, with | J,cn K, = X such that |, *K, = NS(*X).

Proof. As X is 6-compact, there exists a sequence of non-decreasing compact sets G, such that X =
Unen Gn. Let Ko = Go. By locally compactness of X, for every x € Ko U Gy, let C, denote a compact
subset of X containing a neighborhood U, of x. The collection {Uy, : x € Ky UG } is a cover of Ko UG
hence there is a finite subcover {Uy,,...,Uy, }. Let K| = Ui<n Cx;- It is easy to see that K is a compact
and Ky C K;° where K;° denotes the interior of K;. For any n € N, we can construct K, based on
K,—1 UG, in exactly the same way as we constructs K;. Hence we have a sequence of compact sets K,

such that | J,cn Ky, = X and K, C K;,11° for all n € N.
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We now show that |, *K, = NS(*X). As every K, is compact, by ??, we know that | J,cy *K,, C
NS(*X). Now pick any element x € NS(*X). Then st(x) € *K,, for some n. As K, C K,+1°, we know
that u(st(x)) C *K,+1 hence we have x € *K, 1. Thus, we know that NS(*X) C U,y “Kn, completing

the proof. 0

A merely Hausdorff o-compact space may not have this property. For a 6-compact, locally compact

and Hausdorff space X, the sequence {K, : n € N} has to be chosen carefully.

Example 2.1.29. The set of rational numbers Q is a Hausdorff -compact space. Every compact subset
of Q is finite. Thus, for any collection {K,, : n € N} of Q that covers Q, we have |,y *K, = Q. That
is, any near-standard hyperrational is not in any of the *K,.

Now consider the real line R. Let K, = [-n,—1]U[L n]U {0} for n > 1. Tt is easy to see that

U,en K = R. However, an infinitesimal is not an element of any *K,,.

2.2 Internal Probability Theory

In this section, we give a brief introduction to nonstandard probability theory. The interested reader can
consult [23] and [3, Section 4] for more details. The expert may safely skip this section on first reading.

Let Q be an internal set. An internal algebra o/ C Z7(()Q) is an internal set containing Q and
closed under taking complement and hyperfinite unions/intersections. A set function P: &/ — *R is

hyperfinitely additive when, for every n € *N and mutually disjoint family Ay,...,A, € <, we have
P(UiSnAi) = ZignP(Ai)'

We are now at the place to introduce the definition of internal probability spaces.

Definition 2.2.1. An internal finitely-additive probability space is a triple {Q, <7, P} where:
1. Qis an internal set.

2. 4/ is an internal subalgebra of Z7(()Q)

3. P: o/ — *R is a non-negative hyperfinitely additive internal function such that P(Q) = 1 and
P(0) =0.

Example 2.2.2. Let (X, .7, P) be a standard probability space. Then (*X,*.<7,*P) is an internal proba-
bility space. Although 7 is a o-algebra and P is countably additive, </ is just an internal algebra and

*P is only hyperfinitely additive. This is because “countable” is not an element of the superstructure.
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A special class of an internal probability spaces are hyperfinite probability spaces. Hyperfinite
probability spaces behave like finite probability spaces but can be good ‘“approximation” of standard

probability space as we will see in future sections.
Definition 2.2.3. A hyperfinite probability space is an internal probability space (Q,.27, P) where:

1. Qs a hyperfinite set.

2. o/ = .7 (Q) where . (Q) denote the collection of all internal subsets of Q.

Like finite probability spaces, we can specify the internal probability measure P by defining its mass
at each w € Q.

Peter Loeb in [28] showed that any internal probability space can be extended to a standard count-
ably additive probability space. The extension is called the Loeb space of the original internal probability

space. The central theorem in modern nonstandard measure theory is the following:

Theorem 2.2.4 ([28]). Let (Q,<7,P) be an internal finitely additive probability space; then there is a
standard (c-additive) probability space (Q, </ ,P) such that:

1. 4 is a 6-algebra with o/ C o/ C 2(()Q).
2. P(A) =st(P(A))forany A € o.

3. Forevery A € &/ and standard € > 0 there are A;,A, € o/ such that A; C A C A, and P(A,\ A;) <

E.

4. For every A € < thereis a B € </ such that P(A A B) = 0.

The probability triple (€,.27,P) is called the Loeb space of (Q,.<7,P). It is a ¢-additive standard

probability space. From Loeb’s original proof, we can give the explicit form of </ and P:

1. < equals to:

{A C Q|Ve € RT3A;,A, € o such that A; C A C A, and P(A, \ A;) < €}. (2.2.1)

2. Forall A € & we have:

P(A) = inf{P(A,)|A C Ay, A, € o} = sup{P(A;)|A; CA,A; € 7} (2.2.2)
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In fact, the Loeb o-algebra can be taken to be the P-completion of the smallest 6-algebra generated
by 7. In this paper, we shall assume that our Loeb space is always complete.
The following example of hyperfinite probability space motivates the idea of hyperfinite representa-

tion.

Example 2.2.5. Let (Q, <7, P) be a hyperfinite probability space. Pick any N € *N\ N and let 67 = %
Then 6t is an infinitesimal. Let Q = {8¢,201,....,1} and &7 = . (Q)(Recall that .# (Q) is the collection
of all internal subsets of Q). Define P on & by letting P(®) = 8t for all @ € Q. This is called the

uniform hyperfinite Loeb measure.
Claim 2.2.6. st~'(0)NQ € &

Proof. st~!(0) N Q consists of elements from Q that are infinitesimally close to 0. Let A, = {® € Q:
o< %} By the internal definition principle, A, is internal for all n € N. Thus A, € & for all n € N.
Hence ,enAn € &7. Thus st™1(0) NQ = N,,enAn € &7, completing the proof. O

Let v denote the Lebesgue measure on [0, 1]. In Section 2.4, we will show that v(A) = P(st ! (A) N
Q) for every Lebesgue measurable set A. This shows that we can use (Q,<7,P) to represent the
Lebesgue measure on [0, 1]. (Q, .7, P) is called a “hyperfinite representation” of the Lebesgue measure

space on [0, 1]. We will investigate such hyperfinite representation space in more detail in Section 2.4.

As st™1(0) is an external set, Example 2.2.5 shows that the Loeb c-algebra contains external sets.

2.2.1 Product Measures

In this section, we introduce internal product measures. This would be useful when we are dealing with
the product of two hyperfinite Markov chains in later sections.

In this section, let (Q,.27,P;) and (', 2, P,) be two internal probability spaces. Let (Q,.27, P;) and
(T', Z,P,) be the Loeb spaces of (Q,.27,P;) and (I, Z, P,), respectively.

Definition 2.2.7. The product Loeb measure Py x P, is defined to be the probability measure on (Q x
[,.o/ ® ) satisfying:

(Fl XFZ)(AXB) :Fl(A)-Pz(B). (2.2.3)
forall A x B € o/ x 9, where &/ ® 9 denotes the o-algebra generated by sets from &7 x 2.
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Note that this is nothing more than the standard definition of product measures. Thus (Q xI',.&/ ®
9,P1 x Py) is a standard c-additive probability space.

It is sometimes more natural to consider the product internal measure P; X P».

Definition 2.2.8. The product internal measure P; X P, is defined to be the internal probability measure

on (QxTI', o/ ® 2) satisfying:

(P, x P,)(AxB)=P(A)-P(B). (2.24)

forall A x B € & x &, where &/ ® 2 denote the internal algebra generated by sets from &7 x 2.

In this case, we form a product internal probability space (Q xI',. &7 ® Z,P; X Py).

Example 2.2.9. Suppose both (Q,.<7,P;) and (I', 2, P,) are hyperfinite probability spaces. Recall from
Definition 2.2.3 that o7 = .#(Q) and 2 = .#(I") where .# (Q) and .#(I") denote the collection of all
internal sets of Q and I',respectively. Then the product internal measure P, x P, is defined on . (Q xT).
To see this, it is enough to note that every internal subset of € x I' is hyperfinite hence is a hyperfinite

union of singletons.

Once we have the product internal probability space (Q xI', .o/ @ Z, P; X P,), the Loeb construction

can be applied to give a Loeb probability space (Q x I', (&7 ® Z), (P x Py)). It is natural to seek for
relation between (Q x I, (& ® 2),(Py x P,)) and (Q x [,/ ® 9, P x P,).

Theorem 2.2.10 ([23]). Consider two Loeb probability spaces (Q,.</,Py) and (I, 2,P,). We have

(P] ><P2) :Fl XFZ on g@@

Proof. We first show that &/ ® 2 C (&/ ® Z). It is enough to show that for any A x B € &/ x I we

have A x B € (&/ ® 9). Fix an € € (0,1). As A C o/, by Loeb’s construction, there exists A;,A, € &/
with A; C A C A, such that P (A, \ A;) < €. Similarly, there exist such B;, B, € Z for B. Then we have

(PLx P>)((Ap X B,) \ (Ai x B))) = (P x P)((As\A,) X (4;\ By)) = €2 < €. (2.2.5)

As our choice of € is arbitrary, we have A x B € (& ® 9).

We now show that (P; x Py) = Py x P, on dR9. Again itis enough to just consider A X B € A XD.
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We then have:

Py x P>(A X B) (2.2.6)
= sup{st(Pi(A;))|Ai CA,A; € &'} x sup{st(P»(B;))|Bi CA,B; € 7} (2.2.7)
= sup{st(P,(A;))st(P:(B;))|A; CA,A; € o ,B; CA,B; € D} (2.2.8)
= (P, x P)(A xB), (2.2.9)
completing the proof. O

However, </ ® 2 will generally be a smaller c-algebra than (2«7 ® 9) as is shown by the following

example which is due to Doug Hoover.

Example 2.2.11. [23] Let Q be an infinite hyperfinite set. Let I' = .#(Q). Let (Q,.#(Q),P) and

(T, .7 (I'), Q) be two uniform hyperfinite probability spaces over the respective sets. Let E = {(®, A1) :

® € A €T'}. Itcan be shown that E € (Z(Q)® .7 (")) but E ¢ 7 (Q) ® Z(I).

In fact, it can be shown that (P x Q)(E) > 0 while P(A)Q(B) = 0 for every A € .#[Q] and every
B € #[I'|. However, the internal probability space (I, .#[I'|,Q) does not corresponds to any standard

probability space.

Open Problem 1. Let (Q,.o7,P) be an internal probability space. Let (P x P)(B) > 0 for some B €
o @ 4f. Under what conditions does there exists C € &/ ® o/ such that C C B and (P x P)(C) > 0?

Does (Q, o, P) being the nonstandard extension of some standard probability space help?

2.2.2 Nonstandard Integration Theory

In this section we establish the nonstandard integration theory on Loeb spaces. Fix an internal proba-
bility space (,T",P) and let (Q,T, P) denote the corresponding Loeb space. If I" is *c-algebra then we
have the notion of “P-integrability” which is nothing more than the usual integrability “copied” from the
standard measure theory. Note that the Loeb space (Q,T’, P) is a standard countably additive probability
space. The Loeb integrability is the same as the integrability with respect to the probability measure P.
We mainly focus on discussing the relationship between “P-integrability” and Loeb integrability in this

section.

Corollary 2.2.12 ([3, Corollary 4.6.1]). Suppose (Q,T", P) is an internal probability space, and F : Q —

*R is an internal measurable function such that st(F) exists everywhere. Then st(F) is Loeb integrable
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and [FdP =~ [st(F)dP

The situation is more difficult when st(F) exists almost surely. We present the following well-known

result.

Theorem 2.2.13 ([3, Theorem 4.6.2]). Suppose (Q,T’, P) is an internal probability space, and F : Q —
*R is an internally integrable function such that st(F) exists P-almost surely. Then the following are

equivalent:

1. st([|F|dP) exists and it equals to lim,_, st([|F,|dP) where for n € N, F, = min{F,n} when
F > 0and F, = max{F,—n} when F <0.

2. For every infinite K > 0, [ p. g |F|dP ~ 0.
3. st([|F|dP) exists, and for every B with P(B) = 0, we have [g|F|dP ~ 0.
4. st(F) is P-integrable, and * [ FAP ~ [ st(F)dP.

Definition 2.2.14. Suppose (Q,I",P) is an internal probability space, and F : Q — *R is an internally
integrable function such that st(F) exists P-almost surely. If F satisfies any of the conditions (1)-(4) in

Theorem 2.2.13, then F is called a S-integrable function.

Up to now, we have been discussing the internal integrability as well as the Loeb integrability of
internal functions. An external function is never internally integrable. However, it is possible that some

external functions are Loeb integrable. We start by introducing the following definition.

Definition 2.2.15. Suppose that (Q,T,P) is a Loeb space, that X is a Hausdorff space, and that f is a
measurable (possibly external) function from Q to X. An internal function F : Q — *X is a lifting of f

provided that f = st(F) almost surely with respect to P.
We conclude this section by the following Loeb integrability theory.

Theorem 2.2.16 ([3, Theorem 4.6.4]). Let (Q,T, P) be a Loeb space, and let f : Q — R be a measurable

function. Then f is Loeb integrable if and only if it has a S-integrable lifting.

2.3 Measurability of Standard Part Map

When we apply nonstandard analysis to attack measure theory questions, the standard part map st plays

an essential role since st~ (E) for E € [X] is usually considered to be the nonstandard counterpart for
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E. Thus a natural question to ask is: when is the standard part map st a measurable function? There are
quite a few answers to this question in the literature (see, eg,. [3, Section 4.3]) and they should cover
most of the interesting cases. It turns out that, in most interesting cases, the measurability of st depends
on the Loeb measurability of NS(*X). Such results are mentioned in [3, Exescise 4.19,4.20]. However,
we give a proof for more general topological spaces in this section.

The following theorem of Ward Henson in [18] is a key result regarding the measurability of st.

Theorem 2.3.1 ([3, Theorems 4.3.1 and 4.3.2]). Let X be a regular topological space, let P be an

internal, finitely additive probability measure on (*X,*%[X|) and suppose NS(*X) € *ZB[X]; then st is
Borel measurable from (*X,*B[X]) to (X, B[X]).

Thus we only need to figure out what conditions on X will guarantee that NS(*X) € *%[X]. In the

literature, people have shown that for -compact, locally compact or completely metrizable spaces X,

we have NS(*X) € *#[X]. In this section we will generalize such results to more general topological
spaces.

We first recall the following definitions from general topology.

Definition 2.3.2. Let X be a topological space. A subset A is a G set if A is a countable intersection of

open sets. A subset is a Fy set if its complement is a G set.

Definition 2.3.3. For a Tychonoff space X, it is Cech complete if there exist a compactification Y such

that X is a G5 subset of Y.

The following lemma is due to Landers and Rogge. We provide a proof here since it is closely

related to our main result of this section.

Lemma 2.3.4 ([24]). Suppose that (Q, </, P) is an internal finitely additive probability space with cor-
responding Loeb space (2, <71, P) and suppose that € is a subset of </ such that the nonstandard model
is more saturated than the external cardinality of €. Then (€ € <. Furthermore, if P(A) =1 for all
AEC, then P(N€) =1

Proof. Without loss of generality we can assume that % is closed under finite intersections. Let r =
inf{P(C) : C € ¢'}. Fix a standard € > 0. We can find C, € ¥ C & such that P(C,) < r+ €. Denote
¢ = {Cq : o € J} where J is some index set. Consider the set of formulas {¢(A)|a € J} where
0o(A)is (Ae A)N(PA) >r—e)N((Va € A)(a € Cy)). As € is closed under finite intersection and
r=inf{P(C): C € €}, we have {9 (A) : a € J} is finitely satisfiable. By saturation, we can find a set
A; € o/ suchthat P(A;) >r—¢eand A; C(%. SoN% € .
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If YC € ¥ we have P(C) = 1, by the same construction in the last paragraph, we have 1 —¢& <
P(A;) <P(N%¥) < P(A,) = 1 for every positive € € R. Thus we have the desired result. O

In the context of Lemma 2.3.4, by considering the complement, it is easy to see that [ J& € <.
Similarly, if we have P(A) =0 for all A € ¢ then P(|J%) = 0.
We quote the next lemma which establishes the Loeb measurability of NS(*X) for o-compact s-

paces.

Lemma 2.3.5 ([24]). Let X be a 6-compact space with Borel c-algebra B[X] and let (*X,*#|X];,P)

be a Loeb space. Then NS(*X) € *A[X].
We are now at the place to prove the measurability of NS(*X) for Cech complete spaces.
Theorem 2.3.6. If the Tychnoff space X is Cech complete then NS(*X) € *AB[X].

Proof. Let Y be a compactification of X such that X is a G5 subset of Y. We use S to denote ¥ \ X.
Then S is a F; subset of T hence is a 6-compact subset of Y. Let S = (J;c, S; where each S; is a compact

subset of Y. Note that

Y ="XU"S=NS("X)U*SUZ. (2.3.1)

where Z = *X \ NS(*X). As Y is compact, we know that Z = {x € *X : (s € S)(x € u(s))}. Note that
NS(*X),*S,Z are mutually disjoint sets. Let N; = {y € *Y : (Ix € S;)(y € u(x))}.

Claim 2.3.7. Foranyic o, N; € *#[X].

Proof. : Without loss of generality, it is enough to prove the claim for N;. Let = {U C X: U is open
and S} C U}. We claim that Ny = (N{*U : U € % }. To see this, we first consider any u € "\{*U : U € % }.
Suppose u ¢ Nj, this means that for any y € Sy there exists *U,, such that U, is open and u & *U,. As
1 is compact, we can pick finitely many yy,...,y, such that §1 C U<, Uy,. Thus we have *|J,<,U,, =
Ui<n "Uy; C Uyes, "Uy. Note that u & Uyeg, *Uy implies that u ¢ * U, <, Uy,. But U;<, Uy, is an element of
% . Hence we have a contradiction. Conversely, it is easy to see that Ny C ({*U : U € % }. We also

know that each *U € *#[X]. Assume that we are working on a nonstandard extension which is more

saturated than the cardinality of the topology of X, then for any i € @ N; € *%[X] by Lemma 2.3.4. [

It is also easy to see that | J;., N; = NS(*S)UZ. By Lemma 2.3.5, we know that both J;,, N; and

NS(*S) belong to *#[Y]. Hence Z € *A[Y].
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As S is o-compact in Y, we know that S € A[Y]|. By the transfer principle, we know that *S €

*PBY| C *A[Y]. As both *S and Z belong to *A[Y], it follows that NS(*X) € *A[Y].

We now show that NS(*X) € *2[X]. Fix an arbitrary internal probability measure P on (*X,* %[X]).
Let P’ be the extension of P to (*Y,*Z[Y]) defined by P'(A) = P'(ANX). We already know that

NS(*X) € *2[Y]. By definition, this means that for every positive € € R there exist A;,A, € *%[Y] such
that A; C NS(*X) C A, and P'(A, \ A;) < €. Let B; = A;N*X and B, = A, N*X. By the construction of
P and P/, it is clear that B; C NS(*X) C B, and P(B, \ B;) < €. It remains to show that B; and B, both
lie in *#[X]. The transfer of (VA € B[Y])(ANX € ZA[X]) gives us the final result. O

Thus, by Theorem 2.3.1, we know that st is measurable for Cech-complete spaces. For regular
spaces, either locally compact spaces or completely metrizable spaces are Cech-complete. Thus we
have established the measurability of st for more general topological spaces. However, note that o-
compact metric spaces need not be Cech complete.

We now introduce the concept of universally Loeb measurable sets.

Recall from Section 2.2 that given an internal algebra <7 its Loeb extension <7 is actually the P-
completion of the o-algebra generated by 7. So 7, could differ for different internal probability
measures. We use 7' to denote the Loeb extension of <7 with respect to the internal probability

measure P.

Definition 2.3.8. A set A C *X is called universally Loeb-measurable if A € " for every internal

probability measure P on (*X,.o7).

We denote the collection of all universally-Loeb measurable sets by .Z(<7). By Theorem 2.3.6,
NS(*X) is universally Loeb measurable if X is Cech complete. Moreover, Theorem 2.3.1 can be restated

as following:

Theorem 2.3.9 ([24]). Let X be a Hausdorff regular space equipped with Borel c-algebra B[X]. If
B € B[X] then st~'(B) € {ANNS(*X) : A € Z(#[X))}.

Thus, by Theorem 2.3.6, st~ (B) is universally measurable for every B € %[X] if X is Cech com-
plete.
We conclude this section by giving an example of a relatively nice space where NS(*X) is not

measurable.

Theorem 2.3.10. /3, Example 4.1] There is a separable metric space X and a Loeb space (*X,* B|X|, P)

such that NS(*X) is not measurable.
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Proof. Let X be the Bernstein set of [0, 1]; for every uncountable closed subset A of [0, 1], both ANX
and AN ([0, 1]\ X) are nonempty. The topology on X is the natural subspace topology inherited from
standard topology on [0, 1]. Clearly B C X is Borel if and only if B= X N B’ for some Borel subset B’ of
[0, 1]. Let u denote the Lebesgue measure on ([0, 1], 2][0, 1]]). Let 7 be the c-algebra generated from
Al[0,1]]U{X}. Let m be the extension of i to .27 by letting m(X) = 1.

Claim 2.3.11. m is a probability measure on ([0, 1], <7).
Proof. Tt is sufficient to show that, for any A, B € A[[0, 1]], we have
m(ANX) =m(BNX) — m(A) = m(B). (2.3.2)

Suppose not. Then m(A AB) > 0. As m(ANX) =m(BNX), we have m((AAB)NX)=0. But we
already know that m([0,1]\ X) =0 O

Let P be the restriction of *m to *2[X]. Consider the internal probability space (*X,*2[X],P). Let
AENS(*X)N*A[X] and let A’ = sty (A) where sty (A) ={x€X : (Ja€ A)(a =~ x)}. By Theorem 2.1.27,
we know that A’ is a compact subset of X. Thus A’ is a closed subset of [0,1]. As X does not contain
any uncountable closed subset of [0, 1], we conclude that A’ must be countable. Thus, for any € > 0,
there exists an open set Ug C [0, 1] of Lebesgue measure less than € that contains A’. As A’ = sty (A),
we know that A C *X N*Ug C *U. Then P(A) <*m(*Ug) < €. Thus the P-inner measure of NS(*X) is
0. By applying the same technique to [0,1]\ X, we can show that the P-outer measure of NS(*X) is 1.
Thus NS(*X) can not be Loeb measurable. O

This is slightly different from [3, Example 4.1]. In [3, Example 4.1], the author let m be a finitely-
additive extension of Lebesgue measure to all subsets of [0, 1]. In this paper, we let m to be a countably-

additive extension of the Lebesgue measure to include the Bernstein set.

2.4 Hyperfinite Representation of a Probability Space

In the literature of nonstandard measure theory, there exist quite a few results to represent standard
measure spaces using hyperfinite measure spaces. For example, see [2, 6, 17, 27]. In this section,
we establish a hyperfinite representation theorem for o-compact complete metric spaces with Radon

probability measures. Although we restrict ourselves to a smaller class of spaces, we believe that we
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provide a more intuitive and simple construction. Moreover, such a construction will be used extensively
in later sections.
Let X be a o-compact metric space. Let d denote the metric in X. Then *d will denote the metric

on *X. We impose the following definition on our space X.

Definition 2.4.1. A metric space is said to satisfy the Heine-Borel condition if the closure of every open

ball is compact.

Note that the Heine-Borel condition is equivalent to that every closed bounded set is compact.
As we mentioned in Section 2.1.2, finite elements of complete metric spaces need not be near-
standard. However, finite elements are near-standard for o-compact metric spaces satisfying the Heine-

Borel condition.

Theorem 2.4.2. A metric space X satisfies the Heine-Borel condition if and only if every finite element

in *X is near-standard.

Proof. Let X be a metric space with metric d. Suppose X satisfies the Heine-Borel condition. Let y € *X
be a finite element. Then there exists x € X and k € N such that *d(x,y) < k. Let Uyk denote the open
ball centered at y with radius k. Clearly we know that y € *Uy" - *(@) As X satisfies the Heine-Borel
condition, we know that Uiy" is a compact set. By Theorem 2.1.25, there exists an element xg € Uiy" such
thaty € u(xo).

We now prove the reverse direction. Suppose X does not satisfy the Heine-Borel condition. Then
there exists an open ball U such that U is not compact. By Theorem 2.1.25, there exists an element
y € *(U) such that y is not in the monad of any element x € U. As 'y € *(U), y is finite hence is near-
standard. Thus there exists a xo € X \ U such that y € t(xp). Thus there exists an open ball V centered
at xo such that VN U = 0. Then we have y € *V and y € *U, which is a contradiction. Thus the closure

of every open ball of X must be compact, completing the proof. O

We shall assume our state space X is a metric space satisfying the Heine-Borel condition in the
remainder of this paper unless otherwise mentioned. Note that metric spaces satisfying the Heine-Borel
condition are complete and o-compact.

We are now at the place to introduce the hyperfinite representation of a topological space. The idea
behind hyperfinite representation is quite simple: For a metric space X, we partition an "initial segment”
of *X into hyperfinitely pieces of sets with infinitesimal diameters. We then pick exactly one element
from each element of the partition to form our hyperfinite representation. The formal definition is stated

below.
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Definition 2.4.3. Let X be a -compact complete metric space satisfying the Heine-Borel condition.
Let € € *R™ be an infinitesimal and r be an infinite nonstandard real number. A hyperfinite set § C *X

is said to be an (&, r)-hyperfinite representation of *X if the following three conditions hold:

1. For each s € §, there exists a B(s) € *%[X] with diameter no greater than € containing s such that

B(s1) N B(s2) = 0 for any two different 51,5, € S.
2. For any x € NS(*X), *d(x,*X \ U,esB(s)) > r.

3. There exists ap € X and some infinite ry such that

NS(*X) c | B(s) = U(ao, r0) (2.4.1)

seS
where U (ag,ro) = {x € *X : *d(x,a0) < ro}.

If X is compact, then JgB(s) = *X. In this case, the second parameter of an (&,r)-hyperfinite

representation is redundant. Thus, we have €-hyperfinite representation for compact space X.

Definition 2.4.4. Let .7 denote the topology of X and .# denote the collection of compact sets of X. A

*open set is an element of *.7 and a *compact set is an element of * 7",

By the transfer principle, a set A is a *compact set if for every *open cover of A there is a hyperfinite
subcover. By the Heine-Borel condition, the closure of every open ball is a compact subset of X. By the

transfer principle, we know that U (ag, rp) in Definition 2.4.3 is *compact.

Example 2.4.5. Consider the real line R with standard metric. Fix Nj,N; € *N\N. Let € = Nil and let

r = 2N,. It then follows that

11
,0,—,...,2N,} (2.4.2)

1
S— {2y, —2Ny 4 — ... ——
A AR A

is a (&, r)-hyperfinite representation of *R.

To see this, we need to check the three conditions in Definition 2.4.3. For s = 2N, let B(s) = {2N,}.
For other s € S, let B(s) = [s,s+ Ni]) Clearly {B(s) : s € S} is a mutually disjoint collection of *Borel sets
with diameter no greater than N% Moreover, it is easy to see that J,cgB(s) = [-2N2,2N2] D NS(*R).
For every element y € *R\ [-2N2,2N,], we have *d(y,0) > 2N,. Then the distance between y and any
near-standard element is greater than N,. Finally, by the transfer principle, we know that (J,cgB(s) =

[—2N2,2N,] is a *compact set.
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Theorem 2.4.6. Let X be a G-compact complete metric space satisfying the Heine-Borel condition.
Then for every positive infinitesimal € and every positive infinite r there exists a (&,r)-hyperfinite repre-

sentation S} of *X.

Proof. Let us start by assuming X is non-compact. Since X satisfies the Heine-Borel condition, X must
be unbounded. Fix an infinitesimal & € *R™ and an infinite (. Pick any standard xy € X and consider

the open ball
U(xo,2r0) = {x € "X : *d(x,x0) < 2ro}. (2.4.3)

As X is unbounded, U (xg,2rp) is a proper subset of *X. Moreover, as X satisfies the Heine-Borel
condition, U (xg,2ro) is a *compact proper subset of *X. The following sentence is true for X:

(Vroe e RT)(AN € N)(3 € P(AB[X]))(« has cardinality N and .« is a collection of mutually
disjoint sets with diameters no greater than € and <7 covers U (xo,r))

By the transfer principle, we have:

(IK € *N)(3oZ € *Z(A[X]))(« has internal cardinality K and </ is a collection of mutually dis-
joint sets with diameters no greater than & and .7 covers U (xo,2r9))

Let o7 = {U; :i < K}. Without loss of generality, we can assume that U; is a subset of U (x,2r)
for all i < K. Tt follows that J;<x U; = U(xo,2ro) which implies that NS(*X) C U;<x U;. For any
x € NS(*X) and any y € *X \ U(x¢,2r9), we have *d(x,y) > ro. By the axiom of choice, we can pick
one element s; € U; fori < K. Let Sgg = {s;: i < K} and it is easy to check that this Sgg satisfies all the
conditions in Definition 2.4.3.

It is easy to see that an essentially same but much simpler proof would work when X is compact. [J

For an (&, r)-hyperfinite representation S7, it is possible for S%, to contain every element of X.

Lemma 2.4.7. Suppose our nonstandard model is more saturated than the cardinality of X, then we can

construct S, so that X C Si.

Proof. Let o7 = {U; :i < K} be the same object as in Theorem 2.4.6 and let S, = {s; : i < K} be a
hyperfinite representation constructed from 7. Let a={S: S is a hyperfinite subset of *X with internal

cardinality K}. Note that a is itself an internal set. Pick x € X and let ¢,(S) be the formula

(Sea)AN((VseS)BWUW e H)(seU))N(x€S). (2.4.4)
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Consider the family .7 = {¢,(S)|x € X }, we now show that this family is finitely satisfiable. Fix finitely
many elements xj,....x; from X, we define a function f from S to *X as follows: For each i <N, if
{x1,..x,} NU; = 0 then f(s;) = s;. If the intersection is nonempty, then {xi,...x;} NC; = {x} for some
x € {x1,...x¢}. In this case, we let f(s;) = x. By the internal definition principle, such f is an internal
function and f(S}) is the realization of the formula ¢y, (S) N---N @y, (S). By saturation, there would be

a Sy € a satisfies all the formulas in .# simultaneously. This Sy is the desired set. O

Let (X,%[X],P) be a Borel probability space satisfying the conditions of Theorem 2.4.6 and let
S be an (&,r)-hyperfinite representation of *X. We now show that we can define an internal measure
on (S,.7(S)) such that the resulting internal probability space is a good representation of (X, Z[X]|, P).
Similar theorems have been given assuming that X is merely Hausdorff [2]. Here we assume X is a 6-
compact complete metric space satisfying Heine-Borel conditions and as a consequence we will obtain
tighter control on the representation of (X, #[X],P).

Before we introduce the main theorem of this section, we first quote the following useful lemma by

Anderson.

Lemma 2.4.8 ([3, Thm 4.1]). Ler (X, Z[X], 1) be a 6-compact Borel probability space. Then st is

measure preserving from (*X,*B[X],* i) to (X, B|X], ). That is, we have u(E) = *u (st~ (E)) for all
E € BX)].

Proof. Let E € #[X], € € RT and choose K compact, U open with K C E C U and p(U) — p(K) < €.
Note that *K C st™!(K) Cst™!(E) C st }(U) C *U, and *u(*U) — *fi(*K) < €. By Theorem 2.3.9, we

have st™!(E) € *%[X]. Since ¢ is arbitrary, we have u(E) = *u (st~ (E)). O
The following two lemmas are crucial in the proof of the main theorem of this section.

Lemma 2.4.9. Consider any (&,r)-hyperfinite representation S of *X. Let F denote | J{B(s) : s €
st"'(E)NS}. Then for any E € B[X), we have st (E) =F

Proof. First we show that F C st™!(E). Let x € F then x must lie in B(so) for some 5o € st™!(E)NS.
Since so € st~ !(E), there exists a y € E such that sy € u(y). As B(so) has infinitesimal radius, B(sg) C
w(y). Hence x € B(so) C u(y) C st™!(E). Hence, F C st~ (E).

Now we show the reverse direction. Let x € st™!(E) . Since U,esB(s) D NS(*X), x € B(sp) for
some so € S. As x € st~ (E), there exists a y € E such that x € p(y). This shows that sy € st~ (E)NS

which implies that x € F, completing the proof. O
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Before proving the next lemma, recall that .Z’(.</) denote the collection of universally Loeb mea-

surable sets of the internal algebra .7

Lemma 2.4.10. Let X be a 6-compact metric space satisfying the Heine-Borel condition equipped with
Borel c-algebra B[X|. Let S be a (&,r)-hyperfinite representation of *X for some positive infinitesimal

€. Then for any E € B[X] we have
st™'(E) € L(*B[X]) and st ' (E)NS € Z(4(9)). (2.4.5)

Proof. By Theorem 2.3.9, st '(E) € {ANNS(*X) : A € Z(*#[X])}. As X is o-compact, by Lem-
ma 2.3.5, we have NS(*X) € .Z(*%[X]) hence st (E) € £(*#[X]). Let P be any internal probability
measure on (S,.#(S)) Let P’ be an internal probability measure on (*X,*%[X]) with P'(B) = P(BNS).

As S is internal and st~ (E) is universally Loeb measurable, we know that st™! (E)NS € *%[X ]P where
*%’[X]P denotes the Loeb o-algebra of *#[X] under P'. Fix any € > 0. We can then find A;,A, € *A[X]
such that A; C st !(E)NS C A, and P'(A, \ A;) < €. We thus have

P'(A,\A}) = P((A,\A;))NS) =P((A,NS)\ (A;NS)) <&. (2.4.6)

Asboth A;,A, € *%[X], we know that A;NS,A, NS € .7 (S). Moreover, we have A;NS C st (E)NS C
A,NS. Hence, by the construction of Loeb measure, st ™! (E) NS is Loeb measurable with respect to P.

As P is arbitrary, we know that st™! (E) NS € Z(.7(9)). O
We are now at the place to prove the main theorem of this section.

Theorem 2.4.11. Let (X, B|[X],P) be a Borel probability space where X is a G-compact complete metric
space satisfying the Heine-Borel condition, and let (*X,*%[X],*P) be its nonstandard extension. Then
for every positive infinitesimal €,every positive infinite r and every (€,r)-hyperfinite representation S of

*X there exists an internal probability measure P' on (S, 7 (S))
1. P'({s})~*P(B(s)).
2. P(E) = P/(st {(E)NS) for every E € B[X].
where P’ denotes the Loeb measure of P'.
Proof. Fix an infinitesimal € € *R* and an positive infinite number r. Let S be a (&, r)-hyperfinite

“P(B(s))

representation of *X and consider the hyperfinite measurable space (S,.#(S)). Let P'({s}) = FULBG)
NS .
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for every s € S. It follows that P’ is internal because the map s — P’({s}) is internal. For any A € .#(S),
let P'(A) = Y oca P'({s}). Since Y ;cs *P(B(s)) = *P(U,cs B(s)) by the hyperfinite additivity of *P, it is

easy to see that P’ is an internal probability measure on (S, .7 (S)).

As U;esB(s) DNS(*X), by Lemma 2.4.8, we know that *P({J,cgB(s)) =~ 1. Hence we have P'({s}) ~
“P(B(s))-

It remains to show that P(E) = P'(st™'(E) N S) for every E € %[X]. As X is a 6-compact Borel
probability space, by Lemma 2.4.8 and Lemma 2.4.10, we have P(E) = *P(st~!(E)). By Lemma 2.4.9,

we then have
“P(st™(E)) ="P(\J{B(s) : s e st '(E)NS}). (2.4.7)

Consider any set A, D st™'(E)NS,A, € .#(S), then A, is an internal subset of S hence is hyperfinite.
This means that {J,c 4, B(s) is a hyperfinite union of *Borel sets hence is *Borel. Because st (E) NS C

A,, we have

*P({B(s) :s e st {(E)nS}) <*P(|J B(s)) =st(*P( | B(s))). (2.4.8)

SEA, SEA,

As UsesB(s) D NS(*X), by Lemma 2.4.8, we have *P(l,;csB(s)) ~ 1. Thus we have

st(*P( | B(s))) = st( e BODy g )~ B, (2.49)

scA, “P(Uses B(s))
Hence, for every set A, € .#(S) such that A, D st !(E) NS, we have
*P(st ' (E)) ="P((J{B(s) :s e st (E)NS}) < PI(A,). (2.4.10)
This means that
*P(st™1(E)) <inf{P'(A,) : A, D st {(E)NS,A, € .7(5)}. (2.4.11)

By a similar argument, we have

*P(st 1 (E)) > sup{P'(A;) : A; C st L (E)NS,A; € .7(S)}. (2.4.12)
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By Lemma 2.4.10, we have st ™! (E) NS € .#(S). Thus by the construction of Loeb measure, we have

inf{P'(4,) : A, D st ' (E)NS,A, € Z(S)} (2.4.13)
= sup{P'(A;) : A; Cst 1 (E)NS,A; € .7(S)} (2.4.14)
=P/(st '(E)NS). (2.4.15)
Hence P(E) =*P(st" ! (E)) = P'(st ' (E) N S) finishing the proof. O

From the above proof, we see that

*P(st ! (E)) = inf{P'(A,) : A, D st (E)NS,A, € .7(5)} (2.4.16)
= inf{st(m) A, Dst (E)NS,A, € 7(S)} (2.4.17)
=inf{*P( | B(s)) : A, Dst"'(E)NS,A, € #(5)}. (2.4.18)

SEA,

Similarly we have:

*P(st ' (E)) = sup{*P(| ] B(s)) : A; C st (E)NS,A; € 7(S)} (2.4.19)
SEA;
Note that if X is compact, then *P({J,cgB(s)) = *P(*X) = 1. Hence P'({s}) = *P(B(s)) in Theo-
rem 2.4.11. We no longer need to normalize the probability space when X is compact.

We conclude this section by giving an explicit application of Theorem 2.4.11 to Example 2.2.5.

Example 2.4.12. Let u be the Lebesgue measure on the unit interval [0, 1] restricted to the Borel o-

N—1

algebra on [0, 1]. Let N be an infinite element in *N and let Q = {%, %7 ..., %5, 1}. Let u’ be an internal

probability measure on (Q,.7(Q)) such that ' ({w}) = + for every @ € Q.

Theorem 2.4.13. For every Borel measurable set A, we have
H(A) = (st 1 (A)NQ). (2.4.20)

Proof. Clearly Q is a (;)-hyperfinite representation of *[0,1]. For every ® € Q, we have B(®) =
(0 — %, 0] for ® # & and B(5) = [0,1]. It is easy to see that {B(®) : ® € Q} covers *[0,1] and
W ({o}) = *u(B(w)) for every @ € Q. Thus, by Theorem 2.4.11, we have u(A) = u/(st™'(A)NQ),
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completing the proof.

34



Chapter 3

Hyperfinite Representation of Standard

Markov Processes

A Hyperfinite set is an infinite set with the same first-order logic properties as finite sets. A Hyperfinite
stochastic process is a stochastic process with hyperfinite state space and time line. Thus, a hyperfi-
nite stochastic process is a “continuous” stochastic process with the same first-order logic properties as
discrete stochastic processes. There is a rich literature on studying hyperfinite stochastic process. In
[1], Robert Anderson constructed a standard Brownian motion from a hyperfinite random walk, and the
It6 stochastic integral from a hyperfinite sum. In [23], Jerome Keisler construct solutions of stochastic
integral equations from solutions of hyperfinite difference equations. In this chapter, we extend Ander-
son’s construction of the standard Brownian motion to all Markov processes satisfying certain regularity
conditions. In particular, we will construct a hyperfinite Markov process for every standard Markov pro-
cess such that their transition probability differ only by some infinitesimal. Unlike the construction in
[23], our construction of hyperfinite Markov processes only depend on the transition probabilities of the
original Markov processes.

In Section 3.1, we define hyperfinite Markov processes and investigate many of its properties. A

hyperfinite Markov process is characterized by the following four ingredients:
e a hyperfinite state space S.
e an initial distribution {V;};cs consisting of non-negative hyperreals summing to 1.
e a hyperfinite time line 7 = {0, §¢,...,K} for some infinitesimal 6¢ and some infinite K € *R.

e transition probabilities {p;;}; jes consisting of non-negative hyperreals with Y. ;c¢p;; = 1 for all
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i€s.

In other words, hyperfinite Markov processes behave very much like discrete-time Markov processes
with finite state spaces. The Markov chain ergodic theorem for discrete-time Markov processes with
finite state spaces can be proved using the “coupling” technique. Namely, for finite Markov processes,
we can show that two i.i.d Markov processes starting at different points will eventually “couple” at the
same point under moderate conditions. Similarly, for hyperfinite Markov processes, we can show that
two i.i.d copies starting at different points will eventually get infinitesimally close. This infinitesimal
coupling technique is illustrated in Lemma 3.1.8. In Theorems 3.1.19 and 3.1.26, we establish the

ergodic theorem for hyperfinite Markov processes.

In Section 3.2, we construct hyperfinite representations for discrete-time Markov processes. Given
a discrete-time Markov process {X; };cn, we construct a hyperfinite Markov process {X/ };c7 such that
the internal transition probabilities of {X/};cr deviate from the transition probabilities of {X; },>¢ only
by some infinitesimal. The hyperfinite Markov process {X/},cr is defined on some hyperfinite represen-
tation S of X. Note that the time line 7' of {X] };cr in this case is {1,2,...,K} for some infinite K € *N.
At each step, an infinitesimal difference between the internal transition probabilities of {X; };cr and the
transition probabilities of {X;} is generated. As there are only countably many steps, the internal transi-
tion probabilities provide a reasonably well approximation for the transition probabilities of of {X; } cn.

‘We illustrate such result in Theorem 3.2.16.

In Section 3.3, we apply similar ideas developed in Section 3.2 to continuous-time Markov processes
with general state spaces. However, the construction of hyperfinite representation for a continuous-time
Markov process {X;};>0 is much more complicated compared with the construction in Section 3.2.
When the time-line is continuous, the hyperfinite time-line 7 for the hyperfinite representation {X/},cr
is {0,61,268¢,...,K} where 8¢ is some infinitesimal and K is some infinite number. As it takes hyper-
finitely many infinitesimal steps to reach a non-infinitesimal time point, we need to make sure that the
difference between the transition probabilities {X; },>¢ and the internal transition probabilities {X/},cr
generated in every step is so small such that the accumulated difference will remain infinitesimal. We
establish this by using the internal induction principle (see Theorem 3.3.16). Unlike the construction
of {X/},er in Section 3.2, the construction of {X/},c7 in Section 3.3 involves picking the underlying
hyperfinite state space S carefully. Finally, we establish the connection between {X; },>0 and {X/ };cr in

Theorem 3.3.39.
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3.1 General Hyperfinite Markov Processes

In this section, we introduce the concept of general hyperfinite Markov processes. Intuitively, hyperfinite
Markov processes behaves like finite Markov processes but can be used to represent standard continuous

time Markov processes under certain conditions.

Definition 3.1.1. A general hyperfinite Markov chain is characterized by the following four ingredients:
1. A hyperfinite state space S C *X where X is a metric space satisfying the Heine-Borel condition.
2. A hyperfinite time line 7 = {0, 8t,...., K} where 8t = 5; for some N € *N\Nand K € "N\ N.
3. Aset{v;:ie S} whereeachv; >0and },cgv; = 1.
4. A set {pi;}i jes consisting of non-negative hyperreals with Y ;e p;; = 1 foreachi € §

Thus the state space S naturally inherits the *metric of *X. An element s € § is near-standard if it is
near-standard in *X. The near-standard part of S, NS(S), is defined to be NS(S) = NS(*X) N S.

Note that the time line 7 contains all the standard rational numbers but contains no standard irra-
tional number. However, for every standard irrational number r there exists ¢, € T such that ¢, = r.

Intuitively, the {p;;}; jes refers to the internal probability of going from i to j at time o¢.

The following theorem shows the existence of hyperfinite Markov Processes.

Theorem 3.1.2. Given a non-empty hyperfinite state space S, a hyperfinite time line T = {0, 8t,....,K},
{vities and {pij}i jes as in Definition 3.1.1. Then there exists internal probability triple (€, o/, P) with

an internal stochastic process {X; },cr defined on (Q, o7, P) such that
P(X() =10, X5 = I5s,--- Xy = lt) = ViyPigis, ---Pi,_g,ir (3.1.1)

forallt € T and iy, ....i; € S.

Note that v;, pijis, ---Pi, i, 1S a product of hyperfinitely many hyperreal numbers. It is well-defined

by the transfer principle.

Proof. Let Q={® € ST : @ is internal} which is the set of internal functions from 7 to S. As both S and
T are hyperfinite, Q is hyperfinite. Let ./ be the set consisting of all internal subsets of Q. We now

define the internal measure P on (Q,.o7). For every @ € Q, let
P(®) = Viyg Piooyion " Piot—siom (3.1.2)
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For every A € o7, let P(A) = Y pca P(@). Let X;(®) = w(z). It is easy to check that (Q,.<7,P) and

{X: }ser satisfy the conditions of this theorem. O

We use (©,.27,P) to denote the Loeb extension of the internal probability triple (Q,.27, P) in Theo-
rem 3.1.2. The construction of hyperfinite Markov processes is similar to the construction of finite state
space discrete time Markov processes. Unlike the construction of general Markov processes, we do not
need to use the Kolmogorov extension theorem.

We introduce the following definition.

Definition 3.1.3. For any i, j € S and any ¢ € T, we define:

p'=Y P(lo}X =i (3.1.3)
weH

where #Z/ ={w e Q:w(0)=iNo(t)=j}.

(61)
ij

()

It is easy to see that p;;* = p;;. For generalt € T, Pij

)
ij

is the sum of pjig, pis,irs, - Pi, 5, Over all

ingy
possible ig;,irs;,---,i;_5, in S. Intuitively, p.. is the internal probability of the chain reaches state j at
time # provided that the chain started at i. For any set A € .#(S), any i € S and any ¢ € T, the internal
transition probability from x to A at time ¢ is denoted by pl@ (A) or p®(i,A). In both cases, they are

defined to be ). jca pl(;).

We are now at the place to show that the hyperfinite Markov chain is time-homogeneous.

(1)

Lemma 3.14. For any t,k € T and any i,j € S, we have P(Xy4; = j|Xx = i) = p;; provided that

P(X,=i)>0.

Proof. 1t is sufficient to show that P(X;,s, = j|Xi = i) = pij since the general case follows from a

similar calculation.

P(Xii50 = J, Xk = 1)

P(X = jlX,=i) = 3.1.4
( k+68t J| k l) P(Xk:i) 3 )
_ 25071‘5”..,;',(,5, VigPigis; " * Piy_s,iDij (3.1.5)
Zi07i§t7---vik—5r Vi Pigis; *** Pix_si
= pij. (3.1.6)
Hence we have the desired result. O

We write P(X; € A) for P(X, € A|Xp = i). It is easy to see that pl(t) (A) = P(X, € A). Note that
(t) (t)

. (.) is an internal probability measure on (S,.7(S)). We use p;’ to

foreveryi€ Sandeveryt €T, p
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denote the Loeb extension of this internal probability measure. For every A € .#(S), it is easy to see
that p” (A) = P;(X; € A).

We are now at the place to define some basic concepts for Hyperfinite Markov processes.

Definition 3.1.5. Let 7 be an internal probability measure on (S,.#(S)). We call © a weakly sta-

tionary if there exists an infinite #o € T such that for any 7 < 7y and any A € .#(S) we have w(A) ~

Liest({i)p" (i,A).

The definition of weakly stationary distribution is similar to the definition of stationary distribution
for discrete time finite Markov processes. However, we only require m(A) ~ ¥,;csm({i})p")(i,A) for
t no greater than some infinite #y for weakly stationary distributions. We use 7 to denote the Loeb

extension of 7.

Definition 3.1.6. A hyperfinite Markov chain is said to be strong regular if for any A € .#(S), any

i, j € NS(S) and any non-infinitesimal 7 € T we have
(i~ j) = (B(X, €A) = P,(X, € A)). (3.1.7)

One might wonder whether P;(X; € A) = Pj(X; € A) for infinitesimal r € T. This is generally not

true.

Example 3.1.7. Let the time line 7 = {0, 6¢,26¢,...,K} for some infinitesimal 8¢ and some infinite K.

_ -k K : St)(: : _ 1
Let the state space S = {ﬁv'"7_‘/5t>0’\/5t7"~7ﬁ}' For any i € S, we have p(%)(i,i+/81) = >
and p;i—V 8t = % This is Anderson’s construction of Brownian motion which motivates the study
of infinitesimal stochastic processes (see [1]). It can also be viewed as a hyperfinite Markov process.

As the normal distributions with different means converge in total variation distance, the hyperfinite

Brownian motion is strong Feller. However, we have p(9)(0,/81) = 1 and p®)(/8t,4/81) = 0.

For a general state space Markov processes, the transition probability to a specific point is usually
0. For hyperfinite Markov process, under some conditions, we can get infinitesimally close to a specific

point with probability 1.

Lemma 3.1.8. Consider a hyperfinite Markov chain on a state space S and two states i,j € S, let
1 _
{U} :n € N} be the collection of balls with radius % around j. Suppose ¥n € N, we have P;({® : (3t €
1 _
NS(T))(X,(®) € U}')}) = 1. Then for any infinite so € T, we have P;({o : 3t < soX,(®) ~ j}) = 1.
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Proof. Pick any infinite so € T and from the hypothesis we know that Vn € N, P,({@ : (3t < s0)(X; €

1

i 1
Uunp)>1—,.

1
Consider the set B= {n € "N: K({w: (3t <s0)(X, €U} )}) > 1 - 1}, by the internal definition
principle, B is an internal set and contains N. By overspill, B contains an infinite number in *N and we
L —

denote it by ng. Thus we have P;({o: (3t < s0)(X; € U;*)}) > 1 % Hence P;({w: (31 < s0)(X; €

1

1 1
U;°)})=1. Theset {®: (3t <s0)(X; ~ j)} is a superset of {® : (It < 50)(X; € U;)}. Since the Loeb

measure is complete we know that P;({® : (Jt < s50)(X; =~ j)}) = 1. O

In the study of standard Markov processes, it is sometimes useful to consider the product of two i.i.d

Markov processes. The similar idea can be applied to hyperfinite Markov processes.

Definition 3.1.9. Let {X; },cr be a hyperfinite Markov chain with internal transition probability {p;;}i jes.
Let {Y; };cr be ai.i.d copy of {X;}. Then product chain Z, is defined on the state space S x S with tran-

sition probability
{Q(i,j),(k,Z) = Pikpjz}i,j,k,les- (3.1.8)

Similarly g; ) (k) refers to the internal probability of going from point (i, j) to point (k,[). The

following lemma is an immediate consequence of this definition.

Lemma 3.1.10. Let {X;}ier, {Y:hier and {Z,},cr be the same as in Definition 3.1.9. Then for any

te€T,anyi,j€ Sandany A,B € 7 (S) we have qEZ?j) (AxB)= pl@ (A)py) (B).

Proof. We prove this lemma by internal induction on 7'.

Fix any i, j € S and any A,B € .#(S). We have

p% (A)Pg-&) (B) (3.1.9)
= Y 2™ a)) <o (o)) (3.1.10)
(a,b)eAXB
(81)
= Z Q(,'J)({(a?b)}) (3.1.11)
(a,p)eAXB
1)
ZCIE,-,}))(AxB)- (3.1.12)

Hence we have shown the base case.
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Suppose we know that the lemma is true for t = k. We now prove the lemma for k + dz. Fix any

i,j€Sandany A,B € .7(S). We have

PO (a) x pi o () (3.1.13)

=Y o UshHp ) x ¥ 0 (sl (B) (3.1.14)
sES s'eS

= Y e s e ()l 8) (3.1.15)
(s,5)€SXS

By induction hypothesis, this equals to:

1 k k+6
Y a5l axB) =gl (A xB). (3.1.16)
(s,8")ESXS
As all the parameters are internal, by internal induction principle we have shown the result. O

Definition 3.1.11. Consider a hyperfinite Markov chain {X;};cr and two near-standard i,j € S. A

near-standard (x,y) € S x S is called a near-standard absorbing point with respect to i, j if F(i, H(3Fe
1 1

NS(T))(Z, € Uy xUy')) =1 for all n € N where P’ denotes the internal probability measure of the

11
product chain {Z; };cr and Uy, Uy" denote the open ball centered at x,y with radius %,respectively.

It is a natural to ask when a hyperfinite Markov chain has a near-standard absorbing point. We start

by introducing the following definitions.

Definition 3.1.12. For any A € .#(S), the stopping time 7(A) with respect to a hyperfinite Markov chain
{X; }1er is defined tobe T(A) =min{r € T : X, € A}.

Definition 3.1.13. A hyperfinite Markov chain {X; },cr is productively near-standard open set irre-
ducible if for any i, j € NS(S) and any near-standard open ball B with non-infinitesimal radius we have
P'(; y(T(B X B) < o0) > 0 where P’ denotes the internal probability measure of the product chain {Z },c7

as in Definition 3.1.9.

Recall that the state space of {X; },cr is a hyperfinite set S C *X where X is a metric space satisfying
the Heine-Borel condition. Let d denote the metric on X. A near-standard open ball of S is an internal
set taking the form {s € §: *d(s,s0) < r} for some near-standard point sy € S and some near-standard

re*R.

Theorem 3.1.14. Let {X, },cr be a hyperfinite Markov chain with weakly stationary distribution T such

that T(NS(S)) = 1. Suppose m x T is a weakly stationary distribution for the product Markov process
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{Z }ier- If {X; }ier is productively near-standard open set irreducible then for m X &t almost all (i, j) €

S X S there exists an near-standard absorbing point (ig,io) for (i, j) as in Definition 3.1.11.

Before we prove this theorem, we first establish the following technical lemma. Although this
lemma takes place in the non-standard universe, the proof of this lemma is similar to the proof of a

standard result in [38].

Lemma 3.1.15 ([38, Lemma. 20]). Consider a general hyperfinite Markov chain on a state space S,
having a weakly stationary distribution 7(.) such that T(NS(S)) = 1. Suppose that for some internal

A C S, we have Py(T(A) < ) > 0 for T almost all x € S. Then for T-almost-all x € S, P,(T(A) <o) = 1.

Proof. Suppose to the contrary that the conclusion does not hold. That means 7T (x € S : P, (T(A) < ) <
1)>0.

Claim 3.1.16. There exist | € N, § € R" and internal set B C S with T(B) > 0 such that P,(t(A) =
comax{k €T : Xy € B} <l)> 6 forallx €B.

Proof. As T(x € S: P(T(A) = o0) > 0) > 0, This implies that there exist § € R* and B; € % with
7(B1) > 0 such that P,(7(A) < o) < 1—§; for all x € B; where .# denote the Loeb extension of the
internal algebra .# (S) with respect to . By the construction of Loeb measure, we can assume that B|
is internal. On the other hand, as P,(T(A) < =) > 0 for T almost surely x € S, by countable additivity,
we can find [p € N and &, € R" and internal B, C Bj(again by the construction of Loeb measure)
with 7T(B,) > 0 such that Vx € By, P.((Ft <lgAt € T)(X, €A)) > 8. Letn =|[{k e NU{0}: (Fr €
T Nlk,k+1))(Xy € B2)}|. Then for any r € N and x € S, we have P,(T(A) = o, > r(lp+1)) <
Py (t(A) =00l > r(lp+1)) < (1—6,)". In particular, Py(T(A) = o0, 1) = o0) = 0.

Hence for x € B, we have

P(T(A) =oc0,1 < o) (3.1.17)
= 1—P,(t(A) = 00,0 = 00) — P,(T(A) < ) (3.1.18)
21*0*(1*51):61. (3.1.19)

By countable additivity again there exist [ € N, § € R" and B C B, (again pick B to be internal) with
7(B) > 0 such that Py(T(A) =eo,max{r € T : X, € By} < 1) > § for all x € B. Finally as B C B, we

have

max{r €T :X, € B} >max{r €T :X, € B} (3.1.20)
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establishing the claim. O

Claim 3.1.17. Let B,1,6 be as in Claim 3.1.16. Let K' be the biggest hyperinteger such that K'l < K

where K is the last element in T. Let
s=max{k € *N: (1 <k<K')A(Xy €B)} (3.1.21)
and s = 0 if the set is empty. Then for all 1 <r < j € Nwe have

Y n({x})Pi(s =r.X; € A) Z st(n(B)§). (3.1.22
xeS
Proof. Pick any j € N. we have

Y a({x)P(s=rXj ¢ A) =) m({x}) ) P(Xu =y)P(s =0,X(;_ £ A) (3.1.23)

xes xes yEB

Note that 7(A) = o implies X(;_,; ¢ A and max{k € T : X; € B} <l implies that s =0. Asr,l € N

and 7 is a weakly stationary distribution, we have

Y 2({x}) Y P(X = y)Pi(s = 0,X(j_ € A) (3.1.24)
xes yeB
>Y n({x) Y P(Xy =y (3.1.25)
xeS y€EB
~ n(B)$. (3.1.26)
By the definition of standard part, it is easy to see that this claim holds. O

Now we are at the position to prove the theorem. For all j € N, by Claim 3.1.16, we have

ggﬂ {x}) (X € A7) (3.1.27)

= xesﬂ({x})Px(Xﬂ ZA) (3.1.28)
> . T wlhPls = €4 6.129
= ist(ﬂ(3)5)- (3.1.30)

As w(B) > 0, so we can pick j € N such that j > W. This gives that m(A“) > 1 which is a
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contradiction, proving the result. O

We are now at the place to prove Theorem 3.1.14.

proof of Theorem 3.1.14. Pick any near-standard iy € S. Recall that Uii denote the open ball around iy
with radius 1. It is clear that Uié X Uiﬁ € J(S) x Z(S). By Definition 3.1.13, we have ﬁ(i,j)(T(U:’i X
Uii’) < oo) >0 forall n € Nand X 7 almost all (i, j) € S x S. As 7w X 7 is a weakly stationary distri-
bution, by Lemma 3.1.15, we have F(i,j)(T(Uj(% X Uié) < o) =1 for 7’ almost surely (i, j) € S x S and
every n € N. By Definition 3.1.11, we know that (i, o) is a near-standard absorbing point for 7’ almost

all (i, j) € S x S. O

Note that this proof shows that every near-standard point (i, j) is a near-standard absorbing point for
T X m almost all (x,y) € S x S.

In the statement of Theorem 3.1.14, we require 7 X 7 to be a weakly stationary distribution of the
product hyperfinite Markov chain {Z, },c7. Recall that 7 is an infinite element in 7 such that w(A) ~
Yiest({iH)p\")(A) forall A € 7 (S) and all £ < 1.

Lemma3.1.18. Let ' = n x 7. ForanyA,B € .7 (S) and anyt <to, we have &' (AX B) = ¥.(; jjesxs T " (A X

@.)90.5)
(z.).) (A x B) denotes the t-step transition probability from (i, j) to the set A X B.

B) where q;

Proof. Pick A,B € .#(S) and t < fy. Then, by Definition 3.1.5 and Lemma 3.1.10, we have

Y 7{)})al);A4xB) (3.1.31)
(i,j)eSxS
= Y a({ihrihe a)p) B) (3.1.32)
(i,j)eSxS
= @n({inpﬁ” <A>><_an<{j}>p§” (B)) (3.133)
~ n(A)x(B) (3.1.34)
=m(AXB). (3.1.35)
]

However, we do not know whether 7/ would always be a weakly stationary distribution since

F(S) x Z(S) is a bigger o-algebra than .#(S) x .#(S). This gives rise to the following open ques-

tions.



Open Problem 2. Does there exists a T’ that fails to be a weakly stationary distribution of the product

hyperfinite Markov process {Z; };cr?
More generally, we ask the following question:

Open Problem 3. Let Py, P, be two internal probability measures on (Q, <7 ). Suppose Pi(A) = Py(A)
forall A€ . Is it true that (Py X Py)(B) =~ (P, x P;)(B) forall B€ o/ X </ ?

We are now at the place to prove the hyperfinite Markov chain ergodic theorem.

Theorem 3.1.19. Consider a strongly regular hyperfinite Markov chain having a weakly stationary
distribution © such that T(NS(S)) = 1. Suppose for T X &t almost surely (i, j) € S x S there exists a
near-standard absorbing point (ig,io) for (i, j). Then there exists an infinite ty € T such that for T-

almost every x € S, any internal set A, any infinite t < to we have P,(X; € A) = w(A).

Proof. Let {X, },;er be such a hyperfinite Markov chain with internal transition probability { pg.) i jeser-
Let {Y, };cr be ai.i.d copy of {X, };cr and let {Z; },;cr denote the product hyperfinite Markov chain. We
use P’ and P’ to denote the internal probability and Loeb probability of {Z };cr. Let #'({(i,/)}) =
2({iD) ().

By the assumption of the theorem, we know that for 7/ almost surely (i, j) € S x S there exists a
near-standard absorbing point (i, ip) for (i,j). As T(NS(S)) = 1, both i, j can be taken to be near-
standard points. Pick an infinite 7y € T such that 7(A) = Y,;csw({i})P,(X; € A) for all t < ¢y and all
internal sets A C S. Now fix some internal set A and some infinite time #; < fy. Let M denote the
set {: 3t <t — 1,X,(w) ~ Y;(®) =~ ip}. By Definition 3.1.11, we know that for 7/ almost surely

(i,j) € S x S and any n € N we have
_ TR
Pl (3t eNS(T))(2, € Uz xU)) = 1. (3.1.36)

By Lemma 3.1.8, we know that for ' almost surely (i, /) € S x S we have P'(; ;(M) = 1. Thus by

strongly regularity of the chain, we know that for 7 almost surely (i, j) € S x S:

Pi(X,, €A) = P;(X, €A)| (3.1.37)
=P ;)X €A) =P (Y, €A) (3.1.38)
=P (X, € A)NME) =P’ (Y, € A)NME)| (3.1.39)
<Pl (M) =0 (3.1.40)
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To see Eq. (3.1.39), note that [P'; ;,((X;, € A)NM)—P'; ;,((Y;, € A)NM)| = 0 since {X; }er is strong
regular. Hence we know that for 7’ almost surely (i, j) € S x S we have |P(X;, € A) — P;(X,, € A)| ~

Let the set F = {(i, j) € Sx S: |P(X,, € A) — Pj(X;, € A)| ~ 0}. We know that 7/(F) = 1. For each
i€S, define F;={jeS:(i,j) € F}.

Claim 3.1.20. For T almost surely i € S, T(F;) = 1.
Proof. Note that 7’ = 7 x 7 and is defined on all .# (S x §). Fix some n € N. Let
F'={(i,j) e SxS:|P(X, €A)—Pj(X;, €A)| < } (3.1.41)

Foreachie€ S, let F' = {j € S:(i,j) € F"}. Note that both F” and F" are internal sets. Moreover, as
F" O F, we know that F(F ") = 1. We will show that, for 7 almost surely i € S, F/" has T measure 1.
Let E" ={ie S:(3j € S)((i,j) € F")}. By the internal definition principle, E” is an internal set. We
first show that T(E") = 1. Suppose not, then there exist a positive € € R such that st(7(E")) < 1 —¢.

As F" C E" x S, we have
T (F")=n(E")xn(S)<1—¢ (3.1.42)

Contradicting the fact that 7/ (F") = 1.

Now suppose that there exists a set with positive 77 measure such that T(F") < 1 for every i from this
set. By countable additivity and the fact that T(E") = 1, there exist positive €1, & € R and an internal set
D" C E" such that T(D") = € and w(F") < 1 — & for all i € D". As each F is internal, the collection

{F/":i € D"} is internal. Then the set A = | J;cp.{i} x F" is internal. Thus we have

T (F") </ (F"UA) =T (F"\ A) +7'(A). (3.1.43)
Note that
T(F"\A) <T((E"\D") xS) < ((S\D") xS) < 1—¢ (3.1.44)
'(A) = st st( Y, a({iHr(F") <st( Y 7({i})(1 —&)) =& (1 —&). (3.1.45)
ieDn ieDn

In conclusion, 7/(F") = &/(F"\A) + 7'(A) < (1 —¢&) +& (1 — &) < 1. A contradiction. Hence, for

every n € N, there exists a B, with T(B,,) = 1 such that T(F") = 1 for every i € B,. Without loss of
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generality, we can assume {B, },cy is a decreasing sequence of sets. Thus, we have 7T((,cnyBn) = 1.

For every i € (e Bn, We know that T((\,cn F') = 1. As (,en F/* = F;, we have the desired result. []

Thus we have

[P(Xy € A) = m(A)| ~ | ) n({j})(R(X,, €A)—Pi(X,, €A)) (3.1.46)
Jjes
<Y m({j})IP(X; €A)—Pi(X, €A)|. (3.1.47)
Jjes

Recall that F; = {j € S : |Fi(X;, € A) — Pj(X;, € A)| = 0}. By the previous claim, for 7 almost all i
we have 7T(F;) = 1. Pick some arbitrary positive € € R™, we can find an internal F; C F; such that

n(F/) > 1 —&. Now for 7 almost all / we have

Y. 2({jNIBX, € A)—P;(X, €4)] (3.148)

Jj€ES

= Y ©(UNIRX, €A)=Pi(X, € A)l+ Y n({iNIRX, €A)—P;(X, €A4)| (3.1.49)
JES\F/ JEF

The first part of the last equation is less than € and the second part is infinitesimal. Thus we have
Yies®({j})|P (X, € A) —P;(X,, € A)| S &. As ¢ is arbitrary, we know that ¥ ;cs ({/j})|P(X;, € A) —
P;(X;, € A)| is infinitesimal. Hence we know that for 77 almost all i € S we have |P;(X;, € A) —m(A)| = 0.

As t; is arbitrary, we have the desired result. O

An immediate consequence of this theorem is the following result.

Corollary 3.1.21. Consider a strongly regular hyperfinite Markov chain having a weakly stationary
distribution © such that T(NS(S)) = 1. Suppose {X, }icr is productively near-standard open set irre-
ducible and T X 7 is a weakly stationary distribution of the product hyperfinite Markov chain {Z; },cr.
Then there exists an infinite tg € T such that for T-almost every x € S, any internal set A, any infinite

t <ty we have Pi(X; € A) = t(A).
Proof. The proof follows immediately from Theorems 3.1.14 and 3.1.19. O

It follows immediately from the construction of Loeb measure that for any internal A C S, we have

P.(X; € A) = w(A) for any infinite ¢ < 7). We can extend this result to all universally Loeb measurable

sets.
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Lemma 3.1.22. Let Z(.7(S)) denote the collection of all universally Loeb measurable sets (see Defi-
nition 2.3.8). Under the same assumptions of Theorem 3.1.19. For every B € £ (.7 (S)), every infinite

t <ty we have P(X, € B) = Tt(B) for T-almost every x € S.
Proof. The proof follows directly from the construction of Loeb measures. O

As X is a metric space satisfying the Heine-Borel condition, we always have st~ (E) € .Z(.#(S))
for every E € Z[X].
We now show that we can actually obtain a stronger type of convergence than in Theorem 3.1.19

and Corollary 3.1.21.

Definition 3.1.23. Given two hyperfinite probability spaces (S,.-#(S),P;) and (S,.7(S),P,), the total

variation distance is defined to be

” P](.) —Pz(.) ||: sup |P1 (A)—PQ(A)|. (3.].50)
AeJ(S)
Lemma 3.1.24. We have
PG —P() = sup [YPA{NSG) =Y P{i})fG)- (3.1.51)
f:8=*[0,1] ies =

The sup is taken over all internal functions.

Proof. | YiesPL(i)f(i) — Lies Pri) £ ()] = | Lies £(i)(Py(i) — Pa(i))|. This is maximized at £(i) = 1 for
Py > P, and f(i) = 0 for P; < P, (or vice versa). Note that such f is an internal function. Thus we have
|Ties F()(PL(i) — Pa(0))] < |P1(A) — Po(A)]| for A = {i € S Pi(i) > Pa(i)} (or {i € S: Pi(i) < Pa(i)).
This establishes the desired result. O

Consider the general hyperfinite Markov chain, for any fixed x € S and any ¢ € T it is natural to
consider the total variation distance || p)(f) (.)=m(.) ||. Just as standard Markov chains, we can show that

the total variation distance is non-increasing.

Lemma 3.1.25. Consider a general hyperfinite Markov chain with weakly stationary distribution T.

Then for any x € S and any ty,t, € T such thatt,+1t, € T, we have || pj(fl)(.)—n(.) IZ]] p)(f‘HZ)(.)—n(.) I

Proof. Pickt1,t, € T suchthatt, +1, € T and any internal set A C S. Then we have [p{" ™ (4) — (A)| ~

| X es p)(ct;) p§,[ 2)(14) — Yyes ﬂ(y)l?yz)(A)L Let f(y) = §t2)(A). By the internal definition principle, we
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know that pyZ) (A) is an internal function. By the previous lemma we know that

P @) —z@)] 5l p O - a() ] - (3.1.52)
Since this is true for all internal A, we have shown the lemma. O

We conclude this section by introducing the following theorem which gives a stronger convergence

result compared with Theorem 3.1.19 and Corollary 3.1.21.

Theorem 3.1.26. Under the same hypotheses in Theorem 3.1.19. For T almost every s € NS(S), the
sequence {suppe (g (s)) |Ps(X; € B) —T(B)| : 1 € NS(T)} converges t0 0.

Proof. We need to show that for any positive € € R there exists a 7; € NS(T') such that for every ¢ > 1,

we have

sup |Ps(X;, € B)—7(B)| < €. (3.1.53)
Be.Z(7(5))
Pick any real € > 0, by Theorem 3.1.19, we know that for any infinite 7 <z, we have || p‘g) ()—m() <5
By underspill, there exist a r; € NS(7') such that || pg')(.) —n(.) ||< 5. Fix any t, > t;. Then by
Lemma 3.1.25 we have || p§’2>(.) —n(.) |[< €. Now fix any internal set A C S. By the definition of total
variation distance, we have |Ps(X;, € A) — w(A)| < €. This implies that [Ps(X,, € A) —(A)| < € for all
A € J(S). For external B € .Z(.7(S)), we have

Py(X,, € B) = sup{Ps(X;, € A;) : Ai C B,A; € J(5)} (3.1.54)
7(B) = sup{T(4;) : A; C B,A; € 7(S)} (3.1.55)
hence we have yﬁﬁ’” (B) —7(B)| < e forall Be £ (.#(S)). Thus we have the desired result. O

Asst™(E) € Z(F(S)) for all E € B[X], we have

lim{ sup [P"(st™'(E)) —7(st"\(E))|: 1 € NS(T)} = 0. (3.1.56)
t—eo ECHB[X]

Note that the statement of Theorem 3.1.26 is very similar to the statement of the standard Markov chain
ergodic theorem. We will use this theorem in later sections to establish the standard Markov chain

ergodic theorem.

49



3.2 Hyperfinite Representation for Discrete-time Markov Processes

As one can see from Section 3.1, hyperfinite Markov processes behave like discrete-time finite state
space Markov processes in many ways. Discrete-time finite state space Markov processes are well-
understood and easy to work with. This makes hyperfinite Markov processes easy to work with. Thus it
is desirable to construct a hyperfinite Markov process for every standard Markov process. In this section,
we illustrate this idea by constructing a hyperfinite Markov process for every discrete-time general state
space Markov process. Such hyperfinite Markov process is called a hyperfinite representation of the
standard Markov process. For continuous-time general state space Markov processes, such construction
will be done in the next section.

We start by establishing some basic properties of general Markov processes. Note that we establish
these properties for general state space continuous time Markov processes. It is easy to see that these

properties also hold for discrete-time general state space Markov processes.

3.2.1 General properties of the transition probability

Consider a Markov chain {X;},>0 on (X, %[X]) where X is a metric space satisfying the Heine-Borel
condition. Note that X is then a o-compact complete metric space. We shall denote the transition

probability of {X;},>0 by
(P(A):xeX,t eRT A € B[X]}. (3.2.1)

Once again Px(’) (A) refers to the probability of going from x to set A at time 7. For each fixed x € X,r >
0, we know that Px(t)(.) is a probability measure on (X, %[X]). It is sometimes desirable to treat the
transition probability as a function of three variables. Namely, we define a function g : X x R™ x Z[X] —
[0,1] by g(x,1,A) = pY (A). We will use these to notations of transition probability interchangeably.

The nonstandard extension of g is then a function from *X x *R* x *2[X] to *[0, 1].

Lemma 3.2.1. For any given x € *X, any t € *R™, *g(x,t,.) is an internal finitely-additive probability
measure on (*X,* B[X]).

Proof. : Clearly *X is internal and *%[X] is an internal algebra. The following sentence is clearly true:
(VxeX)(Vt €R)(g(x,1,0) =0Ng(x,t,X) = IN((VA,B € B[X])(g(x,t,AUB) = g(x,1,A) +g(x,t,B) —
g(x,1,ANB)))).
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By the transfer principle and the definition of internal probability space, we have the desired result.

O]

Recall that for every fixed A € Z[X] and any ¢ > 0, we require that P (A) is a measurable function

from X to [0, 1]. This gives rise to the following lemma.

Lemma 3.2.2. For each fixed A € *2|[X| and time point t € *R", *g(x,t,A) is a *-Borel measurable

Sfunction from *X to *[0,1].

Proof. We know that VA € ZB[X] Vi € R* VB € A[[0,1]] {x: g(x,1,A) € B} € #[X]. By the transfer

principle, we get the desired result. 0

For every x € *X and t € *R™, we use @ff) (.) or *g(x,t,.) to denote the Loeb measure with respect
to the internal probability measure *g(x,z,.).
We now investigate some properties of the internal function *g. We first introduce the following

definition.

Definition 3.2.3. For any A,B € %[X], any k;,k; € R and any x € X, let flaka) (A,B) be P(Xy, 14, €
B|X;, € A) when ph )( A) > 0 and let kal h2) (A,B) = 1 otherwise.

Intuitively, ka' ) (A,B) denotes the probability that {X;},~ reaches set B at time k; + k» con-
ditioned on the chain reaching set A at time k; had the chain started at x. For every x € X, ev-
ery ki,ko € RT and every A € [X] it is easy to see that ka] 2) (A,.) is a probability measure on

(X,%[X]) provided that P(k‘)(A) > 0. For those A such that P 1)(A) > 0, by the definition of con-

(Xkl +ky EB/\Xk] GA)
R(kl)(A)

X xRt xR x B[X] x B|X] to [0,1]. By the transfer principle, we know that * f is an internal function

from *X x *R* x *R* x *2[X] x *2[X] to *[0,1]. Moreover, * f¥1*2)(A, ) is an internal probability

ditional probability, we know that ka"kz (A,B) =

. We can view f as a function from

measure on (*X,*%[X]) provided that *g(x,k;,A) > 0.

We first establish the following standard result of the functions g and f.

Lemma 3.2.4. Consider any ki, k; € R™, any x € X and any two sets A, B € B|[X] such that g(x,k;,A) >
0. If there exists an € > 0 such that for any two points x1,x2 € A we have |g(x1,k2,B) — g(x2,k2,B)| < &,

then for any point y € A we have |g(y,kz,B) — kal ) (A,B)| <e.
Proof. Since g(x,k;,A) > 0, we have

Px(Xk1+k2 GB,Xkl EA) _ ng(s,kz,B)g(x,k],ds)
Px(Xkl GA) g(X,k],A)

fjgkl’kz)(A,B) _
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For any y € A, we have

|g(y,k2,B) *fx(kl,kZ) (A,B)| — fA |g(yak27B) —g(s,kz,B)\g(x,kl dS) ' (3.2.3)

g(x7k17A)

As |g(x1,ka,B) — g(x2,k2,B)| < € for any x1,x; € A, we have

fA ’g(yvk%B) _g<s7k273)‘g(x7k1 .dS) < S‘g(kahA) _
g(x.k1,A) ~ g(xki,A)

3.24)

O]

Intuitively, this lemma means that if the probability of going from any two different points from A
to B are similar then it does not matter much which point in A do we start.

Transferring Lemma 3.2.4, we obtain the following lemma

Lemma 3.2.5. Consider any ky,k, € *R*, any x € *X and any two internal sets A,B € *%B[X] such
that g(x,ky,A) > 0. If there exists a positive € € *R such that for any two points xj,x, € A we have

I*g(x1,k2,B) — *g(x2,k2,B)| < €, then for any point y € A we have |*g(y,k2,B) — *fj(ck“kz)(A,B)] <e.

In particular, if [*g(x1,k2,B) — *g(x2,k2,B)| =~ 0 for all x;,x in some A then we have |*g(y,k2,B) —
* f)(ck1 ’kZ)(A,B)| ~ 0 for all y € A. It is easy to see that Lemmas 3.2.4 and 3.2.5 hold for discrete-time
Markov processes. We simply restrict to k1, k> in N or *N, respectively. When k; = 1 and the context is

clear, we write f)ng)(A,B) instead of f,E"l ’kZ)(A,B).

3.2.2 Hyperfinite Representation for Discrete-time Markov Processes

In this section, we consider a discrete-time general state space Markov process {X; };cny with a metric
state space X satisfying the Heine-Borel condition. Let {P,(.) }xcx denote the one-step transition prob-
ability of {X; };cn. The probability P,(A) refers to the probability of going from x to A in one step. For
general n-step transition probability P (A), we view it as a function g : X x N x Z[X] — [0,1] in a
same way as in last section. The nonstandard extension *g is an internal function from *X x *N x *Z[X]|

to *[0, 1]. We start by making the following assumption on {X; }en:.

Condition DSF. A discrete-time Markov process {X; };cn is called strong Feller if for every x € X and

every € > 0 there exists & > 0 such that

(Vo € X)(jx1 —x| < 8 = ((VA € B[X))|P,, (A) — Pi(A)| < €)). (3.2.5)
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We quote the following lemma regarding total variation distance. This lemma is the “standard

counterpart” of Lemma 3.1.24.

Lemma 3.2.6 ([38]). Let vi, Vv, be two different probability measures on some space (X,.%) and let
|| Vi = V2 || denote the total variation distance between Vi, V. Then || Vi — V2 ||=sups.x o 17| [ fdVi —

[ fdva| where f is measurable.

An immediate consequence of Lemma 3.2.6 is the following result which can be viewed as a

discrete-time counterpart of Lemma 3.1.25.

Lemma 3.2.7. Consider the discrete-time Markov process {X, };cn with state space X. For every € > 0,

every x1,xp € X and every positive k € N we have
(vA e ZIX])(IPY(A) - PP (A) <e)) = ((vAe BX)(PL(A)-PE V@A) <e). (326)

Proof. : Pick any arbitrary € > 0, any x1,x, € X and any k € N. We have

sup {|1PXV () — P4y (3.2.7)
AcABX]
= s {| [ R@AP@n) - [ Rard@) (3.28)
AcBX] JyeX yex
< PPO-PPY) |I<e. (3.2.9)
Thus we have proved the result. O

By the transfer principle and (DSF), we have the following result.

Lemma 3.2.8. Suppose {X;}ien satisfies (DSF). Let x; = x, € NS(*X). Then for every positive k € N
and every A € *B[X| we have *g(x1,k,A) =~ *g(x2,k,A).

Proof. Fix x1,x; € NS(*X). We first prove the result for k = 1. Let xo = st(x;) = st(x2) and let € be any

positive real number. By (DSF) and the transfer principle, we know that there exists § € R™ such that

(Vx € *X)(Jx—xo| < 8 = ((VA € *BX])|"g(x,1,A) — *g(x0,1,4)| < €)) (3.2.10)

As x; = xy = xo and € is arbitrary, we know that *g(x;,1,A) =~ *g(xo,1,A) =~ *g(x2,1,A) for all A €
*BX].
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We now prove the lemma for all kK € N. Again fix some € € R". We know that
(VA € "BIX])(|"g(x1,1,A) —"g(x2, 1,LA)| < €). (3.2.11)
By the transfer of Lemma 3.2.7, we know that for every k € N we have
(VA € *"B[X])(|"g(x1,k,A) — "g(x2,k,A)| < €). (3.2.12)

As € is arbitrary, we have the desired result. O

We are now at the place to construct a hyperfinite Markov process {X/},cn which represents our
standard Markov process {X; };cn. Our first task is to specify the state space of {X/},en. Pick any
positive infinitesimal § and any positive infinite number . Our state space S for {X/},cn is simply a

(8, r)-hyperfinite representation of *X. The following properties of S will be used later.

1. For each s € S, there exists a B(s) € *%[X| with diameter no greater than § containing s such that

B(s1) NB(s2) = 0 for any two different 51,5, € S.
2. NS(*X) C Uses B(s).

For every x € *X, we know that *g(x, 1,.) is an internal probability measure on (*X,*2%[X]). When

X is non-compact, | ;.5 B(s) # *X. We can truncate *g to an internal probability measure on (JcgB(s).

Definition 3.2.9. Fori € {0,1}, let g'(x,i,A) : Uses B(s) X *2[X] — *[0,1] be given by:

g (x,i,A) ="g(x,i,AN UB(S)) + 0c(A) g(x,i,"X \ UB(S)) (3.2.13)

seS seS

where 8,(A) = 1 if x € A and 8,(A) = 0 if otherwise.

Intuitively, this means that if our *Markov chain is trying to reach *X \ U;csB(s) then we would
force it to stay at where it is. For any x € (J,cgB(s) and any A € *2[X], it is easy to see that g’(x,0,A) =
1 if x € A and equals to 0 otherwise. Clearly, g'(x,0,.) is an internal probability measure for every

PAS USESB(S)'

We first show that g’ is a valid internal probability measure.

Lemma 3.2.10. Let B[ J;esB(s)] = {ANUsesB(s) : A € *ZB[X]}. Then for any x € s B(s), the triple

(Uses B(8), B|Uses B(5)],8' (x,1,.)) is an internal probability space.
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Proof. Fix x € U,cgB(s). We only need to show that g’(x, 1,.) is an internal probability measure on
(Uses B(s), Z[Uses B(s)))-

By definition, it is clear that g’(x,1,0) = 0 and g'(x, 1,,cgB(s)) = 1. Consider two disjoint A,B €
Bl Uses B(s)], we have:

g (x,1,AUB) (3.2.14)
="g(x,1,AUB) + 8,(AUB)*g(x,1,*X \ | J B(s)) (3.2.15)
seS
="g(x,1,A) + 8 (A)*g(x,1,"X \ | J B(s)) +"g(x,1,B) + 8:(B)*g(x,1,"X \ | J B(s)) (3.2.16)
seS seS
=8 (x,1,A)+¢'(x,1,B). (3.2.17)
Thus we have the desired result. ]

In fact, for x € NS(*X) = st~!(X), the probability of escaping to infinity is always infinitesimal.

Lemma 3.2.11. Suppose {X,},cn satisfies (DSF). Then for any x € NS(*X) and any t € N, we have
Tglx st (X)) = 1.

Proof. Pick ax € NS(*X) and some 7 € N. Let xo = st(x). By Lemma 3.2.8, we know that *g(x,,A) ~
*g(xo0,t,A) for every A € *%[X]. Thus we have *g(x,t,st™ (X)) = *g(x0,¢,5t "1 (X)) = 1, completing
the proof. O

We now define the hyperfinite Markov chain {X/ };cry on (S,.#(S)) from {X; };cn by specifying its
“one-step” transition probability. For i, j € S let Gg-)) =¢'(i,0,B(j)) and G;; = g'(i,1,B(})). Intuitively,
G refers to the probability of going from i to j in one step. For any internal set A C S and any i € S,
Gi(A) =¥ jeca Gij. Then {X},cn is the hyperfinite Markov chain on (S, .# (S)) with “one-step” transition
probability {G;;}i jes. We first verify that G;(.) is an internal probability measure on (S,.#(S)) for every

ies.
Lemma 3.2.12. Foreveryi € S, G;(.) and GEO)(.) are internal probability measure on (S,.7(S)).

Proof. Clearly GEO) (A)=1ifi€ A and G§0) (A) = 0 otherwise. Thus GEO)(.) is an internal probability

measure on (S,.7).
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Now consider G;(.). By definition, it is clear that

Gi(0)=¢'(i,1,0) =0 (3.2.18)
Gi(S)=g'(i,1,|B(s)) = "g(i,1,| B(s)) + &(|J B(5))"g(i,1,"X \ | J B(s)) = 1. (3.2.19)
seS ses seS seS

For hyperfinite additivity, it is sufficient to note that for any two internal sets A,B C S and any i € § we
have GI(A UB) :ZjeAuBGij:Gi<A)+Gi(B)~ ]

We use Gl@(.) to denote the 7-step transition probability of {X;};cn. Note that GEI)(.) is purely
(1)

determined from the “one-step” transition matrix {G;;}; jes. We now show that G;’(.) is an internal

probability measure on (S,.7(S)).
Lemma 3.2.13. Foranyic S and anyt € N, Gl@(.) is an internal probability measure on (S,.7(S)).

Proof. We will prove this by internal induction on ¢.
For ¢ equals to 0 or 1, we already have the results by Lemma 3.2.12.

Suppose the result is true for = 5. We now show that it is true for t =79+ 1. Fix any i € S. For
all A € 7 (S) we have G\ (4) = ¥ ;.5 G;;G\*)(A). Thus we have G\°""(0) = ¥,sG;;G'" (@) = 0.
(fo+1)

Similarly we have G;” " (S) = ¥jes GijGE-ZO) (S) = 1. Pick any two disjoint sets A,B € .#(S). We have:

G (AUB) = Y GG (4) + G (B)) = GV (4) + GV (B). (3.2.20)
jes

Hence GZ(ZOH) (.) is an internal probability measure on (S,.#(S)). Thus by internal induction, we have

the desired result. O

The following lemma establishes the link between *transition probability and the internal transition

probability of {X/},cn.

Theorem 3.2.14. Suppose {X;}:en satisfies (DSF). Then for any n € N, any x € NS(S) and any A €
“BIX], "g(nUsearns B(s)) = G (ANS).

Proof. We prove the theorem by induction on n € N.
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Let n=1. Fix any x € NS(*X) N S and any A € *Z[X|. We have

Gy(ANS) (3.2.21)

=g'(x,1, |J B(s)) (3.2.22)
SEANS

="g(x, 1, |J BGs)+8( U B(s))elx, 1,"X\ | JB(s)) (3.2.23)
SEANS sEANS seS

~*g(x,1, | J B(s)) (3.2.24)
SEANS

where the last ~ follows from Lemma 3.2.11.

We now prove the general case. Fix any x € NS(*X) N S and any A € *Z[X]|. Assume the theorem

is true for t = k and we will show the result holds for r = k+ 1. We have

glxk+1, |J B(s)) (3.2.25)
s'€ANS

= () *g(x,1,B(s) ), |J B(s (3.2.26)
ses seAﬂS

+g(0, 1, X\ [ JBE) AP X\ UBGs), | B(s)) (3.2.27)

seS seS s'eANS

~ ) *g(x,1,B(s)) ), | B(s (3.2.28)

s€S seAmS

where the last ~ follows from Lemma 3.2.11.

By Lemmas 3.2.5 and 3.2.8, we have * £ (B(s), Uycans B(s')) = *g(s,k, Uycans B(s')). Thus we

have

Y fg(x,1,B(s) ), | B(s)) =Y *g(x,1,B(s))"g(s,k, | B(s)). (3.2.29)

ses s'€eANS SES s'€eANS

It remains to show that Y cs*g(x,1,B(s))*g(s,k, Uycars B(s')) = G,(Ckﬂ)(AﬂS). Fix any positive
€ € R. By Lemma 3.2.11, we can pick an internal set M C NS(S) such that *g(x, 1, Uscp B(s)) > 1 — €.

‘We then have

Y “e(x,1,B(s))*s(s,k, |J B(s)) (3.2.30)

seS s'€ANS

=Y “g(x,1,B(s))g(s.k, | BG))+ Y "g(x,1,B(s)"g(s,k, |J B(s (3.2.31)
seEM s'€ANS seS\M s'€eANS
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By induction hypothesis, we have *g(s,k,Uycans B(s)) =~ G (ANS) for all s € M. By Lemma 2.1.20

we have

Y “g(x,1,B(s))'g(s,k, |J B(s) = Y *g(x,1,B(s))G (ANS). (3.2.32)

seM s'€ANS seEM

As all B(s) are mutually disjoint, x lies in at most one element of the collection {B(s) : s € M'}. Suppose

x € B(so) for some sop € M. Then we have

1Y *e(x1,B()GP(ANS) = Y ¢ (x,1,B(s)GM (ANS)] (3.2.33)

seEM seEM

= ("g(x.1,B(s0)) — &'(x,1,B(5)))GY (AN S)] (3.2.34)

= "g(x,1,"X \ | B(s))G¥ (AN S$)| ~ 0 (3.2.35)
seS

where the last ~ follows from Lemma 3.2.11. Thus, by Eq. (3.2.32), we have

Y “g(x,1,B(s))"s(s.k, |J Bls (3.2.36)

seM s'EANS

~ ) d(x 1,B(s))G (ANS) (3.2.37)
seEM

=Y G:({s})G M ANS). (3.2.38)
seM

As *g(x,1,Usepr B(s)) > 1 — €, we know that

Y *g(x,1,B(s))"s(s,k, |J B(s . (3.2.39)

seES\M s'EANS
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On the other hand, we have

Y, G({shHGP@ans) (3.2.40)
seS\M
= Y ¢(x1,B(5)GP(ANS) (3.2.41)
seS\M
Y &(x,1,B(s)) (3.2.42)
seS\M
gx 1, | B(s)+7g(x1,"X\ [ JB(s)) (3.2.43)
seS\M ses
~g(x,1, |J B(s) <e (3.2.44)
seS\M

where the second last ~ follows from Lemma 3.2.11.
Thus the difference between

Yoem “8(x, 1,B(s ))* (5,6, Uyeans B(S) + Esesiar “8(x, 1, B(5))"8(5,k, Uyeans B(s)) and Eepr Go({sH)GY (AN
S) + Yses\m G ({s}) (A NS) is less or approximately to €. Hence we have

Fetek+1, | B(s)) -G ANs) Se (3.2.45)
s'EANS

As our choice of € is arbitrary, we have *g(x,k + 1,Uycans B(s")) = Gty (ANS), completing the proof.
O

The following lemma is a slight generalization of [3, Thm 4.1].

Lemma 3.2.15. Suppose {X, },cn satisfies (DSF). Then for any Borel set E, any x € NS(*X) and any
n € N, we have *g(x,n,*E) ~ *g(x,n,st ' (E)).

Proof. Fix x € NS(*X) and n € N. Let xo = st(x). Fix any positive € € R, as g(xo,n,.) is a Radon
measure, we can find K compact, U open with K C E C U such that g(xp,n,U) — g(xo,n,K) < 5.
By the transfer principle, we know that *g(xo,n,*U) — *g(xo,n,*K) < €/2. By (DSF) we know that
*g(x0,n,*U) ~*g(x,n,*U) and *g(xp,n,*K) ~ *g(x,n,*K). Hence we know that *g(x,n,*U) —*g(x,n,*K) <
€. Note that *K C st !(K) C st™!(E) C st (U) C *U. Both *g(x,n,*E) and *g(x,n,st”!(E)) lie be-
tween *g(x,n,*U) and *g(x,n,*K). So |*g(x,n,*E) —*g(x,n,st"'(E))| < e. This is true for any £ and
hence *g(x,n,*E) ~ *g(x,n,st ' (E)). O

We are now at the place to establish the link between the transition probability of {X; };c and the

59



internal transition probability of {X/},cn.

Theorem 3.2.16. Suppose {X;}:cn satisfies (DSF). Then for any s € NS(S), any n € N and any E €
Bx), P (E) =G (st 1 (E)NS).

st(s) s

Proof. Fix any s € NS(S), any n € N and any Borel set E. By Lemma 3.2.15, we have Ps(tn(l) (E) =

*g(st(s),n,*E) =~ *g(s,n,*E) ~ *g(s,n,st ' (E)). By Eq. (2.4.19), we have

#g(s,n, st (E)) = sup{*g(s,n, | B(s)) : A; Cst"(E)NS,A; € 7(5)}. (3.2.46)

SEA;

By Theorem 3.2.14, we have *g(s,n,Usca. B(s)) = G (A;). Thus we have

o(s,n,st™1(E)) = sup{G" (A;) : A C st U (E)NS, A € ()} =G (st (E)NS).  (3.2.47)
Hence we have the desired result. ]

Thus the transition probability of {X; },cn agrees with the Loeb probability of {X/};cn via standard

part map.

3.3 Hyperfinite Representation for Continuous-time Markov Processes

In Section 3.2.2, for every standard discrete-time Markov process, we construct a hyperfinite Markov
process that represents it. In this section, we extend the results developed in Section 3.2 to continuous-
time Markov processes. Let {X;},>o be a continuous-time Markov process on a metric state space X

satisfying the Heine-Borel condition. The transition probability of {X; },>0 is given by
(PV(A):xeX,t R A€ BX]}. (3.3.1)

When we view the transition probability as a function of three variables, we again use g(x,#,A) to denote
the transition probability Px(t) (A). We have already established some general properties regarding the

transition probability g(x,7,A) in Section 3.2.1. We recall some important definitions are results here.

Definition 3.3.1. For any A,B € #[X], any ki,k, € R and any x € X, let f)gkl ’kZ)(A,B) be Py(Xk, 4k, €
B|Xy, € A) when Px(kl)(A) > 0 and let fx(k] ’kZ)(A,B) = 1 otherwise.
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Again, f can be viewed as a function of five variables. Let {A,, : n € N} be a partition of X consisting

of Borel sets and let k1,k, € R*. For any x € X and any A € %[X], we have

g(x ki +kp,A) = Y gl ki, An) £ (A,,4). (3.3.2)

neN

Intuitively, this means that the Markov chain first go to one of the A,’s at time k; and then go from that
A, to A in time k.
As in Section 3.2.1, we are interested in the relation between the nonstandard extensions of g and f.

Recall Lemma 3.2.5 from Section 3.2.1.

Lemma 3.3.2. Consider any ki,k, € *R*, any x € *X and any two sets A, B € *2[X] such that g(x,k;,A) >
0. If there exists a positive € € *R such that for any two points x1,x; € A we have |*g(x,kz,B) —

*g(x2,ky,B)| < €, then for any point'y € A we have |*g(y,k,,B) — *f)((kl’k”(A,B)] <e.

Let the hyperfinite time line 7 = {6t,...,K} as in Section 3.1. When k; = 0t and the context is
clear, we write f{*?) (A, B) instead of flak) (A,B).

In Section 3.2.2, we constructed a hyperfinite Markov chain {X/ };cn which represents our standard
Markov chain {X; };,cn. The idea was that the difference between the transition probability of {X; },en
and the internal transition probability {X/},cn generated from each step is infinitesimal. Since the time-
line was discrete, this implies that the transition probability of {X;};cn and {X/};cn agree with each
other. However, for continuous-time Markov process, we need to make sure that if we add up the errors
up to any near-standard time fo the sum is still infinitesimal. Thus, instead of taking any hyperfinite
representation of *X to be our state space we need to carefully choose our state space for our hyperfinite

Markov process.

3.3.1 Construction of Hyperfinite State Space

In this section, we will carefully pick a hyperfinite set S C *X to be the hyperfinite state space for
our hyperfinite Markov chain. The set S will be a (&, r)-hyperfinite representation of *X for some
infinitesimal &) and some positive infinite r. Intuitively, &y measures the closeness between the points in
S and r measures the portion of *X to be covered by S. We first pick & such that soé ~Qforallt eT.
This & will be fixed for the remainder of this section. We first choose r according to this &. We start

by making the following assumption:

Condition VD. The Markov chain {X; },> is said to vanish in distance if for all # > 0 and all compact

K C X we have:
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1. (Ve>0)(Ir>0)(Vx€K)(VA € BX])(d(x,A) >r = g(x,t,A) < g).
2. (Ve>0)(Ir>0)(vxeX)(dx,K)>r = g(x,1,K) <e).
An alternative but stronger assumption is

Condition SVD. For all t > 0 we have

(Ve > 0)(3r > 0)(Vx € X)(VA € BIX]))(d(x,A) > r = g(x,1,A) <&). (3.3.3)

It is easy to see that (SVD) implies (VD).
Example 3.3.3. The Ornstein-Uhlenbeck is a continuous time stochastic process {X; },;>o satisfies the
stochastic differential equation:

dX, = 6(u — X, )dt + odW,. (3.3.4)

where 8 > 0, g > 0 and o > 0 are parameters and W; denote the Wiener process. The Ornstein-
Uhlenbeck process is a stationary Gauss-Markov process. Note that the Ornstein-Uhlenbeck process

satisfies (VD) but not (SVD).

An open ball centered at some xo € *X with radius r is simply the set

{xe*™ X :"d(x,x0) <r} (3.3.5)

We usually use U (xp, r) to denote such set.

Theorem 3.3.4. Suppose (VD) holds. For every positive € € *R, there exists an open ball U(a,r)

centered at some standard point a with radius r such that:
1. *g(x,6t,*X\Ul(a,r)) < € for all x € NS(*X).
2. *g(y,t,A) < € forally € *X\U(a,r), all near-standard A € *B[X| and allt € T.
where U(a,r) ={x € *X : *d(x,a) < r}.
Proof. : Fix a positive € € *R. Let X = J,cy K, . For every n € N, by the transfer of condition 1 of

(VD), there exists r € *R™ such that the following formula y;, (r) holds:

(Vx € *K,) (VA € "B[X])("d(x,A) > r = "g(x,01,A) < g). (3.3.6)
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It is easy to see that {y,(r) : n € N} is a family of finitely satisfiable internal formulas. By the saturation

principle, there is a rg; such that

(Vx € U “Ky) (VA € *B[X])(*d(x,A) > r5; = “g(x,0t,A) < €). (3.3.7)

neN

Claim 3.3.5. For every n € N, the formula ¢,(r)
(Vx e X)("d(x,"K,) >r = (Vt € T)("g(x,1,"K,) < €))). (3.3.8)
is satisfiable.

Proof. Fix some n € N. For every t € T, by the transfer of condition 2 of (VD), there exists r € *R™"

such that the following formula holds:
(Vxe*X)(*d(x,"K,) >r = "g(x,1,"K;,) < €). (3.3.9)
Define h: T — *R™ by
h(t) = min{r € "R" : (Vx € *X)(*d(x,"K,) > r = *g(x,1,”K;) < &)} (3.3.10)

By the internal definition principle, 4 is an internal function thus i(7T') is a hyperfinite set. Let r, =

max{r:r € h(T)}. Then r, witnesses the satisfiability of the formula ¢, (r). O

For any k € N, it is easy to see that max{r,, : i < k} witnesses the satisfiability of {¢,,(r) : i <k}.
Hence the family {¢,(r) : n € N} is finitely satisfiable. By the saturation principle, there exists a r’

satisfies all ¢, (r) simultaneously. This means
(Vx € *X)(Vn e N)(*d(x,"K,) > ¥ = ((Vt € T)(*g(x,1,"K,) < €))). (3.3.11)

Consider any near-standard internal set A.

Claim 3.3.6. There exists n € N such that A C *K,,.

Proof. Suppose not. Then .#, = {a € A:a ¢ *K,} is non-empty for every n € N. It is easy to see

that any finite intersection of these is non-empty. By saturation, we know that (,cn.#, # 0. Hence
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there exists @ € A such that a & |J,,cn *K,,. By Theorem 2.1.28, we know that |, *K,, = NS(*X). This

contradicts with the fact that A is near-standard. O

Thus, we know that for every x € *X and every near-standard A € *Z[X| we have
(VvneN)(*d(x,"K,) > 1)) = ((Vt € T)("g(x,1,A) < €)). (3.3.12)

Pick an infinite 7 € *R>o. Let a be any standard element in X and let r = 2max{rg;,r’, 7w}
We claim that U(a,r) satisfies the two conditions of this lemma. By the choice of r, we know that

*d(x,*X \U(a,r)) > rg, for all x € Uyery *Kn- AS Upen *Kn = NS(*X), by Eq. (3.3.7), we have
(Vx € NS(X)) (“g(x, 81, "X \ U(a,r) < ). (3.3.13)

Fix any y € *X \ U(a, r) and any near-standard A € *2[X]. By the choice of r, we know that *d(y, *K,,) >
¥’ for all n € N. Thus, by Eq. (3.3.12) we have *g(y,7,A) < € forall t € T. As our choices of y and A are

arbitrary, we have the desired result. O

For the particular & fixed above, we can find a standard ay € *X and some positive infinite r; € *R
such that the open ball U(ag,r|) satisfies the conditions in Theorem 3.3.4. We fix ao and r; for the

remainder of this section.

Lemma 3.3.7. Suppose (VD) holds. There exists a positive infinite ro > 2r, such that
(Vy € U(ao,2r1))("g(y, 61,"X \ U (a0, 1)) < &)- (3.3.14)

Proof. By the transfer of the Heine-Borel condition, U(ag,2r;) is a *compact set. Then the proof
follows easily from the transfer of condition 1 of (VD). Note that we can always pick rg to be bigger

than 2ry. OJ

We will see how do we use Lemma 3.3.7 in Theorem 3.3.16. We now fix r( for the remainder of

this section. An immediate consequence of Theorem 3.3.4 and Lemma 3.3.7 is:

Lemma 3.3.8. Suppose (VD) holds. For any x € X, any t € T, any near-standard internal set A C *X
we have * {1 (*X \ U(ao,2ro),A) < 2&.

Proof. Fix a x € *X, a near-standard internal set A and some ¢t € T. By Theorem 3.3.4, we know

that (Vy € *X \ U(ao,2r0))(*g(y,t,A) < &). This means that for any y;,y, € *X \ U(ao,2ry) we have
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I*g(y1,t,A) —*g(y2,1,A)| < &. By Lemma 3.2.5, we know that for any y € *X \ U (ag,2ry) we have

*g(y,1,A) —* £ ("X \ Ulag,2r0),A)| < & (3.3.15)
which then implies that * 7" (*X \ U(aq, 2ro),A) < 2. O

Thus, our hyperfinite state space S is a (8p, 2rp)-hyperfinite representation of *X such that ;. B(s) =
U(ap,2ro). We now choose an appropriate & to partition U (ag,2rp) into hyperfinitely pieces. We as-
sume the following condition on the Markov chain {X; };>0. We shall use this condition to control the

diameter of each B(s) for s € S.

Condition SF. The Markov chain{X; };>¢ is said to be strong Feller if for every t > 0, every x € X and

every € > 0 there exists 6 > 0 such that
(Vx€X)(35 > 0)((Wye X)(ly—x| <8 = (VAe BX))IP"A)—PP(A)|<e).  (33.16)

Note that this 6 depends on &, ¢ and x. View the transition probability as the function g and by the
transfer principle, we have for every t € T\ {0},every € € *R™ and every x € *X there exists § € *R*

such that:
(Ve X)(ly—x[ <6 = (VA€ "ZBIX])["g(y,1,A) —"g(x,1,A)| < €)). (3.3.17)

We can then show that the total variation distance between transition probabilities for Markov pro-
cesses is non-increasing. The following lemma is a “standard counterpart” of Lemma 3.1.25. The proof

is identical to Lemma 3.2.7 hence omitted.

Lemma 3.3.9. Consider a standard Markov process with transition probability measure Px(t)(.), then

for every € € RT, every x1,x; € X, every t1,t; € R™ and every A € B[X]| we have
(IP"(A) =P (A) <& = [P (4)— PO (4)] < g). (3.3.18)

Apply the transfer principle to the above lemma and restrict out time line to 7', we know that for

every € € "R, every x1,x; € *X ,every 1,1, € T and every A € *Z[X]| we have:

(PPP@ =" PP @) <o) = (P2 @) =" PL Wl <o), (3319)
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where *P)(A) = *g(x,1,A).
(SF) ensures the uniform continuity of the transition probability g(x,z,A) with respect to x as is

shown by the following lemma.

Lemma 3.3.10. Suppose (SF) holds. There exists 8& € *R* such that for any x1,x2 € U(ag,2ry) with
|x1 — x| < 8 we have |*g(x1,t,A) —*g(x2,1,A)| < & forall A € *PB[X] and allt € T™.

Proof. By the transfer of strong Feller, for every x € U (ag,2ro) there exists &, € *R™ such that:
Wy e X)(ly—x| < 8 = (VA € "B[X])|"g(x,0t,A) —"g(y,6t,A)| < %). (3.3.20)

The internal collection . = {U (x, %) : x € U(ao,2ro) } of open balls forms an open cover of U (ag, 2ry).
By the transfer of Heine-Borel condition, we know that U(ag,2rp) is *compact hence there exists a
hyperfinite subset of the cover . that covers U (ag,2rg). Denote this hyperfinite subcover by .# =
{B(xi, %) i < N} for some N € *N. The set A = {% : 1 < N} is a hyperfinite set thus there exists a
minimum element of A. Let &) = min{% 1i<N}.

Pick any x,y € U(ao,2ro) with |x —y| < &. We have x € U(x,-,%) for some i < N. Then we
have *d(y,x;) < *d(y,x) + *d(x,x;) < ;. Thus both x,y are in U(x;,dy,). This means that (VA €
*BIX))(|*g(x,0t,A) —*g(y,0t,A)| < &). By Eq. (3.3.19), we know that (VA € *Z[X])(Vt € T|*g(x,1,A) —

*g(y,1,A)| < &), completing the proof. O

Now we have determined ag,ry and &. We now construct a (8, 2ro)-hyperfinite representation set

S with ;e B(s) = U(ao,2rp). The following lemma is an immediate consequence.

Theorem 3.3.11. Suppose (SF) holds. Let S be a (&y,2ro)-hyperfinite representation with | JscgB(s) =
Ulag,2ry). For any s € S, any x1,x, € B(s), any A € *B[X| and any t € T we have |*g(x1,t,A) —

“g(x2,1,A) < &
An immediate consequence of the above lemma is:

Lemma 3.3.12. Suppose (SF) holds. Let S be a (8y,2ro)-hyperfinite representation with | J,cgB(s) =
Ulag,2ry). For for any s € S, any y € B(s), any x € *X, any A € *%B|X] and any t € T* we have

*g(y,1,4) —*f)(B(s),A)| < &.

Proof. First recall that we use * £ (B(s),A) to denote * £%"%)(B(s),A). This lemma then follows easily

by applying Lemma 3.2.4 to Theorem 3.3.11. O
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For the remainder of this paper we shall fix our hyperfinite state space S to be a (J, 2rp)-hyperfinite

representation of *X with (J,c5B(s) = U(ao,2rp). That is:

1. UsesB(s) = U(ao,2ro).

2. {B(s) : s € S} is a mutually disjoint collection of *Borel sets with diameters no greater than &.

This S will be the state space of our hyperfinite Markov process which is a hyperfinite representation

of our standard Markov process {X; };>0.

3.3.2 Construction of Hyperfinite Markov Processes

In the last section, we have constructed the hyperfinite state space S to be a (0, 2ro)-hyperfinite repre-
sentation of *X. In this section, we will construct a hyperfinite Markov {X/};cr process on S which is
hyperfinite representation of our standard Markov process {X; };>o0.

The following definition is very similar to Definition 3.2.9.

Definition 3.3.13. Let g'(x,8¢,A) : U,egB(s) x *2[X] — *[0,1] be given by:

g'(x,81,A) ="g(x,81,AN | B(s)) + 8:(A)*g(x, 81, X \ | B(s)). (3.3.21)

seS seS

where 8,(A) = 1 if x € A and 8,(A) = 0 if otherwise.

For any i, j € S, let G.°"({;}) = &'(i, 81,B(j)) and let G*"(4) = ¥4 G ({j}) for all internal

A C S. For any internal A C S, GSO) (A) =1ifi € A and GY(A) = 0 otherwise.

The following two lemmas are identical to Lemmas 3.2.10, 3.2.12 and 3.2.13 after substituting &¢
for 1. Likewise, Gl@( .) denotes the ¢-step transition probability of {X/};c7 which is purely generated
from {G\*” () }ies.

Lemma 3.3.14. Let Z|U;esB(s)] = {ANU,esB(s) : A € *ZB[X]}. Then for any x € ;g B(s) we have
(Uses B(5), B Uses B(5)], 8 (x,6t,.)) is an internal probability space.

Lemma 3.3.15. Foranyic Sandanyt € T, we know that Gl@ (.) is an internal probability measure on

(S;7(S)).

For any i € § and any ¢ € T we shall use 6,@(.) to denote the Loeb extension of the internal proba-

bility measure G(t)(.) on (S,.7(S)).

i
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In order for the hyperfinite Markov chain {X/ },c7 to be a good representation of {X; },>¢, one of the
key properties which needs to be shown is that the internal transition probability of {X/ };cr agrees with
the transition probability of {X; },>0 up to an infinitesimal. The following technical result is a key step
towards showing this property (recall that & is a positive infinitesimal such that soé ~QOforallteT).

This result is similar to Theorem 3.2.14 but is more complicated.

Theorem 3.3.16. Suppose (VD) and (SF) hold. Then for any t € T, any x € S and any near-standard
A € *B[X], we have

g, | B(s’))—G,(f)(AﬂS)I§80+580[_5t5t. (33.22)

s'EANS

In particular, we have |*g(x,t,UycansB(s")) — G,(f)(A NS)|~O0forallt €T, all x € S and all near-
standard A € *AB|X].

Proof. We will prove the result by internal inductionon ¢ € T'.

We first prove the theorem for = 0. As x € S, it is easy to see that x € (JycsqsB(s) if and only if
x € ANS. Hence *g(x,0,Uycans B(s")) = GV (ANS)

We now show the case where r = dr. Pick any near-standard set A € *2[X]| and any x € S. By

definition, we have:

G(ANS) =g (x,61, | B(s)) (3.3.23)
s'EANS
="g(x,8t, |J B(s)+6( |J B(s))"g(x,8t,"X\ | B(s)). (3.3.24)
s'EANS s'€EANS seS

For any x € Jycsns B(s'), by Theorem 3.3.4 and the fact that | Jy g B(s') is near-standard, we have
*g(x,01,"X \ Uses B(5)) < & since *d(x,*X \ U,esB(s)) > ro. Thus we have |*g(x, 8t,UycansB(s')) —
GP(ANS)| < &.

We now prove the induction case. Assume the statement is true for some ¢ € 7. We now show that
it is true for 7 + &¢. Fix a near-standard A € *2[X| and any x € S. We know that:

"4t 481, Uyeans B(5')) = Lies "8 (x: 81, B(s))" f{ (B(5), Uyeans B(s")) +*8(x, 81,"X \Uses B(5))" 1 ("X \
Uses B(s),Uyeans B(s")).

Consider *g(x, 87,*X \ Uses B(5))*F (X \ Uses B(s), Uyeans B(s')). By Lemma 3.3.8, we have
“FOCX\ Uyes B(5), Uyeans B(s')) < 2&. Thus we conclude that:
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"g(x,t+6t, | B(s) - Y *g(x,6t,B(s)) ), U B(s))| < 2. (3.3.25)
s'€ANS ses s'€ANS

By the construction of our hyperfinite representation S and Lemma 3.3.12, we know that for any s € S

we have [*g(s,1,Uycans B(s")) = *F(B(s),Uycans B(s'))| < €. By the transfer of Lemma 2.1.20, we

have that:
1Y *g(x,81,B(s)) ). U B(s) =Y *s(x,61,B(s))g(s,t, |J B(s)| <&. (3.3.26)
s€ES s'eANS seS s'eAnS

Let us now consider formulas

Y “g(x,81,B(s) t, |J B(s))and Y ¢'(x,8t,B(s t, |J B(s (3.3.27)

sES s'€ANS sES s'€ANS

There exists an unique sp € S such that x € B(sg). This means that *g(x,d¢,B(s)) is the same as

g (x,81,B(s)) for all s £ s9. Thus we have:

1Y “g(x,80,B(s))g(s,, | B(s)— Y &'(x,61,B(s))*g(s,t, |J B(s') (3.3.28)

sES s'EANS seS s'€eANS

= |*g(x,6t,B(s0)) — &' (x,8¢,B(s0))|"g(s0,1, U B(s")). (3.3.29)
s'eANS

Recall the properties of r; constructed after Theorem 3.3.4. If *d(sg,y) > r; for all near-standard

y € NS(*X), by Theorem 3.3.4, we have *g(so,7,Uycans B(s')) < €. This implies that

[*g(s0,6t,B(s)) — & (s0, 8, B(s))|*g(s0,1, U B(s')) < &. (3.3.30)
s'eANS

If there exists some xg € NS(*X) such that *d(so,x0) < ri then so € U(ag,2r;). By the definition of g’
and Lemma 3.3.7, we know that *g(so, 67," X \ U,csB(s)) < €. As x € B(so), by Theorem 3.3.11, we

know that

I*g(x, 81, B(s0)) — & (x, 81, B(s0))| = |*g(x, ¢, "X \ | B(s))| < 2. (3.3.31)

seS
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To conclude we have:

1Y g(x,61,B(s))*g(s,t, | B(s") =Y &(x.61,B(s))*s(s.t, | B(s))| <2e. (3.3.32)

seS s'€ANS seS s'€ANS

Finally by induction hypothesis and the transfer of Lemma 2.1.20 we know that:

'Y &' (x,6t,B(s t, | B(s)) -G 4Ans) (3.3.33)
sES SEAQS
— 1Y ¢ (x,81,B(s))"g(s,1, | B(s") - ¥ &' (x,81,B(s))G)(ANS)] (3.3.34)
sES s'€ANS seS
<[*g(s,t, |J B(s D(ANS)| < &+ 58 65[ (3.3.35)
s'eANS !

Thus by Eq. (3.3.25),Eq. (3.3.26),Eq. (3.3.32) and Eq. (3.3.35) we conclude that

fg(xt+81, | B()) -G Ans)| (3.3.36)
s'€ANS
t— ot t
< g +4¢ S5¢y =€ +56—=. 3.3.37
< & +4g 5 +58 =g+ 05 € )

As all the parameters in this statement are internal, by internal induction principle, we have shown the
statement. As €5 ~ 0 for all # € T, in particular, we have |*g(x,t, Uycans B(s')) — GY (ANS)| =0 for
allz € T, all x € S and all near-standard A € *Z[X]. O

As the state space X is o-compact, by Lemma 2.3.5 and Theorem 2.3.9, we know that st™'(A) is
universally Loeb measurable for A € Z[X|. We now extend Theorem 3.3.16 to establish the relationship

between *g and G.

Theorem 3.3.17. For any x € J,csB(s) let s, denote the unique element in S such that x € B(sy). Then,
under (VD) and (SF), for any E € B[X] and any t € T, we have *g(x,t,st"(E)) = 6§i)(st_1(E) ns)

forany x € *X.

Proof. Whent =0, *g(x,0,st™!(E))is 1 if x € st~ !(E) and is 0 otherwise. Note that x € st~ !(E) if and
only if s, € st™!(E)NS. Hence *g(x,t,st ™' (E)) = 65(,? (st™"(E)NS).
We now prove the case for + > 0. By the transfer principle, we know that for any x € *X and

any t € T we have *g(x,7,.) is an internal probability measure. By the construction of Loeb measures
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(Eq. (2.4.19)), for t > 0 we have

g(x,t,st 7' (E)) = sup{*g(x,t, | ) B(s)) : A; C st (E)NS,A; € 7(S)}. (3.3.38)

SEA;

As the distance between x and s, is less than &y, by Theorem 3.3.11 we know that

"g(x,t, | B(s)) = *g(sw,t, | B(s))| < &. (3.3.39)

SEA; SEA;

By Theorem 3.3.16, we know that |*g(sy,,Usea, B(s)) — Gg) (A;)| = 0 as A; is a near-standard internal
set. Thus we know that *g(x,7,sca, B(s)) = @(? (A;). Thus we know that

S

g(x,1,5t71(E)) = sup{Gy, (A;) : A; C st (E) NS, 4; € 7(S)} = G (st~ 1(E) NS) (3.3.40)

Sx

finishing the proof. 0

One of the desired properties for a hyperfinite Markov chain is strong regularity. Recall from Defi-
nition 3.1.6 that a hyperfinite Markov chain is strong regular if for any A € .#(S), any non-infinitesimal
t € T and any i ~ j € NS(S) we have Gl@ (A) ~ Gy) (A). We now show that {X/} satisfies strong regu-

larity. We first prove the following “locally continuous” property for *g.

Lemma 3.3.18. Suppose (SF) holds. For any two near-standard x| =~ x; from *X ,any t € *R™" that is

not infinitesimal and any A € *B|X] we have *g(x1,t,A) = *g(xa,t,A).

Proof. Fix two near-standard x1,x, from *X. Let xo = st(x;) = st(x2). Fix some 7y € *R™ that is not
infinitesimal and also fix some positive € € R. Pick some standard ' € R with ¢’ < 1. By strong Feller
we can pick a & € R™ such that (Vy € X)(|y—x| < 6 = ((VA € B[X])|g(y,1',A) —g(x0,',A)| < €)).

By the transfer principle and the fact that x; =~ x, ~ xo we know that
(VA € *BIX])([*g(x1,t',A) —*g(x2,t',A)| < €). (3.3.41)

Ast' <1, by Eq. (3.3.19), we know that |*g(x1,%,A) — *g(x2,t0,A)| < € for all A € *2[X]. Since our

choice of ¢ is arbitrary, we can conclude that *g(x,%,A) ~ *g(x2,7,A) for all A € *AB[X]. O

An immediate consequence of this lemma is the following:
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Lemma 3.3.19. Suppose (SF) holds. For any two near-standard x| =~ x, from *X ,any t € *R* that is

not infinitesimal and any universally Loeb measurable set A we have *g(xy,t,A) = *g(xa,t,A).

Next we show that the internal measure *g(x,7,.) concentrates on the near-standard part of *X for

near-standard x and standard 7.

Lemma 3.3.20. Suppose (SF) holds. For any Borel set E, any x € NS(*X) and any t € R" we have
*g(x,t,*E) ~ *g(x,t,st 1 (E)).

Proof. Fix any x € NS(*X) and any t € RT. Let xo = st(x). Fix any €, as the probability measure
Px(é)() is Radon, we can find K compact, U open with K C E C U and Px(é)(U) —Px(é) (K) < g/2.
By the transfer principle, we know that *g(xo,7,*U) — *g(x0,t,*K) < €/2. By Lemma 3.3.18, we
know that *g(xo,2,*U) =~ *g(x,t,*U) and *g(x¢,t,*K) =~ *g(x,7,*K). Hence we know that *g(x,z,*U) —
*g(x,1,*K) < €. Note that *K C st~ (K) Cst™!(E) Cst!(U) C*U. Both *g(x,t,*E) and *g(x,t,st "' (E))
lie between *g(x,¢,*U) and *g(x,t,*K). So |*g(x,t,*E) —*g(x,t,st 1 (E))| < €. This is true for any &
and hence *g(x,t,*E) ~ *g(x,t,st ™' (E)). O

We are now at the place to establish that {X/} is strong regular. Note that the time line 7 =

{0, 6¢,....,K} contains all the rational numbers but none of the irrational numbers.

Theorem 3.3.21. Suppose (VD) and (SF) hold. For any two near-standard s, = s, from S, anyt € T
that is not infinitesimal and any A € . (S) we have th,) (A) ~ thz) (A).

Proof. Fix any two near-standard s; =~ s, € S and any non-infinitesimal ¢ € T. Pick a non-zero ' € Q
such that # < t. By Theorem 3.3.17, we know that *g(x,¢,st ™! (E)) = GE?
and any A € .7 (S), we now consider G?l (A) and G?z (A). By Lemma 3.3.20, we can find a near-standard
A; € Z(S) such that ng/) (A) — thl/)(Ai)\ < £ and \Gg)(A) - Gg) (Aj)| < §. As A, is near-standard, by

Theorem 3.3.16, we know that Gg/) (A;) =*g(s1,t',Useans B(s)) and Gg) (A;) = *g(s2,1",Useans B(s)).

(st (E)NS). Fix any £ € R

Moreover, by Lemma 3.3.18, we know that [*g(s1,’, Usea,ns B(s)) —*8(s2,1", Usea,ns B(s))| = 0. Hence
we know that \Gg/)(A,-) — Gg) (A;)| = 0. Thus we have ng/) (A) — Gg) (A)| < €. As our choice € is
arbitrary, we know that |G£tll)(A) - Gg) (A)| = 0. Hence we know that || Gg/) (.)— Gg/)(.) I~ 0 where
I Gg/) (\)— Ggﬁ/)(.) || denotes the total variation distance between Ggﬁ/) and thl/). By Lemma 3.1.25, we

know that || thl) ()— Gg) (.) |l= 0 hence finishes the proof. O

We are now able to establish to following theorem which is an immediate consequence of Theo-

rem 3.3.21.
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Lemma 3.3.22. Suppose (VD) and (SF) hold. For any two near-standard s\ = s, from S, any t € T that

is not infinitesimal and any universally Loeb measurable set A we have Eﬁ’l) (A) = Eg) (A).

There exists a natural link between the transition probability g of {X;} and its nonstandard extension
*g. We have already established a strong link between *g and the internal transition probability G of
{X/}. We have also established the “ local continuity” of *g. We are now at the place to establish the

relationship between the internal transition probability of {X/} and the transition probability of {X;}.

Theorem 3.3.23. Suppose (VD) and (SF) hold. For any s € NS(S), any non-negative t € Q and any

E € BIX], we have P{) (E) = G, (st (E)N5).

Proof. We first prove the theorem when r = 0. Fix any s € NS(S) and any E € #[X]. We know that
Ps(ttzs) (E) =lifst(s) € E and Ps(ttgs) (E) =0 otherwise. For any x € S and A € .#(S), note that G A)=1
if and only if x € A and G,(CO) (A) = 0 otherwise. This establishes the theorem for t = 0.

We now prove the result for positive ¢ € Q. Fix any s € NS(S), any positive € Q and any E € HB[X].

By Lemmas 3.3.18 and 3.3.20 and Theorem 3.3.17, we know that
g(st(s),1,E) = *g(st(s),t,"E) ~ *g(s,t,"E) ~ g (s,t,t |(E)) =G\ (st "(E)NS).  (3.3.42)

Thus we have for any s € NS(S), any non-zero r € Q7 and any E € Z[X]: Ps(tlgz) (E) = éﬁt)(st*1 (E)N
S).

It is desirable to extend Theorem 3.3.23 to all non-negative ¢ € R. In order to do this, we need some

continuity condition of the transition probability with respect to time.

Condition OC. The Markov chain {X;} is said to be continuous in time if there exists a basis %, such
that g(x,7,U) is a continuous function of > 0 for every x € X and every U which is a finite intersection

of elements from %,.

It is easy to see that g(x,7,U) is continuous function of r > 0 for every x € X and every U which
is a finite union of elements from %,. Note that (OC) is weaker than assuming g(x,#,U) is a con-
tinuous function of ¢ > 0 for every x € X and every open set U. We establish this by the following

counterexample.

Example 3.3.24. Let p, be the uniform probability measure on the set {%, ...,1}foreveryn>1. Let u
be the Lebesgue measure on [0, 1]. It is easy to see that 1, (I) converges to (L(A) for every open interval

I. However, it is not the case that w,(U) converges to u(U) for every open set. To see this, let U be
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an open set containing the set of rational numbers Q such that u(Q) < 5. We can find such U since

[NSIL ST

1(Q) =0. We know lim,,_,, tt,(U) = 1 which does not equal to pt(U) =
Let us fix a basis % satistying the conditions in (OC) for the remainder of this section.

Lemma 3.3.25. Suppose (SF) and (OC) hold. For any near-standard x| = x», any non-infinitesimal
f1,t, € NS(*R™) such that t; = t, and any U which is a finite intersection of elements in %y, we have

*g(x1,01,"U) = *g(x2,12,"U).

Proof. Fix near-standard x; ~ x, € *X, some U C X which is a finite intersection of elements in % and
some € € R™. Also fix two non-infinitesimal 7,7, € NS(*R™) such that 7y ~1,. Let xo € X and 1y € R
denote the standard parts of x1,x; and #1,1,,respectively. Note that #y > 0.

As U is a finite intersection of elements from %, by (OC), there exists § € R™ such that

(Ve e RT)((Jt —t0] < 8) = (|g(x0,t,U) — g(x0,20,U)| < €)). (3.3.43)

By the transfer principle, we know that

(Ve € RO ([ —to] < 8) = ([*g(x0,t,"U) — *g(x0,10, V)| < €)). (3.3.44)

Since € is arbitrary and st(¢;) = st(t2) = 9, we have

*g(xo0,t1,"U) = *g(x0,t0,"U) = *g(x0,12, " U). (3.3.45)

By Lemma 3.3.18, we then have

*g(x1,01,"U) = "g(xo0,t1,"U) = "g(x0,t2, " U) = *g(x2,02,"U), (3.3.46)

completing the proof. O
The next lemma establishes the relation between U and st~ !(U).

Lemma 3.3.26. Suppose (SF) and (OC) hold. For any U which is a finite intersection of elements from
PBo, any x € NS(*X) and any t € NS(*RT) we have *g(x,t,*U) =~ *g(x,t,st~(U)).

Proof. Fix some U which is a finite intersection of elements from %, some x € NS(*X) and some

t ENS(*R™). Asst™!(U) C *U, it s sufficient to show that *g(x,t,*U) —*g(x,t,st "1 (U)) < € for every

74



€ € R*. Fix some € € R". By Lemma 3.3.25, we know that
*g(x,1,"U) ~ *g(st(x),st(r), U). (3.3.47)

Let U = ,enUn wWhere U, € % for all n € N. As X is a metric space satisfying the Heine-Borel
condition, X is locally compact. Thus, without loss of generality, we can assume that U, C U for all

n € N. By the continuity of probability and the transfer principle, there exists a N € N such that

*g(st(x),st(t),"U) — “g(st(x),st(r)," (| ) )Un) < &1. (3.3.48)

n<N

By Lemma 3.3.25 again, we know that *g(x,t,"U) — *g(x,t," (U,<y)Un) < &1. As U,<yU, C U, we
know that *(J,<y)U, C st ! (U). Hence we know that *g(x,z,*U) — *g(x,t,st ' (U)) < &. As the

choice of g is arbitrary, we have the desired result. O

Before we extend Theorem 3.3.23 to all non-negative ¢ € R, we introduce the following concept.

Definition 3.3.27. A class % of subsets of some space X is called a 7-system if it is closed under finite

intersections.
7-system can be used to determine the uniqueness of measures.

Lemma 3.3.28 ([22, Lemma 1.17]). Let 1 and v be bounded measures on some measurable space
(Q,97), and let € be a m-system in Q such that Q € € and o(€) = o/ where 6(%) denote the o-
algebra generated by €. Then L = v if and only if W(A) = v(A) forall A€ E.

Lemma 3.3.28 allows us to obtain slightly stronger results than Lemmas 3.3.25 and 3.3.26.

Lemma 3.3.29. Suppose (SF) and (OC) hold. For any near-standard x| = x;, any non-infinitesimal
f1,t, € NS(*RY) such that t| ~ t, and any E € B[X]|, we have *g(x1,11,*E) =~ *g(x2,t2,*E).

Proof. Fix two near-standard x; =~ x, and two near-standard #; ~ t,. Let p;(A) = *g(x;,11,*A) and
U2 (A) =*g(x2,12,*A) for all A € B[X]. It is easy to see that both y1; and p, are probability measures on
X. By Lemma 3.3.25, we know that u; (U) = up(U) for any U which is a finite intersection of elements

in %y. By Lemma 3.3.28, we have the desired result. O

By using essentially the same argument, we have

Lemma 3.3.30. Suppose (SF) and (OC) hold. For any E € #|X], any x € NS(*X) and any t € NS(*R™)
we have *g(x,t,*E) ~*g(x,t,st"1(E)).
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We are now at the place to extend Theorem 3.3.23 to all non-negative ¢ € R.

Theorem 3.3.31. Suppose (VD), (SF) and (OC) hold. For any s € NS(S), any non-infinitesimal t €

NS(T) and any E € B[X], we have Ps(ts(ts()t))(E) = EY) (st (E)NS).

Proof. Fix any s € NS(S), any non-infinitesimal + € NS(7T') and any E € #[X|. By Lemmas 3.3.29

and 3.3.30, we know that
g(st(s),st(t),E) = *g(st(s),st(r), "E) =~ *g(s,t,"E) ~ *g(s,t,5t ' (E)). (3.3.49)

By Theorem 3.3.17, we know that *g(s,t,st ' (E)) = G (st™1(E)NS). Thus we know that g(st(s),st(t),E) =

N

dt) ( st~ ! (E)NS), completing the proof. -

It is possible to weaken (OC) to: g(x,7,U) is a continuous function of 7 > 0 for x € X and U € %,.
From the proof of Theorem 3.3.31, we can show that g(st(s),st(¢),U) = 6?) (st™'(U)NS) forall U €

Ao. Then the question is: if two finite Borel measures on some metric space agree on all open balls, do

they agree on all Borel sets? Unfortunately, this is not true even for compact metric spaces.

Theorem 3.3.32 ([13, Theorem .2]). There exists a compact metric space Q, and two distinct probability

Borel measures L, 1y on Q, such that [ (U) = i (U) for every open ball U C Q.

However, we do have an affirmative answer of the above question for metric spaces we normally

encounter.

Theorem 3.3.33 ([36]). Whenever finite Borel measures [L and v over a separable Banach space agree

on all open balls, then L = V.
The following definition of “continuous in time” is weaker than (OC).

Condition WC. The Markov chain {X;} is said to be weakly continuous in time if for any open ball
A C X, and any x € X, the function t — Px(l) (A) is aright continuous function for ¢ > 0. Moreover, for any
to € R, any x € X and any E € #[X] we have lim,,,, pY (E) always exists although it not necessarily
equals to pi (E).

This condition is usually assumed for all the continuous time Markov processes. An immediate

implication of this definition is the following lemma:

Lemma 3.3.34. Suppose (SF) and (WC) hold. For any near-standard x| = x;, any non-infinitesimal
f1,t, € NS(*R™) such that t) =~ t; and t,t; > st(t|) and any open ball A we have *g(xi,1,*A) ~

*g(XQ,tz,*A).
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Proof. The proof is similar to the proof of Lemma 3.3.25. O

This lemma, just like Lemma 3.3.25, is stronger than Lemma 3.3.18 since #; and #, need not be
standard positive real numbers. We now generalize Lemma 3.3.20 to all 7 € NS(*R). Before proving it,

we first recall the following theorem.

Theorem 3.3.35 (Vitali-Hahn-Saks Theorem). Let U, be a sequence of countably additive functions

defined on some fixed o-algebra X, with values in a given Banach space B such that

lim p,(X) = u(X). (3.3.50)

n—yoo

exists for every X € ¥, then U is countably additive.

An immediate consequence of Theorem 3.3.35 is that the limit of probability measures remain a

probability measure. The following lemma generalizes Lemma 3.3.20 to all € NS(*R).

Lemma 3.3.36. Suppose (SF) and (WC) hold. For any x € NS(*X) and for any non-infinitesimal t €
NS(*R) we have *g(x,t,*E) =~ *g(x,t,st " (E)) for all E € B[X]. Moreover, *g(x,t,st" (X)) = 1 for all
x € NS(*X) and all t € NS(*R).

Proof. Pick any x € NS(*X), any t+ € NS(*R) and any E € Z[X]. Let xo = st(x) and 79 = st(z). We
first show the result for # < #y. For any B € %[X], let h(xo,%,B) denote lim, g(xo,s,B). By Vitali-
Hahn-Saks theorem, 7 is a probability measure on (X, %[X]). Since X is a Polish space, & is a Radon
measure. By Lemma 2.4.8, we know that */1(xo,fp,st ' (X)) = 1. As t =~ to, we know that *g(xo,t,*B) ~
*h(xo,t0, *B) for all B € #[X]. Pick some € € R" and choose K compact, U open with K C E C U and
h(xo,t0,U) — h(x0,t0,K) < §. We have

*g(x0,7,5t 1 (E)) — *h(xo, 10,5t (E))| (3.3.51)

< [Fg(xo, 1,5t (E)) =g (0,1, "K)| + [h(x0, 10, "K) — *h(xo, 10,5t (E))| S € (3.3.52)

As ¢ is arbitrary, we have *g(xo,t,st™ ' (E)) = *h(xo,t0,5t ' (E)). Hence we have *g(xo,t,st'(E)) =
*g(xo,t,*E). By Lemma 3.3.18, we know that *g(xo,7,D) =~ *g(x,t,D) for all D € *2[X]. Thus, we have
*g(xo,t,5t 1 (E)) = *g(x,t,5t "' (E)) and *g(xo,t,"E) ~ *g(x,t,*E). Hence we have *g(x,t,st | (E)) =
“g(x,1,"E).

For ¢ > 1, we can simply take h(xo,y,B) to be g(xo,%,B) for every B € Z[X].
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Suppose there exist some xo € NS(*X) and some infinitesimal ¢y such that *g(xo,%,st (X)) < 1.

This implies that there exist n € N and A € *2[X] such that
1
(Anst ' (X) =0) A (*g(xo,t0,A) > ). (3.3.53)
n

Pick some positive #; € R.

Claim 3.3.37. *f{0")(A,*K) ~ 0 for all compact K C X.

Proof. Pick some compact subset K and some positive € € R. By condition (2) of (VD), there exists

positive r € R such that
(VxeX)(d(x,K) >r = g(x,11,K) < €). (3.3.54)

By the transfer principle, we know that *g(x,7;,*K) ~ 0 for all x € A. By Lemma 3.2.5, we have
*flon)(A,*K) 2 0. O

Fix some compact K C X. Note that

*g(x0,10 +11,K) = g (x0,10,A)* FI" (A, K) +* g(x0, 10, X \A) FLO (*X \ A, *K). (3.3.55)
Hence *g(xo,t0 +1,K) S 1 — % As this is true for all compact K C X, we know that *g(xo,% +
t1,st71(X)) < 1— 1. This is a contradiction hence we have the desired result. O

A consequence of this lemma is the following result:

Lemma 3.3.38. Suppose (SF) and (WC) hold. For any s € NS(S) and any t € NS(T') we have G\ (S) =
G (NS(S)) = 1.

Proof. Fix any s € NS(S) and any 7 € NS(T'). By Theorem 3.3.17 and Lemma 3.3.36, we know that
G (st 1 (X)NS) = *g(s,0,5t (X)) = 1. (3.3.56)
O
Assuming (WC) instead of (OC), we have the following result which is similar to Theorem 3.3.31.
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Theorem 3.3.39. Suppose (VD), (SF) and (WC) hold. Suppose the state space X of {X;}i>0 is a sepa-
rable Banach space. Then for any s € NS(S), any t € NS(T) with t > st(t) and any E € B[X|, we have
PEO (B =G (st 1 (E)NS).

st(s) s

Proof. We require X to be a separable Banach space to apply Theorem 3.3.33. The proof is similar to

the proof of Theorem 3.3.31 hence omitted. 0
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Chapter 4

Convergence Results for Standard

Markov Processes

In the previous chapter, for a continuous-time general state space Markov process {X; };>o satisfying
certain regularity conditions, we have constructed a hyperfinite Markov process {X/},c7 such that the
internal transition probabilities of {X/},cr differs from the transition probabilities of {X;};>o only by
infinitesimal. Such {X/},cr is called a hyperfinite representation of {X;},>o. In this chapter, we will
establish some convergence results for the standard Markov process {X; };>¢ using convergence result

on {X/};er in Section 3.1.

In Section 4.1, we establish the Markov chain ergodic theorem for continuous-time general state
space Markov processes. We show that the hyperfinite representation {X/},c7 inherit many key prop-
erties from {X; };>0 (see Theorem 4.1.6 and Lemmas 4.1.8 and 4.1.15). By Theorem 3.1.26, we know
that {X/ };cr is ergodic. The ergodicity of {X; };cr (Theorem 4.1.16) follows from Theorem 3.1.26. It
will be shown in Example 5.3.8 that the Markov chain ergodic theorem established in this dissertation

is incomparable to the existing result (Theorem 5.3.7) in the literature.

One of the major assumptions on {X; },>¢ is the strong Feller assumption which asserts that transition
probability of {X;},>¢ is a continuous function of the starting points with respect to the total variation
distance. It is desirable to weaken this condition to only assuming that the transition probability is
a continuous function of the starting points for every Borel set (such condition is called the Feller
condition). In Section 4.2, we establish how to construct a hyperfinite representation {X; };cr of {X; };>0
when {X; };>0 just satisfies the Feller condition. We also give a proof of a weaker Markov chain ergodic

theorem under the Feller condition. It remains open whether the Markov chain ergodic theorem is true
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when {X; };>¢ only satisfies the Feller condition.

4.1 Markov Chain Ergodic Theorem

In the last section, we established the relation between the transition probability of {X; },>¢ and {X] };c7.
In this section, we will show that {X/};,cr inherits some other key properties from {X;},>9. Most im-
portantly, we show that if 7 is a stationary distribution then its nonstandard counterpart is a weakly
stationary distribution. Finally we will establish the Markov chain ergodic theorem for {X;};>0 by
showing that {X/},cr converges.

Let 7 be a stationary distribution for our standard Markov process {X; };>0. We now show that 7/,
the hyperfinite representation measure of 7, is a weakly stationary distribution for {X/},c7.

Since X is a Polish space equipped with Borel o-algebra, the stationary distribution 7 for {X; } must

be a Radon measure. We first establish the following fact of stationary distributions.
Lemma 4.1.1. For any t € RY, any finite partition of X with Borel sets Ay, ....,A,,B of X and any
A € AB[X] such that:
1. for each A; € {Ay,....,A,} there exists an € € R such that for any x,y € A; we have |Px(t) (A)—
PY@A) <e.
2. there exists an € € R™ such that n(B) < €.

We have |m(A) — Li<, 717(A,-)Px(it) (A)| < Yi<,w(Ai)€ + € for any x; € A,.
Proof. Fix at € R" and suppose there exists such a finite partition Ay, ....,A,, B of X satisfying the two

conditions in the lemma. Pick any A € Z[X| and any x; € A;. We then have:

~ Y 7(A)PY(A)] 4.1.1)

i<n

’/ ;(/ 7(dx))PY (A)] (4.1.2)

A;

—|Z/P w(dx)+ [ P (a)m(dx) - Z/Px, (4.13)

i<n i<n

<Y / )— PO (A))m(dx))| + ¢ (4.1.4)

i<n
<Y ( / +e (4.1.5)
i<n JAi
= ) mAei+e. (4.1.6)
i<n
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Write Px(t) (A) as g(x,7,A) and then apply the transfer principle, we have the following lemma:

Lemma 4.1.2. For any t € *R™, for any hyperfinite partition of *X with *Borel sets Ay, ....,An,B of *X
and any A € * (X such that:

1. for each A; € {Ay,....,AN} there exists an & € *RT such that for any x,y € A; |*g(x,1,A) —
*g(xvtaA)’ <&

2. there exists an € € *R" such that n(B) < €.

We have

Fm(A) = Y Fm(A) g(xi 1, A)| < Y Fm(Ar)e + e 4.1.7)
i<N i<N

for any x; € A;
Recall the definition of weakly stationary distribution:

Definition 4.1.3. An internal distribution " on (S, .#(S)) is called weakly stationary with respect to the

Markov chain {X/ };cr if there exists an infinite 7p € T such that for every 7 < 7y and every A € .#(S) we
have '(4) ~ Les ' ({s})G (4).

We now construct a weak-stationary distribution for {X/},c7 from the stationary distribution 7 of

{X: }r>0.
Definition 4.1.4. Define an internal probability measure 7’ on (S,.#(S)) as following:
1. Forall s € Slet 7/ ({s}) = ﬂ'(ULS(B)()))

2. For all internal sets A C S let '(A) = Y ea @' ({s}).

The following lemma is a direct consequence of Definition 4.1.4.

Lemma 4.1.5. 7' is an internal probability measure on (S,.7(S)). Moreover, for any A € B[X], we
have m(A) = (st =1 (A) N S).

Proof. Clearly 7’ is an internal measure on (S,.#(S)). The second part of the lemma follows directly

from Theorem 2.4.11. OJ
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We now show that 7’ is a weakly stationary distribution for {X/}.
Theorem 4.1.6. Suppose (VD), (SF) and (WC) hold. Then &' is a weakly stationary distribution for
{X }er.

Proof. Fix an internal set A € S and some near-standard ¢ € T. Consider the hyperfinite partition .7 =
{B(s1),...:,B(sn), "X \ Uses B(s)} of *X where S = {s1,s2,...,sn} is the state space of {X/}. Note that

every member of .% is an member of *%[X]. By Theorem 3.3.11 and Eq. (3.3.19), we know that

(Vi < N)(Vx,y € B(s;))(VC € *"B[X])(|*g(x,1,C) —*g(y,2,C)| < &). (4.1.8)

Let B=Jsc4 B(s) then B € *#[X] since it is a hyperfinite union of *Borel sets. As 7 is a Radon measure,
we know that there exists an infinitesimal € such that *7(*X \ U,csB(s)) = €1.

By Lemma 4.1.2 , we have

*m(B)— Y *m(B(s:))*s(si,t,B)| < Y *m(B(s:))eo+ &1 < &r+ € ~ 0. (4.1.9)
i<N i<N
“7(B) / “7(B(si)
By Definition 4.1.4, we know that 7' (A) = FUwes BO)) and 7'(s;) = T oo B Thus, we have
— Y '(si)*g(si,t,B)| ~ 0. (4.1.10)
i<N

Fix positive € € R. As 7’ concentrates on NS(S), there is a near-standard internal set C with 7'(C) >

1 — €. Thus we have

1Y 7' ({s})"g(si.t.B) = Y @' ({s})*g(si,t,B)| < € (4.1.11)

seS seC

Claim 4.1.7. Suppose (VD), (SF) and (WC) hold. Then *g(s,t,B) ~ th)(A) for all s € NS(S) and
t € NS(T).

Proof. Fix ngp € N, s € NS(S) and t € NS(T'). By Lemma 3.3.38, there exist near-standard A; € .#(S)
with A; C A such that G{" (A) — G‘Et)(Ai) < i. By Lemma 3.3.36, there exist near-standard C; € *Z[X|
with C; C B such that *g(s,#,B) —*g(s,t,C;) < .-. As X is o-compact, let X = {J, ey K, where {K,, : n €
N} is a sequence of non-decreasing compact sets. Without loss of generality, we can assume C; C *K,,

for some m € N. As K,,, is compact, there exists a near-standard B; € .#(S) such that *K,, € Uscp. B(s).
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Thus, we have C; C U;ep, B(s) C B. By the construction of B, it is easy to see that B; C A. Note that, by

Theorem 3.3.16, we have

, U B("))~6"auB) (4.1.12)
sEA iUB;
Thus we have
y*g(s,z,m—c;g’)(A)\ (4.1.13)
~[*g(s,1,B) —"g(s,t, |J B(s))+G(4,UB) -GV (A) (4.1.14)
s'€A;UB;
2
< ["g(s,t,B)—"g(s,t, |J B(s))|+]G"(A;UB) -G (A4) < = (4.1.15)
s'€A;UB; "o
As the choice of ng is arbitrary, we have the desired result. 0

As C is near-standard, by Lemma 2.1.20, we have

1Y 7({s})"g(si,t,B) = Y T ({s})G5"(A)| = (4.1.16)

seC seC

By the construction of C again, we have

1Y 7 ({s)G(A) - Y 7 ({s)GV (4)] < e. 4.1.17)

seC seS

By Egs. (4.1.10), (4.1.11), (4.1.16) and (4.1.17), we have

)= Y. 7' ({sHG"(A)] < 2e. (4.1.18)
ses
As the choice of € is arbitrary, we have 7' (A) ~ ¥ g n’({s})th) (A) for all t € NS(T).
Considertheset 7 ={t € T : (VA € Z(S))(|7'(A) — Les n’({s})G§t>(A)| < 1)}. This is an internal
set and contains all # € NS(7'). Suppose there is no infinite #p such that & contains all the infinite ¢ no
greater than #y. This implies 7'\ Z contains arbitrarily small infinite element hence, by underspill, 7'\ 2
contains some 7y € NS(T'). This contradicts with the fact that 2 contains all t € NS(T'). Thus 7’ is a
weakly stationary distribution of {X/},c7.
O

Note that if 7 is a stationary distribution of {X; },>0 then 7 x 7 is a stationary distribution of {X, x
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X; }+>0. Thus, we have the following lemma.

Lemma 4.1.8. Suppose (VD) and (SF) hold. Then ©' x T’ is a weakly stationary distribution of {X] X

XII}ZET-

Proof. Tt is straightforward to verify that § x S is a (8, r)-hyperfinite representation of *X x *X. Since
T X T is a stationary distribution, by Theorem 4.1.6, (7w x &)’ is a weakly stationary distribution of
{X/ x X/ }1er. In order to finish the proof, it is sufficient to show that (7 x )" = ' x 7’.

Pick any (s1,52) € S X S. As {B(s) : s € S} is a collection of mutually disjoint sets, we have

/ _ (mwxm)(B(s1) x B(s2)) 1o
(mxm)'({(s1,82)}) = %) Ues BG) < U, BG)) (4.1.19)

‘m(B(s1) | "m(B(s2))

= . (4.1.20)
“T(Uses B(s)) *7(Uses B(s))
=7'(s1)7'(s52). (4.1.21)
Hence we have (7 x )’ = &’ x 7/, completing the proof. O

In order to show that {X/},cr converges to 7/, by Theorem 3.1.19, it remains to show that for
7' x m'-almost surely (i, j) € S x S there exists a near-standard absorbing point iy. By Theorem 3.1.14,
it is enough to show that {X/},cr is productively near-standard open set irreducible. We first recall
the definition of productively near-standard open set irreducible. We now impose some conditions on
{X;}+>0 to show that {X/},cr is productively near-standard open set irreducible. We first recall the

following definitions.

Definition 4.1.9. A Markov chain {X;},>( with state space X is said to be open set irreducible on X if

for every open ball B C X and any x € X, there exists r € R such that Px(t) (B) > 0.

An internal set B C S is an open ball if B= {s € S: *d(s,s0) < r} for some sp € S and r € *R. An

open ball is near-standard if it contains only near-standard elements.

Definition 4.1.10. A hyperfinite Markov chain {Y; };cr is called near-standard open set irreducible if
for any near-standard s € S, any near-standard open ball B C *X with non-infinitesimal radius we have

Fi(’C(B) < 00) >0

We first establish the connection between open set irreducibility of {X;},>o and {X/};cr. Note that

the consequence of the following theorem implies the near-standard open-set irreducibility of {X/ },c7.
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Theorem 4.1.11. Suppose (VD), (SF) and (WC) hold. If {X; };>0 is open set irreducible, then for any
near-standard s € S, any near-standard open ball B with non-infinitesimal radius there is a positive

t € NS(T) such that GV (B) > 0.

N

Proof. Consider any near-standard open ball B C S with non-infinitesimal radius k. Without loss of
generality let B={s € S : *d(s,s0) < r} for some near-standard sy € S and some near-standard r € *R™.

Let A be the ball in X centered at st(so) with radius St—ér)

Claim 4.1.12. st~'(A)NS C B.

Proof. Pick any point x € st™!(A) NS. There exists a € A such that x € t1(a). We then have *d(x,sp) <
*d(x,a)+*d(a,st(so))+*d(st(s0),50) S # Thus *d(x,s0) S # < r. This implies that st ' (A)NS C
B. O

Consider any near-standard s € S, there exists a x € X such that x = st(s). As {X;};>0 is open set
irreducible, there exists a + € RT such that Px(’) (A) > 0. Pick ' € T such that /' ~ and ¢’ >t. By

Lemma 3.3.34, Lemma 3.3.36 and Theorem 3.3.17, we know that
PU(A) = g(x,1,A) = *g(x,1,"A) ~ *g(s,1',*A) ~ g (5,1 st (4)) = G (st (A)NS).  (4.1.22)

Then we have st((Gy) (B))) > 0. O

Let {X/}ier and {Y/},cr be two i.i.d hyperfinite Markov chains on (S,.#(S)) both with internal
transition probability {Gg&) J)}ijes. Let {Z]};er be the product hyperfinite Markov chain live on (S x
S,.7 (S x S)) with respect to {X/};er and {Y/},er. Recall that the internal transition probability of
{Z]}1cr is then defined to be

1) ) 1 ) N
Fo ({(a,b)}) = G ({a}) x GV ({b}). (4.1.23)
where (F((l.i.t)) ({(a,b)}) denote the internal probability of Z; starts at (i, j) and reach (a,b) at ¢.

Before we prove that {Z]},cr is near-standard open set irreducible, we impose the following condi-

tion on the standard joint Markov chain.

Definition 4.1.13. The Markov chain {X;},>¢ is productively open set irreducible if the joint Markov

chain {X; X ¥;};>0 is open set irreducible on X x X where {Y;};>0 is an independent identical copy of

{Xt}t20~
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The following lemma gives a sufficient condition for a Markov process being productively open set

irreducible.

Lemma 4.1.14. Let {X, },>0 be an open set irreducible Markov process. If there exists ty € R™ such that
for any open set A and any x € A, we have P)@ (A) > 0 for all t > to. Then {X, },cr is productively open

set irreducible.

Proof. Consider a basic open set A x B. Suppose {X;} reaches A first. Then {X;} will wait for {Y;} to
reach B. 0

Most of the diffusion processes satisfy the condition of this lemma.
Recall that {X/},cr is productively near-standard open set irreducible if {Z/},cr is near-standard

open set irreducible.

Lemma 4.1.15. Suppose (VD), (SF) and (WC) hold. If {X;}:>0 is productively open set irreducible,

then {X/},c1 is productively near-standard open set irreducible.

Proof. Let {Y;},>0 denote an independent identical copy of {X;},>o. We use P to denote the transition
probability of X; and Y;. Let {Z },cr be the product chain of {X;} and {¥;}. We use Q to denote
the transition probability of the joint chain Z;. Let {Y/},cr denote an independent identical copy of
{X/}ter. We use G to denote the internal transition probability of X/ and ¥/ and use F to denote the
internal transition probability of the product hyperifnite chain Z]. It is sufficient to show that {Z]},c7 is
near-standard open set irreducible.

Pick any near-standard open ball B with non-infinitesimal radius from S x S and fix some near-
standard (i, j) € § x S. Then there exists (x,y) € X x X such that (i, j) € u((x,y)). We can find two
open balls By, B, € S with non-infinitesimal radius such that By x B C B. As in Theorem 4.1.11, we
can find two open balls Aj,A; such that st™! (A1) NS C By and st™!(4;) NS C By,respectively. Thus
in conclusion we have (st™!(A;)NS) x (st™1(A2) NS) = (st™1(A] x A2)) N (S x S) C B. As {X;}1>0 is
productively open set irreducible, there exists € R* such that QEQy) (A xAz) > 0. By (WC), we can
pick # to be a rational number. By the definition of {Z },>¢ and Theorem 3.3.23, we have

01 (A1 xAz) = PU(A1) x P (A2) = G (st (41) N 8) x G (st~ (42) NS). (4.1.24)

By Lemma 3.1.10 and the construction of Loeb measure, we know that

G(st™ (A1) NS) x GV (st (A)NS) = F).

’ j (st (A1 x A7) N (S x S)). (4.1.25)
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Thus fg_)ﬂ(st_l (A1 xA2))N(SxS)) >0. As (st ' (A x A2))N (S x S) C B we have that FEZ-)j)

completing the proof. O

(B) >0,

Now we are at the place to prove the main theorem of this paper.

Theorem 4.1.16. Let {X; };>0 be a general-state-space continuous in time Markov chain on some metric
space X satisfying the Heine-Borel condition. Suppose {X;};>0 is productively open set irreducible and
has a stationary distribution ©. Suppose {X; };>o also satisfies (VD), (SF) and (WC). Then for n-almost

surely x € X we have lim,_,, Sup,c (x| ]Px(t) (A)—m(A)|=0.

Proof. Let {X/};cr denote the corresponding hyperfinite Markov chain on the hyperfinite set S. We use
P to denote the transition probability of {X; };>o and use G to denote the internal transition probability
for {X/};er. Let @’ be defined as in Definition 4.1.4. By Theorem 4.1.6, we know that 7’ is a weakly
stationary distribution for {X/},c7. We first show that the internal transition probability of {X/},cr
converges to 7'. As {X;},>0 is productively open set irreducible, by Lemma 4.1.15, we know that
{X/}:er is productively near-standard open set irreducible. By Theorem 3.3.21, we know that {X] };cr
is strong regular. Thus by Theorems 3.1.19 and 3.1.26, we know that for 7/ almost surely s € S and any
A€ Z(I(9)),lim, .55 255 G, (B) = 7(B)| = 0.

Now fix any A € Z[X]. Then by Theorem 2.3.9, we know that st™!(A) € .Z(.#(S)). Consider
any x € X and any s € st~'({x})NS. By Theorem 3.3.23, we know that for any r € Q" we have
PY(A) = @ﬁt) (st7'(A)NS). By Lemma 4.1.5, we know that 7(A) = 7/(st"'(A4) NS). Suppose that
there exists a set B € #[X] with w(B) > 0 such that, for any x € B, Py (.) does not converge to 7(.) in

total variation distance. This means that for any s € st~!(B) NS we have

sup |GV (st~ (A)NS) — (st (A) N S)| = 0. (4.1.26)
AcHB[X]

where we can restrict 7 to Qt C T since total variation distance is non-increasing. However, as 7(B) > 0,
we know that 7’ (st ! (B)NS) > 0. This contradict the fact that for 7’ almost surely s, lim,_, ., suppc 2(5(9) \GEI) (B)—

7'(B)| = 0. Hence we have the desired result. O

4.2 The Feller Condition

In Sections 3.2 and 4.1, our analysis depend on the strong Feller condition ((SF)). In the literature,

however, it is sometimes more desirable to replace strong Feller condition with a weaker condition
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which we call Feller condition. In this section, we will discuss the difference between strong Feller
and Feller conditions. Moreover, we will construct a hyperfinite representation {X/},er of {X;};>0
under Feller condition. Finally, we will establish some of the key properties of {X;};cr inherited from
{Xi}iz0.

We first recall the definition of strong Feller.

Remark 4.2.1. (SF) The Markov chain{X; },>¢ is said to be strong Feller if for any t > 0 and any € > 0

we have:
(Vx€X)(35 > 0)((WyeX)(y—x| <8 = (VAe BX))IP"A)—PY (@A) <e). 421

We then introduce the Feller condition.

Condition WF. The Markov chain{X; };>¢ is said to be Feller if for all t > 0 and all € > 0 we have:
(VA € BIX))(Vx e X)(38 > 0) (W e X)([y—x| < § = [P(A) =P (A)| <e). (422

As one can see, the choice of § in (WF) depends on the Borel set A. We present the following Feller

Markov process which is not strong Feller.

Example 4.2.2 (suggested by Neal Madras). [30, Page. 889] Let {X;};cn be a discrete-time Markov
processes with state space [—, ]. For every n € N, let ngli%"y) be the density of Pi (dy). Let u be the

Lebesgue measure on [—, ] divided by 27 and let (t(A) = Py(A) for all Borel sets A.

Claim 4.2.3. lim,_, ., P: (A) = u(A) for all Borel sets A.

n

Proof. Let A be an internal with end points a and b.

b 1+sin(ny)d
R Y

lim P; (A) = lim (4.2.3)
n—oeo M n—ooJa 2r
— lim (b —a  cos(nb) — cos(na)) 4.2.4)
n—soo 2T 2nm
b—a
= =u(A 4.2.5
7g = HA) (4.2.5)
By Theorem 3.3.33, we have the desired result. O

Claim 4.2.4. sup,c g_z x) [P1(A) —1(A)| > %for alln e N
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Proof. Let A'be an internal with end points a and b. Then we have |P1 (4) — u(A)| = ]w |. For
any m € N, we can find an open set U,, which is a union of m open intervals (ay,by),...,(am,bn) such

that cos(nb,) — cos(na,) = 2 for all n < m. Then |P1 (U,,) — u(Uy)| = L, completing the proof. O

|:77;’

4.2.1 Hyperfinite Representation under the Feller Condition

In this section, we will show that, by carefully picking a hyperfinite representation, we can construct a
hyperfinite Markov process {X/ };cr which is a hyperfinite representation of {X;},>o. We use P,gt) (A) to
denote the transition probability of {X;},>0. When we view the transition probability as a function of
three variables, we denote it by g(x,z,A).

The state space of {X/};cr is a hyperfinite representation S of *X. By Definition 2.4.3, the hy-
perfinite set S should be a (&, rp)-hyperfinite representation of *X for some positive infinitesimal &
and some positive infinite number ry. We need to pick & and rg carefully. Recall that the time line
T ={0,6t,...,K}. Let & be a positive infinitesimal such that &5, ~ 0 for all # € T. We can pick r the

same way as we did in Section 3.2. Recall (VD) and Theorem 3.3.4 from Section 3.2.

Remark 4.2.5 ((VD)). The Markov chain {X; };>0 is said to be vanish in distance if for all > 0 and all
K € ' [X] we have:

1. (Ve >0)(Ir>0)(VxeK)(VA € B[X])(d(x,A) >r = g(x,1,A) < €).
2. (Ve>0)(Ir>0)(vxeX)(dx,K)>r = g(x1,K) <e).

where %~ denote the collection of all compact sets of X.

We have the following lemma from the above definition.

Lemma 4.2.6 (Theorem 3.3.4). Suppose (VD) holds. For every positive € € *R, there exists an open

ball centered at some standard point a with radius r such that:

1. *g(x,6t,*X\U(a,r)) < € for all x € NS(*X).

2. *g(y,t,A) < e forally € *X\Ul(a,r), all near-standard A € *B[X) and allt € T.
where U(a,r) = {x € *X : *d(x,a) <r}.

Fix a standard ap € X. For the particular &, we can find a r such that the ball U (ag, r; ) satisfies the
conditions in Lemma 4.2.6.

Recall the following results from Section 3.2
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Lemma 4.2.7 (Lemma 3.3.7). Suppose (VD) holds. There exists a positive infinite ry > 2r) such that
(Vy € U(ag,2r1))(*g(y,6t,*X \ U(ap, r9)) < &). (4.2.6)

Just as in Section 3.2,we fix ag, r; and r( for the remainder of this section.

Lemma 4.2.8 (Lemma 3.3.8). Suppose (VD) holds. For any x € X, anyt € T, any near-standard internal
set A C *X we have * f\) (*X \ U (ag, ry),A) < 2.

Just as in Section 3.2, our hyperfinite state space will cover U (ag, 2rg). We will choose & to partition
U(agp,2ro) into *Borel sets with diameters no greater than &.
We start by picking an arbitrary positive infinitesimal 6; and let S; be a (8, 2ro)-hyperfinite repre-

sentation of *X such that {B;(s) : s € S1} = U(ao,2r). We fix S| for the remainder of this section.

Lemma 4.2.9. Suppose (VD) and (WF) hold. There exists a positive infinitesimal & such that for any

x1,%2 € Ulag,2rg) with |x; —x3| < 8 we have forall A € 7 (S)) and allt € T™:

|*g(x1,t,UBl(s))f*g(xz,t,UBl(s)ﬂ < & (4.2.7)
sEA sSEA
Proof. Fix aA € .#(S1). By the transfer of (WF), for every x € U (ag,2ro) there exists &, € *R* such

that Vy € *X we have

ly—x| < & = |*g(x, o1, UBl(s)) —*g(y, ot, UBl(s))| < % (4.2.8)
sEA sEA
The collection {U (x, %) :x € U(ag,2ro)} forms an open cover of U(ag,2ry). By the transfer of Heine-
Borel condition, U (ag,2rg) is *compact hence there exists a hyperfinite subset of the cover {U (x, %) :
x € U(ag,2ro)} that covers U (ag,2rp). Denote this hyperfinite subcover by .# = {U (x;, %) (i <N}
where {% 1 < N} is a hyperfinite set. Let 84 = min{% :i < N}.
Pick any x,y € U (ay,2ro) with [x—y| < 64. We know that x € B(x;, %) for some i <N and *d(y,x;) <

*d(y,x) 4+ *d(x,x;) < 8. Thus both x,y are in some B(x;, 6;,). This means that

*g(x, 61, U Bi(s)) —"g(y,ot, U Bi(s))] < . (4.2.9)

SEA SEA

Let # = {04 :A € Z(S)}. Note that .# is a hyperfinite set hence there exists a minimum element,

denoted by §%. We can carry out this argument for every # € T. Let 8’ denote the minimum element
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for time ¢ and consider the hyperfinite set {8 : 7 € T}. This set again has a minimum element &. It is

easy to check that this dy satisfies the condition of this lemma. O

Definition 4.2.10. Let S, S’ be two hyperfinite representations of *X. The hyperfinite representation S’
is a refinement of S if for every A € .7 (S) there exists a A’ € #(§') such that (sc4 B(s) = Ugea B'(5).

The set A’ is called an enlargement of A.

Let S’ be a refinement of S. For any A € .#(S), note that the enlargement A’ is unique. Fix & in

Lemma 4.2.9 for the remainder of this section. We present the following result.

Lemma 4.2.11. There exists a (8y,2ro)-hyperfinite representation S with | J,cgB(s) = U (ag,2ro) such

that S is a refinement of S|.

Proof. Fix an arbitrary (Jy,2rp)-hyperfinite representation H such that the collection {By (h) :h€ H} =

U(ag,2ro). For every s € Sy, let
M(s) ={By(h) : Bg(h)NBy(s) # 0}. (4.2.10)
Note that M (s) is hyperfinite for every s € S;. Let
N(s) = {Bu(h)NBi(s) : Bu(h) € M(s)}. (4.2.11)

Note that N(s) is also hyperfinite for every s € S;. It is easy to see that Uscs, N(5) = Uses, B1(s) =
U (ag,2ry). Note that (g5, N(s) is a collection of mutually disjoint * Borel set with diameter no greater
than &. Pick one point from each element of (J;cg, N(s) and form a hyperfinite set S. This S is a

hyperfinite set satisfying all the conditions of this lemma. O

For each s € S, we use B(s) to denote the corresponding *Borel set. By the construction in Lem-
ma 4.2.11, we can see that every B(s) is a subset of B;(s’) for some s’ € S| and every B;(s') is a
hyperfinite union of B(s).

By Lemmas 4.2.9 and 4.2.11, we have the following result:

Theorem 4.2.12. Let S1,S be the same hyperfinite representations as in Lemma 4.2.11. Then for any

s €S, any x1,x; € B(s), any A € 7 (S1) and any t € T we have

|*g(x1,t, U Bi(s)) —*g(x2,1t, U B (s))| < &. (4.2.12)
SEA SEA
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An immediate consequence of this theorem is:

Corollary 4.2.13. Let S|,S be the same hyperfinite representations as in Lemma 4.2.11. For for
any s € S, any y € B(s), any x € *X, any A € I (S1) and any t € TT we have |*g(y,t,Usea B1(5)) —
“FY(B(s),Uea B (5))] < &0.

We fix S constructed above for the remainder of this section. In summary, S| is a (6;,2r)-hyperfinite
representation of *X for some infinitesimal &; such that {B;(s) : s € S1} covers U(ag,2rp). S is a

refinement of Sy satisfying the following conditions:
1. The diameter of B(s) is less than &, for all s € S.
2. Uses B(s) = U(ao, 2ro).

We let S be the hyperfinite state space of our hyperfinite Markov process. Note that for any x €
NS(*X) and any y € *X \ U,csB(s), we have *d(x,y) > ro.

We construct {X/ },c7 on Sin a similar way as in Section 3.2. Let g’(x, 8¢,A) =*g(x, 8t,ANU,es B(s)) +
Ox(A)*g(x,61,"X \ Uses B(s)) where 8,(A) =1 if x € A and 6,(A) = O if otherwise. For i,j € S let
Gl(ft) = g/(i,0t,B(j)) be the “one-step” internal transition probability of {X/},c7. We use Gl@(.) to
denote the 7-step internal transition measure. By Lemmas 3.2.12 and 3.2.13, we know that Gl@ (.)is an
internal probability measure on (S,.#(S)) forallt € T.

Similar to Theorem 3.3.16, we have the following theorem. The two proofs are similar to each other.

Theorem 4.2.14. Suppose (VD) and (WF) hold. For any t € T, any x € S and any near-standard
A € J(S1), we have

t— ot

*g(xt, | B(s)) — G\ (As)| < & + 58 5

SEAg

(4.2.13)

where Ag is the enlargement of A. In particular, for allt € T, all x € S and all near-standard A € .7 (S)

we have

*g(xt, | B(s)) — G (As)| = 0 (4.2.14)

SEAS

Proof. : In the proof of Theorem 3.3.16, by (SF), we know that for any 5o € S and any ¢t € T+

(Vx1,x2 € B(sp))(VA € Z(S))(|"g(x1,¢t, U B(s)) — "g(x2,t, U B(s))| < &). (4.2.15)

SEA SEA
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Under (WF), by Theorem 4.2.12 and Corollary 4.2.13 and the fact that S is a refinement of S, we know

that for any sop € Sand anyr € T+

(Vx1,x2 € B(s0))(VA € Z(S1))(|*g(x1,¢, U B(s)) —*g(xa,t, U B(s))| < &). (4.2.16)

SEAS SEAg

We use this formula to replace the Eq. (4.2.15) in the proof of Theorem 3.3.16. Then the rest of the

proof is identical to the proof of Theorem 3.3.16. O

In Section 3.2, we have shown that {X/} is a hyperfinite representation of {X; },>¢ in terms of tran-

sition probability. We first establish a similar result as Theorem 3.3.17.

Theorem 4.2.15. Suppose (VD) and (WF) hold. For any x € U,csB(s) let sy denote the unique el-
ement in S such that x € B(sy). Then for any E € B[X] and any t € T, we have *g(x,t,st"(E)) =
G (st 1(E)NS).

SX
Proof. We first prove the case when t = 0. *g(x,0,st ™! (E)) is 1 if x € st™!(E) and is 0 otherwise. Note

that x € st~! (E) if and only if s, € st—!(E) NS. Hence "g(x,0,st"'(E)) = G (st (E) N ).

Sx

We now prove the case for 7 > 0. Fix some x € (J;cgB(s), some ¢ > 0 and some E € #[X]. By the

construction in Theorem 2.4.11 and Eq. (2.4.19), we know that for every ¢ > 0:

*g(x,1,5t 1 (E)) = sup{*g(x,1, UBi(s)):AC st (E)NS;,A€ . 7(5))} (4.2.17)

sEA

By Theorem 4.2.12, we have |*g(x,7, Usca Bi(5)) — *g(Sx, 7, Usca B1(5))| < €. By Theorem 4.2.14, we
know that |*g(sy,?, Usea Bi(s)) — Gﬁ? (As)| = 0. Thus we know that *g(x,7,Uscq B1(5)) = G (Ag).

Sx

Hence we have

“g(x,t,5t7 (E)) = sup{G. (As) : A C st (E)NSy,A € .7(5))}. 4.2.18)

Claim 4.2.16.
G (st (E)nS) = sup{G\ (As) : A C st (E)N 5,4 € .7 (S))}. 4.2.19)

Proof. Let B be an internal subset of S such that B C st™!(E) NS. For any b € B, there exists a s, € S

such that b € Bi(sp). Let A= {s,: b € B}. Then A € .#(S;) and it is easy to see that B C Ag C

94



st"!(E)NS. Thus we can conclude that

sup{G) (As) : A C st (E)NSp,A € #($,)} = G (st~ (E)N). (4.2.20)
O
Thus we have the desired result. O

The next lemma establishes a weaker form of local continuity of *g.

Lemma 4.2.17. Suppose (WF) holds. For any two near-standard x| = x; from *X ,any t € R* and any
A € B[X] we have *g(x1,t,*A) = *g(x2,1,*A).

Proof. Fix two near-standard x1,x, from *X. Let xo = st(x;) = st(x;). Also fix € R" and A € Z[X].

Pick € € R™. By (WF), we can pick a § € R" such that
My eX)(ly—xo0| <6 = (|Jglnt,A) — g(x0,1,A)| < €)). 4.2.21)
By the transfer principle and the fact that x| =~ x, ~ xop we know that
(I"g(x1,1,"A) = "g(x2,1,"A)| < ). (4.2.22)

As € is arbitrary, this completes the proof. O

As Lemma 3.3.20, the next lemma establishes the link between *E and st ! (E) for every E € Z[X].

Lemma 4.2.18. Suppose (WF) holds. For any Borel set E, any x € NS(*X) and any t € R™ we have
*g(x,t,"E) ~ *g(x,t,st 1 (E)).

Proof. The proof uses Lemma 4.2.17 and is similar to the proof of Lemma 3.3.20. O

Lemmas 4.2.17 and 4.2.18 allow us to obtain the result in Theorem 3.3.23 under weaker assump-

tions.

Theorem 4.2.19. Suppose (VD) and (WF) hold. For any s € NS(S), any non-negative t € Q and any
E € #X), we have PY), (E) = G, (st (E)N5).

Proof. The proof uses Lemmas 4.2.17 and 4.2.18 and is similar to the proof of Theorem 3.3.23. O
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In order to extend the result in Theorem 4.2.19 to all non-negative ¢ € R, we follow the same path

as Section 3.2. Recall that we needed (OC):

Condition OC. The Markov chain {X;} is said to be continuous in time if for any open ball U C X and

any x € X, we have g(x,#,U) being a continuous function for 7 > 0.
Using the same proof as in Section 3.2, we obtain the following result.

Theorem 4.2.20. Suppose (VD), (OC) and (WF) hold. For any s € NS(S), any t € NS(T) and any
E € BIX], we have P (E) =G (st 1 (E) N S).

st(s) s

Thus, in conclusion, we have the following theorem.

Theorem 4.2.21. Let {X, },>0 be a continuous time Markov process on a metric state space satisfying the
Heine-Borel condition. Suppose {X,};>o satisfies (VD), (OC) and (WF). Then there exists a hyperfinite
Markov process {X/ }er with state space S C *X such that for all s € NS(S) and all t € NS(T)

(VE € BX]) (P (E) =G (st (E) NS)). (4.2.23)

st(s)
where P and G denote the transition probability of {X; };>0 and {X]/ }icr, respectively.

This theorem shows that, given a standard Markov process, we can almost always use a hyperfinite
Markov process to represent it. In [1], Robert Anderson discussed such hyperfinite representation for

Brownian motion. In this paper, we extend his idea to cover a large class of general Markov processes.

4.2.2 A Weaker Markov Chain Ergodic Theorem

In Section 4.1, we have shown the Markov chain ergodic theorem under strong Feller condition. In this
section, under Feller condition, we give a proof of a weaker form of the Markov Chain ergodic theorem.
In order to do this, we start by showing that {X/},c7 inherits some key properties from {X; };>o.

Let 7 be a stationary distribution of {X; },>¢. As in Definition 4.1.4, we define an internal probability
measure 7' on (S,.7(S)) by letting @' ({s}) = W(Kf% for every s € S. By Lemma 4.1.5, for any
A € B[X] we have m(A) = 7/(st~'(A) N S). This 7’ is a weakly stationary for some internal subsets of
S.

Theorem 4.2.22. Suppose (VD) and (WF) hold. There exists an infinite to € T such that for every
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A€ J(S1) and every t < ty we have
7'(As) = Y 7' ()G (As). (4.2.24)
i€S

where Ag is the enlargement of A.

Proof. The proof is similar to the proof of Theorem 4.1.6. We use Theorem 4.2.14 instead of Theo-
rem 3.3.16. O

Condition CS. There exists a countable basis # of bounded open sets of X such that any finite inter-

section of elements from 48 is a continuity set with respect to & and g(x,¢,.) for all x € X and ¢ > 0.

We shall fix this countable basis & for the remainder of this section. (CS) allows us to prove the

following lemma.

Lemma 4.2.23. Suppose (CS) holds. Then we have ©(0) = 7' ((*ONS1)s) where O is a finite intersec-

tion of elements from A.

Proof. Let O be a finite intersection of elements of % and let O denote the closure of O. By the
construction of 7/, we know that '(st~! (0) NS) = 7(0) = x(0) = #'(st~1(0) N'S). In order to finish

the proof, it is sufficient to prove the following claim.

Claim 4.2.24. st"'(0O)NS C (*fONS;)s Cst~'(0)NS.

Proof. Pick any point s € st"!(0)NS. Then s € By (s") for some s' € S;. Note also that s € u(y) for
some y € O. As O is open, we have 1 (y) C *O which implies that By (s") C *O which again implies that
se€(fONSy)s.

Now pick some pointy € (*ONS)s. Theny € By(y') for some y € *ONS;. As y is near-standard,
we know that y' is near-standard hence y’ € p(x) for some x € X. Suppose x € O. Then there exists
an open ball U(x) centered at x such that U(x) N O = 0. This would imply that y’ ¢ *O which is a

contradiction. Hence x € O. This means that y € pi(x) C st~ (0), completing the proof. O
This finishes the proof of this lemma. 0

In order to show that the hyperfinite Markov chain {X/},cr converges, we need to establish the
strong regularity (at least for finite intersection of open balls) for {X/},c7.

We first prove the following lemma which is analogous to Theorem 4.2.21.
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Theorem 4.2.25. Suppose (VD), (OC), (WF) and (CS) hold. For any s € NS(S) and any t € NS(T') we

have g(st(s),st(t),0) ~ G ((*ONSy)s) where O is a finite intersection of elements from 2.

st

Proof. By Theorem 4.2.21, we know that P, ) (0)= G (st~'(0)NS) and PSt(t)) (0) = G (st™'(0)n

t(s) s st(s s
S) where O denote the closure of O. By (CS), we know that P:tt((f)) (0) = P:tt(j)) (O). Then the result
follows from Claim 4.2.24. O

We now show that {X/} is strong regular for open balls.

Lemma 4.2.26. Suppose (VD), (OC), (WF) and (CS) hold. For every s == s, € NS(T), there exists an
infinite t; € T such that thl) (FfoNSy)s) ~ Gg?((*OﬁSl)g)for and all t <ty and all O which is a finite

intersection of elements from .

Proof. Pick s; = s, € NS(S) and let O be a finite intersection of elements from . Let x = st(s;) =
st(s2). By Theorem 4.2.25, for any t € NS(T'), we know that thl)((*OﬂSl)s) ~ g(x,st(¢),0) and
GY((*0NS))s) ~ glx,st(t),0). Hence we have G\ (*ONSy)s) ~ G\ ((*0N Sy )s) for all t € NS(T).

Consider the following set
1
To={teT:|GY((0NS))s)—GL((0nS))s)| < ) (4.2.25)

The set Ty contains all the near-standard r € T hence it contains an infinite zp € T by overspill. As
every countable descending infinite reals has an infinite lower bound, there exists an infinite #; which is

smaller than every element in {zp : O € £}. O

By using essentially the same argument as in Theorem 3.1.19, we have the following result for

{X/}1er. The proof is omitted.

Theorem 4.2.27. Suppose (VD), (OC), (WF) and (CS) hold. Suppose {X,};>0 is productively open
set irreducible with stationary distribution 7. Let TU' be the internal probability measure defined in

Theorem 4.2.22. Then for T'-almost every s € S there exists an infinite t' € T such that
G ((*onSy)s) = a'((*ONSy)s) (4.2.26)

for all infinite t <t' and all O which is a finite intersection of elements from 2.

This immediately gives rise to the following standard result.
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Lemma 4.2.28. Suppose (VD), (OC), (WF) and (CS) hold. Suppose {X,};>0 is productively open set
irreducible with stationary distribution . Then for m-almost surely x € X we have lim,_,, g(x,t,0) =

7 (0) for all O which is a finite intersection of elements from 2.

Proof. Suppose not. Then there exist an set B and some O which is a finite intersection of elements
from % with m(B) > 0 such that g(x,7,0) does not converge to (0) for x € B. Fix a xop € B and let s
be an element in S with 59 = x¢. Then there exists an € > 0 and a unbounded sequence of real numbers
{kn : n € N} with |g(xo,k,,0) —w(O)| > € for all n € N. By Theorem 4.2.25 and Lemma 4.2.23, we
have ]Gg’l)((*OﬂSl)S) —m'((*ONSy)s)| > € for all n € N. Let ¢’ be the same infinite element in 7
as in Theorem 4.2.27. By overspill, there is an infinite 7y < ¢’ such that \G%O)((*O NSy)s) — ' ((*On
S1)s)| > €. As xq and s are arbitrary, we have for every s € st™!(B) NS there is an infinite #; < ¢/
such that |G\ (*0NSy)s) — 7' ((FONS))s)| > €. As T (st~ 1(B)NS) = 7(B), this contradicts with

Theorem 4.2.27 hence completing the proof. O
We now generalize the convergence to all Borel sets. We will need the following definition.

Definition 4.2.29 ([41, Page. 85]). Let P, and P be probability measures on a metric space X with
Borel c-algebra Z[X]. A subclass ¢ of Z[X] is a convergence determining class if weak convergence

P, to P is equivalent to P,(A) — P(A) for all P-continuity sets A € €.
For separable metric spaces, we have the following result.

Lemma 4.2.30 ([34, Page. 416]). Let P, and P be probability measures on a separable metric space X
with Borel c-algebra B[X|. A class € of Borel sets is a convergence determining class if € is closed

under finite intersections and each open set in X is at most a countable union of elements in €.

Theorem 4.2.31. Suppose (VD), (OC), (WF) and (CS) hold. Suppose {X,};>0 is productively open
set irreducible with stationary distribution 1. Then for m-almost surely x € X we have Px(t)(.) weakly

converges to 7(.).

Proof. Let %' to be the smallest set containing % such that %’ is closed under finite intersection. By
Lemma 4.2.28, we know that lim,_,, Py (A) = m(A) for all A € #'. The theorem then follows from

Lemma 4.2.30. O

As one can see, with Feller condition, we can only show that {X/},cr is strong regular for some
particular class of sets. In order to prove some result like Theorem 4.1.16, we need {X/ };cr to be strong

regular on a larger class of sets.
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Open Problem 4. Suppose (WF) holds. Is it possible to pick a hyperfinite representation Sy such that
GY (As) =~ Gy) (Ag) forallx~y, allt € T and all A € 7 (S)?
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Chapter 5

Push-down of Hyperfinite Markov

Processes

In the previous chapter, we discuss how to construct hyperfinite Markov processes from standard Markov
processes. The procedure for using hyperfinite Markov processes to construct standard Markov process-

es as well as stationary distributions is the reverse of the material that discussed in the previous chapter.

In Section 5.1, we begin with an internal probability measure on *X and use the standard part
map to “push” the corresponding Loeb measure down to X to generate a standard probability measure.
This push-down technique is useful in establishing existence result. We then discuss how to construct
standard Markov processes and stationary distributions from hyperfinite Markov processes and weakly
stationary distributions (‘“‘stationary” distributions for hyperfinite Markov processes). This also gives rise

to some new insights in establishing existence of stationary distributions for general Markov processes.
A Markov process {X; },>0 satisfies the merging property if for all x,y € X

lim || P (-) = P, |=0. (5.0.1)

t—ro0

Note that a Markov process with the merging property does not need to have a stationary distribution.
In Section 5.2, we discuss conditions on {X; },>¢ for it to have the merging property. Finally, we close

with some remarks and open problems in Section 5.3.
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5.1 Push-down Results

In Section 3.2, we discuss how to construct a corresponding hyperfinite Markov process for every s-
tandard general Markov processes satisfying certain conditions. In this section, we discuss the reverse
procedure of constructing stationary distributions and Markov processes from weakly stationary distri-
butions and hyperfinite Markov processes. Generally, we begin with an internal measure on *X and
use standard part map to push the corresponding Loeb measure down to X. We start this section by

introducing the following classical result.

Theorem 5.1.1 ([11, Thm. 13.4.1]). Let X be a Heine-Borel metric space equipped with Borel 6-algebra
PB|X|. Let M be an internal probability measure defined on (*X,* #B[X|). Let

¢ ={CcX:st '(C) e B[X]}. (5.1.1)

Define a measure [ on the sets € by: 1(C) = M (st~ (C)). Then u is the completion of a regular Borel

measure on X.

Proof. We first show that the collection € is a c-algebra. Obviously @ € ¥. By Lemma 2.4.10, we

know that X € 4. We now show that it is closed under complement. Suppose A € ¥. It is easy to
see that st™'(A°) = (NS(*X) \ st™!(A4)). By Theorem 2.3.1 and the fact that *%[X] is a c-algebra,

A¢ € €. We now show that ¢ is closed under countable union. Suppose {A; : i € N} be a countable
collection of pairwise disjoint elements from %. It is easy to see that [J;c, (st ™' (4;) = st ™! (UjcpAi)-

Asst™1(A;) € *2B[X] for every i € N, we have st ™! (U;cpAi) € *%A[X]. Hence U;cpAi € €.

We now show that u is a well-defined measure on (X,%). Clearly u(0) = 0. Suppose {A; }ice is a

mutually disjoint collection from %’. We have

u(lJa) =M(st (| JA)) =M(|J (st (4)). (5.1.2)

icw i€w i€

As A;’s are mutually disjoint, we know that st~!(A;)’s are mutually disjoint. Thus,

M st 1A)) = Y. M(st 1 (A) = Y u(Ay). (5.1.3)

ico i€co i€

This shows that u is countably additive.

Finally we need to show that such u is the completion of a regular Borel measure. By universal Loeb

measurability (Theorems 2.3.1 and 2.3.9), we know that st™!(B) € *#[X] for all B € #[X]. Consider
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any B € %[X] such that u(B) = 0 and any C C B. It is clear that st"!(C) C st™!(B). As the Loeb
measure M is a complete measure, we know that M(st~!(C)) = 0 since M(st~!(B)) = 0. Thus we have

w(C) =0, completing the proof. O

Note that the measure u constructed in Lemma 8.1.1 need not have the same total measure as M.
For example, if the internal measure M concentrates on some infinite element then u would be a null
measure. However, if we require M(NS(*X)) = st(M(*X)) then u(X) = st(M(*X)). In particular, if
M is an internal probability measure with M(NS(*X)) = 1 then y is the completion of a regular Borel
probability measure on X. Such u is called a push-down measure of M and is denoted by M.

The following corollary is an immediate consequence of Lemma 8.1.1.

Corollary 5.1.2. Let X be a Heine-Borel metric space equipped with Borel 6-algebra A[X| and let Sx
be a hyperfinite representation of X. Let M be an internal probability measure defined on (Sx,.7[Sx]).
Let

¢ ={CcX:st{(C)NSx € 7[Sx]}. (5.1.4)

Then the push-down measure M,, on the sets € given by M,(C) = M(st™'(C) N Sy) is the completion of

a regular Borel measure on X.

The following theorem shows the close connection between an internal probability measure and its

push-down measure under integration.

Lemma 5.1.3. Let X be a metric space equipped with Borel c-algebra B[X|, let v be an internal
probability measure on (*X,*B[X]) with VINS(*X)) = 1. let f: X — R be a bounded measurable
function. Define g : NS(*X) — R by g(s) = f(st(s)). Then g is integrable with respect to V restricted to
NS(*X) and we have [y fdv, = [yg(-x)8dV.

Proof. As V(NS(*X)) = 1, the push-down measure V,, is a probability measure on (X, %[X]). For every
n€Nand k € Z, define F,x = £~ 1([5,51)) and G, x = g1 ([£,551)). As £ is bounded, the collection
Fn={Fux k€ Z}\ {0} forms a finite partition of X, and similarly for ¢, = {G,x : k € Z} \ {0} and
*X. Note that G, = st~ (F, ) for every n € N and k € Z. By Lemma 2.4.10, G, is V-measurable.
For every n € N, define fn :X - Rand g, : "X — R by putting fn = % on F,; and g, = % on G, for
every k € Z. Thus f, (resp., §,) is a simple (resp., *simple) function on the partition .%, (resp., ¥,).

By construction f, < f < f, +% and 8, <g<g,+ % It follows that [y fdv, = lim,_,., [y fndvp. By
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Lemma 8.1.1, we have V(G ) = V,(F,x) for every n € N and k € Z. Thus, for every n € N and k € Z,

we have

A k k
A, = ~v,(F,1) = —V(G, :/ 3, dV (5.1.5
Jdav,= v = ¥(Gu = [ )

Hence we have lim,,_,, st(* x)&ndV exists and fNS(*X) gdv = [y fdv,, completing the proof. U

5.1.1 Construction of Standard Markov Processes

In Section 3.2, we discussed how to construct a hyperfinite Markov process from a standard Markov
process. In this section, we discuss the reverse direction. Starting with a hyperfinite Markov process,
we will construct a standard Markov process from it.

Let X be a metric space satisfying the Heine-Borel condition. Let S be a hyperfinite representation
of *X. Let {Y, },er be a hyperfinite Markov process on S with transition probability GY (+) satisfying the

following condition:

1. For all 51,52 € NS(S) and all 71,1, € NS(T'):

(51 oAt~ h) = (VA€ Z[S]G(4) =G (A)) (5.1.6)

2

(Vs € NS(S)) (¥ € NS(T)) (G (NS(S)) = 1). (5.1.7)

N

For every x € X, every h € R™ and every A € [X], define

g(r,h,A) =G (st~ (A)NS) (5.1.8)

N

where s &~ x and t = h. Such g(x,h,A) is well-defined because of Eq. (5.1.6). By Lemma 8.1.1 and
Eq. (5.1.7), it is easy to see that g(x,h,.) is a probability measure on (X, Z[X]) forx € X and h € RT.
In fact, g(x, h,-) is the push-down measure of the internal probability measure Gy)(-).

We would like to show that {g(x,h,.)}ex n>0 is the transition probability measure of a Markov

process on (X, %[X]). We first recall Definition 2.2.15 and Theorem 2.2.16.

Definition 5.1.4. Suppose that (Q,T’,P) is a Loeb space, that X is a Hausdorff space, and that f is a
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measurable (possibly external) function from € to X. An internal function F : Q — *X is a lifting of f

provided that f = st(F) almost surely with respect to P.

Theorem 5.1.5 ([3, Theorem 4.6.4]). Let (Q,T, P) be a Loeb space, and let f : Q — R be a measurable

function. Then f is Loeb integrable if and only if it has a S-integrable lifting.
We are now at the place to establish the following result.

Lemma 5.1.6. Suppose {Y, },>¢ satisfies Egs. (5.1.6) and (5.1.7). Then for any t|,t; € NS(T), any so € S
and any E € B[X], the internal transition probability G(:Z) (st™"(E)NS) isa 6§
of s.

)N s .
o (+)-integrable function

Proof. Fix t1,t € NS(T), so € NS(S) and E € #[X]|. By Egs. (5.1.6) and (5.1.7), we know that
g(st(s),st(n),E) = G (st™'(E)NS) for all s € NS(S). The proof will be finished by Theorem 2.2.16

N

and the following claim.

Claim 5.1.7. The internal function *g(-,st(t2),*E) : S+ *[0, 1] is a S-integrable lifting 0f6§12) (st™Y(E)n

S) : S+ *[0, 1] with respect to the internal probability measure Ggff)(-).

Proof. As GEQ)(J is an internal probability measure concentrating on a hyperfinite set, by Corol-
lary 2.2.12, it is easy to see that *g(-,st(t,),*E) is S-integrable. As g(st(s),st(t2),E) = 6§t2)(st*1(E) N
S), it is sufficient to show that *g(-,st(z2),"E) is a S-continuous function on NS(S). Pick some x; € X
and € € R". Let s; € S be any element such that s; ~ x;. Let M = {s € S: (VA € J[S])(\thZ)(A) -
GgZ)(A)] < €}. By Eq. (5.1.6), M contains every element in S which is infinitesimally close to s;. By

overspill, there is a 6 € R such that

(Vs € 8)(*d(s,51) < 8 = (VA € Z[S])(|G(4) — G (A4)] < g)). (5.1.9)

This clearly implies that
(Vs € S)("d(s,51) < & = (VE € BX))(|G (st (E)NS) -G (st (E)NS)| < &)). (5.1.10)

By the construction of g(-,st(r;),E), we have |g(x,st(t;),E) — g(x1,st(f2),E)| < € for all x € X such

that d(x,x1) < g. Hence g(-,st(t2),E) is a continuous function for every x € X which implies that
“g(-,st(t2),E) is S-continuous on NS(S). O

O
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We now establish the following result on “Markov property” of GEI) (st™'(E)NS).

Lemma 5.1.8. Suppose {Y,}icr satisfies Egs. (5.1.6) and (5.1.7). For any t;,t; € NS(T), so € NS(S)

and E € B[X]|, we have

G (st () NS) ~ / G NS)G™ (ds).

(5.1.11)

Proof. Pick some E € Z[X], some sp € NS(S) and some #;,7, € NS(T'). For any set A € .Z[S] with

st '(E)NS C A, we have 6§t2) (st 1(E)NnS) < 6§t2) (A). Hence we have
/G (st~ (E) N )G (ds) /G 2 A)G™ (ds).

By Corollary 2.2.12, we have

/ G (A)G" (ds) = st( / G ds)) = st(GU7) (4))

Hence, we have

/ G (st (E)n )G (ds) < inf{st(GU T (4)) : st (E)NS C A € £[S]}.

Similarly, we have

/G 12 N OS)G( )(ds) > sup{st(G tl+[2)(B)) st 1 (E)nS>Be 7S]}

Hence, by the construction of Loeb measure, we have

G (st (E)NS) ~ /Gt2 “E)NS)G (ds).

We now establish the main result of this section.

(5.1.12)

(5.1.13)

(5.1.14)

(5.1.15)

(5.1.16)

O]

Theorem 5.1.9. Suppose {Y, }icr satisfies Eqs. (5.1.6) and (5.1.7). Then for any hy,h, € R™, any xo € X

and any E € B[X| we have

g(x0,h1 + M, E) Z/g(xahzﬁ)g(xo,hudX)-
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This means that the family of functions {g(x,h,-) }xex n>0 have the semi-group property.

Proof. Fix hy,hy € RT, xo € X and E € B[X]. Let 5o € S be some element such that sy ~ xo and let

t1,tp € NS(T) such that t; = h; and t, = h,. By the construction of g and Lemma 5.1.8, we have
g(xo,h +hp, E) = Go T (st 1 (E) N S) = /G (st~ (E) N$)G" (ds). (5.1.18)

By Eq. (5.1.6), we know that g(x,hs,E) = 6§t2)(st_1 (E)NS) provided that s ~ x. In Claim 5.1.7, we
know that g(-,h,,E) is a continuous function hence we have *g(s,hy, E) ~ 6§t2)(st_1 (E)NS) for all
s € NS(S).

Thus, by Lemma 8.1.5, we have

1) —(1)
/G ) NS)G,, (ds) (5.1.19)
~(12) (1)

G, (st Y(E )ﬂS)G (ds) (5.1.20)

NS(S)
= st(*g(s,ho,"E))G" (ds) (5.1.21)

NS(S)
= Jusis) St E)G G\ (ds) (5.1.22)
—/g x,hy, E)g(x0,hy,dx). (5.1.23)
Note that the last step follows from Lemma 8.1.5. Hence we have the desired result. O

As the transition probabilities {g(x, 4, .) }xex 4>0 have the semigroup property, we know that {g(x, &, .) } xex a0
defines a standard continuous-time Markov process on the state space X with Borel c-algebra Z[X]. In
fact, if we define X : Q x [0,00) — X by X(®,h) = st(Y(w,h")) where h™ is the smallest element in
T greater than or equal to % then {X},},>0 is a standard continuous-time Markov process obtained from

pushing-down the hyperfinite Markov process {Y, },cr.

5.1.2 Push down of Weakly Stationary Distributions

Recall from Definition 3.1.5 that an internal probability measure 7 on (S,.#[S]) is a weakly stationary

distribution if there is an infinite o such that

(Vt <19)(VA € Z(S) ~ Y m({i})p" (i,A)) (5.1.24)

ieS
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p® (i,A) denote the 7-step internal transition probability of a hyperfinite Markov process.

In Section 5.1.1, we established how to construct a standard Markov process {X; };>0 on the state
space X from a hyperfinite Markov process {Y; };cr on a state space S satisfying certain properties. Note
that S is a hyperfinite representation of X. It is natural to ask: if IT is a weakly stationary distribution of
{Y;}ter, is the push-down IT, a stationary distribution of {X;},>0? We will show that, if {Y¥;} satisfies
Egs. (5.1.6) and (5.1.7) then IT,, is a stationary distribution on {X; },>o.

For the remainder of this section, let {th)(-)} sesser denote the transition probabilities of {Y; };cr.
Let {X;},>0 be the standard Markov process on the state space X constructed from {Y;} as in Sec-
tion 5.1.1. Let {g(x,h,") }xex n>0 denote the transition probabilities of {X;},~o. Moreover, let IT be a
weakly stationary distribution of {Y; };er such that II(NS(S)) = 1. Let IT,, be the push down measure of
IT defined in Lemma 8.1.1. It is easy to see that IT, is a probability measure on (X, Z[X]).

We first establish the following lemma.

Lemma 5.1.10. Suppose {Y;};>0 satisfies Egs. (5.1.6) and (5.1.7). Then for any t € NS(T) and any
E € AB[X], the transition probability 6@ (st™'(E)NS) is a TI-integrable function of s.

Proof. The proof of this lemma is similar to Lemma 5.1.6. 0

Lemma 5.1.11. Suppose {Y;},cr satisfies Eqs. (5.1.6) and (5.1.7). Then for any t € NS(T) and any
E € B[X], we have

(st ' (E)NS) ~ /Gg” (st (E) N S)TI(ds). (5.1.25)
Proof. The proof is similar to Lemma 5.1.8 O

We now show that the push-down measure of the weakly stationary distribution IT is a stationary

distribution for {X; },>0.

Theorem 5.1.12. Suppose {Y,;},>o satisfies Egs. (5.1.6) and (5.1.7). Let I1 be a weakly stationary
distribution of {Y;},er with TI(NS(S)) = 1. Then the push-down measure I, of Il is a stationary
distribution of {X; }+>0.

Proof. By Lemma 8.1.1 and the fact that II(NS(S)) = 1, we know that IT, is a probability measure on
(X, 2(X]).
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Fix tp € R™ and A € %[X]. It is sufficient to show that IT,(A) = [ g(x,7,A)I1,(dx). Let ¢ be any

element in T such that 7 ~ #y. By the construction of Il, and Lemma 5.1.11, we have
I, (A) = TI(st {(4)NS) = / G (st~1(4) N S)TI(ds). (5.1.26)

By the construction of g, we know that g(x,7,A) = GV (st™'(A)NS) provided that s ~ x. By a

similar argument as in Theorem 5.1.9, we have

/ G (st™1(A) N S)TH(ds) (5.1.27)
S
= st(*g(s,t0,*A))TI(ds) (5.1.28)
NS(S)
= / 8(x,10,A)I,(dx). (5.1.29)
X
Hence completing the proof. O

Suppose we start with a standard Markov process {X; },>¢ satisfying (VD), (SF) and (WC). Note that
such {X; },>0 may not necessarily have a stationary distribution. An simple example of such {X;},>¢ is
Brownian motion. The hyperfinite representation {X; };cr of {X;};>0 satisfies Egs. (5.1.6) and (5.1.7).
Thus, if there is a weakly stationary distribution IT of {X/};c7 with TI(NS(Sx)) = 1 then there is a
stationary distribution of {X;};>o. This provides an alternative approach for establishing the existence
of stationary distributions for standard Markov processes. This will be discussed in detail in the next

section.

5.1.3 Existence of Stationary Distributions

The existence of stationary distribution for discrete-time Markov processes with finite state space is
well-understood (e.g [42, Section 8.4]). The situation is much more complicated for Markov processes
with non-finite state spaces. The stationary distribution may not exist at all even for well-behaved
Markov processes (e.g Brownian motion). By using the method developed in this paper, we consider
the hyperfinite counterpart of the original general-state space Markov process {X;};>0. Assuming the
state space is compact, we show that a stationary distribution exists under mild regularity conditions.

We start by quoting the following results for finite-state space discrete-time Markov processes.

Definition 5.1.13. A n X n matrix PP is regular if some power of P has only positive entries.
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Theorem 5.1.14. Let P be the transition matrix of some finite-state space discrete-time Markov process
{Y: }ien. Suppose P is regular. Then there exists a matrix W with all rows the same vector w such that
lim

1o P = W. Moreover, w is the unique stationary distribution of {Y; }en.

Definition 5.1.15. A n x n matrix P is irreducible if for every pair of i, j < n there is n;; € N such that

the (i, j)-th entry of P/ is positive.
The following theorem give a sufficient condition for [P being regular.

Theorem 5.1.16. Let P be the transition matrix of some finite-state space discrete-time Markov process

{Y: }ien. If P is irreducible and at least one element in the diagonal of P is positive, then P is regular.

For an arbitrary hyperfinite Markov process, we can form its transition matrix as we did for finite

Markov process.

Definition 5.1.17. Let K € *N. A K x K (hyperfinite) matrix P is *regular if some hyperfinite power of
IP has only positive entries. A K x K matrix P is *irreducible if for any i, j < K there is n;; € *N such

that the (i, j)-th entry of P/ is positive.
Similarly, we have the following result for hyperfinite Markov processes.

Theorem 5.1.18. Let IP be the hyperfinite transition matrix for some hyperfinite Markov process {Y; }er
with state space S. Suppose P is *regular. Then there exists a unique *stationary distribution I1 for

{Y: }ier, ie., for every s € S, we have I1({s}) = ZkeSH({k})Pk(ft).

Proof. The proof follows from the transfer of Theorem 5.1.14. O

Note that if IT is *stationary then IT is weakly stationary as in Definition 3.1.5. The following

theorem gives a sufficient condition for regularity of .

Theorem 5.1.19. Let P be the transition matrix of some hyperfinite Markov process {Y; };cr with state

space S. If P is *irreducible and at least one element in the diagonal of P is positive, then P is *regular.

By *irreducible, we simply mean that for any i, j € S there exists n € *N such that Pl.(j") > 0. The
proof of this theorem follows from transfer of Theorem 5.1.16.
We now turn our attention to standard continuous-time Markov process {X; };>¢ and its correspond-

ing hyperfinite Markov process {X/ };c7. We have the following result:
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Theorem 5.1.20. Let {X;};>0 be a Markov process on a compact metric space X and let {X/};cr be a
hyperfinite Markov process on Sx satisfying Eq. (4.2.23). Let P be the hyperfinite transition matrix of

{X/ }ier. If P is *regular, then there exists a stationary distribution for {X; };>o.

Proof. By Theorem 5.1.18, there exists a unique *stationary distribution IT for {X/};c7. Let IT, denote
the push-down measure of I1. As X is compact, by Theorem 5.1.12, I, is a stationary distribution of

{XI}ZZO' D

Given a standard Markov process {X; };>0. It is not difficult to find the hyperfinite transition matrix

of {X/},cr. Thus Theorem 5.1.20 provides a way to look for stationary distributions.

Example 5.1.21 (Brownian motion). Let {X;};>¢ be the standard Brownian motion. Clearly {X;};>o
satisfies all the conditions in Theorem 3.3.31. Let {X/};cr be the corresponding hyperfinite Markov
process. The transition matrix of {X/};cr is regular (in fact Ggft)({sz}) > 0 for all 51,5, € S). By

Theorem 5.1.18, there exists a *stationary distribution IT of {X/},c7.

Standard Brownian motion does not have a stationary distribution. It does have a stationary measure
which is the Lebesgue measure on R. From a nonstandard prospective, as we can see from this example,
there exists a *stationary distribution of {X; };c7. However, this *stationary distribution will concentrate
on the infinite portion of *R since otherwise its push-down will be a stationary distribution for the

standard Brownian motion.

5.2 Merging of Markov Processes

In Section 4.1, we discussed the total variance convergence of the transition probabilities to stationary
distributions for Markov processes satisfying certain properties. In particular, we required our Markov
chain to be productively open set irreducible and to satisfy (VD), (SF), (OC) and (CS). However, such
Markov processes do not necessarily have a stationary distribution. A simple example is standard Brow-
nian motion. However, the transition probabilities of the standard Brownian motion “merge” in the

following sense.

Definition 5.2.1. A Markov process {X; },>0 has the merging property if for every two points x,y € X,

we have

tim | P”() =P () =0 (5.2.1)

t—oo
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where P" (.) denotes the transition measure and || pY (.)— Py(t) (.) || denotes the total variation distance

between P.") (.) and Py([) (.).

Saloft-Coste and Zidiga [44] discuss the merging property for time-inhomogeneous finite Markov
processes. In this section, we focus on time-homogeneous general Markov processes. For merging
result of general probability measures, see [12].

In this section, we give sufficient conditions to ensure that Markov processes have the merging

property. The following definition is analogous to Definition 3.1.11.

Definition 5.2.2. Given a Markov process {X; },>0 on some state space X and fix some xj,x; € X. An

element (y1,y2) € X x X is an absorbing point of (x,x;) if forall n € N

1 1
Q) (F Z €UGn, ) xUly2, ) = 1. (5.2.2)

where Q denote the probability measure of the product Markov chain {Z; },>¢ of {X; },>0 and ai.i.d copy

of {X; };>0, and U(y, 1) is the open ball centered at y with radius .

Fix an infinitesimal & such that & - (4;) ~ 0 for all # € T. As in Section 3.3, we construct a
hyperfinite Markov process {X; };er on some (&, r)-hyperfinite representation of *X where & and ry
are chosen with respect to this &. Moreover, by Proposition 2.1.12 and Theorem 2.4.6, we can assume
our hyperfinite state space S contains every x € X. The hyperfinite transition probabilities for {X/},c7 are

defined in the same way as in the paragraph before Lemma 3.2.12 and are denoted by {Gl@ () Yieser-

Lemma 5.2.3. Suppose {X, };>o satisfies (VD), (SF) and (OC). Suppose (y1,y2) € X x X is an absorbing
point of some x1,x; € X. Then (y1,y2) is a near-standard absorbing point of xy,x; for the hyperfinite

Markov chain {X/};cr.

Proof. As {X;};>0 satisfies (VD), (SF) and (OC), by Theorem 3.3.31, we have

Ps(ts(ts()t))(E) G (st (E)nS) (5.2.3)

hence implies that {X] },c7 satisfies Egs. (5.1.6) and (5.1.7). Let {X/ },>0 denote the standard Markov
process obtained from pushing down {X/};c7 as in Section 5.1.1. By the construction of {X/},>0, we
know that p,(f) (E) = P)St) (E) forallx € X, > 0 and E € A[X] where p and P denote the probability

measure for {X/},>0 and {X; },>0, respectively.
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Now fix some xj,x, € X. There exists (y1,y2) € X x X which is an absorbing point for x;,x,. Fix an
open ball U; x U, centered at (y1,y2). By Definition 5.2.2, we know that Q(,, .,y(3t >0Z, € Uy x Us) =
1. This implies that

Qx1 ) (3 >0Z €Uy xUp) =1 (5.2.4)

where ¢ denote the probability measure of the product Markov chain {Z!},>¢ obtained from {X/};>¢

and its i.i.d copy. By the construction of {X/},>(, we know that
F(y )3t €ENS(T) Z/ € (st (Uy) x st (U2)) N (Sx S)) =1 (5.2.5)

where F denote the probability measure of the product hyperfinite Markov chain {Z] },c7 obtained from
{X/}ier and its i.i.d copy. As st™!(U) C *U for any open set U, we know that F,, (3t e NS(T) Z; €
(*Up x *U;) N (S x §)) = 1. As our choice of U; x U, is arbitrary, this shows that (y;,y,) is a near-

standard absorbing point of x,x;. O

The proof of the following theorem is similar to the proof of Theorem 3.1.19.

Theorem 5.2.4. Suppose {X,},>o satisfies (VD), (SF) and (OC) and for every xi,x; € X there exists a
absorbing point (y,y) € X x X. Then for every x1,x, € X, every infinite t € T and every A € *B[X] we
have G)(fl) (A) ~ G)(fz) (A).

Proof. Let {X/};er be a corresponding hyperfinite Markov chain of {X; };>¢. Let {Y; };c7 be a i.i.d copy
of {X/ };er and let {Z, },c7 denote the product hyperfinite Markov chain of {X/ };c7 and {Y; };,c7. We use
G’ and G’ for the internal probability and Loeb probability of {Z; },c7.

Fix x1,x; € X. By assumption, there exists a standard absorbing point y. Pick an infinite o € 7 and

fix some internal set A C S. Define
M={o:3t<t)—1,X/(0) =Y, (®)~y}. (5.2.6)
By Lemma 5.2.3, for all n € N, we have
nl ! * 1 * 1
F (1 4,)(3t €ENS(T) Z; € ("U(y, ;) x *U(y, ;)) N(ESxS))=1. (5.2.7)
where F denote the internal transition probability for the product hyperfinite Markov chain {Z/},cr
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obtained from {X/};cr and its i.i.d copy. By Lemma 3.1.8, we know that F, ,,)(M) = 1. By Theo-

rem 3.3.21, we know that {X/},c7 is strong regular. Thus we have:

G (4) -G ()] (52.8)
= |F (y00) (X, €A) = F (5, 1) (Y €A)] (5.2.9)
= [F (e (X, € A) M) = F (1, (%, € A) M) (5.2.10)
=0. (5.2.11)

O

We now establish the following merging result for the standard Markov process {X; };>0.

Theorem 5.2.5. Suppose {X,};>o satisfies (VD), (SF) and (OC) and for every xi,x, € X there exists a

standard absorbing point y. Then {X; };>0 has the merging property.

Proof. Pick areal € > 0 and fix two standard x;,x, € X. By Theorem 5.2.4, we know that |G)(fl) (A) —
ze( )| < € for all infinite t € 7 and all A € *“ZB[X]|. Let M ={t €T : (VA € *,%’[X])(|G,(fl)(A) -
GY)(A)| < €)}. By the underspill principle, there exists a fo € NS(T) such that |G (4) — G (A)| < ¢

2

for all A € *#[X]. Pick a standard t; >ty and let t, € T be the first element greater than 7.

Claim 5.2.6. |G\ (A) — G\ (A)| < & for all A € *BIX].

Proof. Pick 13 € T such that 1o +13 = 1 and any A € *Z[X]|. Then we have

G (4) — G&)(4)) (5.2.12)
~ Y G (G (4) - ¥ G ()G (a)] (5.2.13)
yes y€S

Let f(y) = Gy ) (A). By the internal definition principle, we know that G (A) is an internal function

with value between *[0, 1]. By Lemma 3.1.24, we know that

G (4) - GE ()| 56 () -G () |- (52.14)
Since this is true for all internal A, we have established the claim. OJ
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By the construction of Loeb measure, we know that

(VB € BX))(|G (st 1(B)nS) — G (st (B)NS)| < ). (5.2.15)

x2

By Theorem 3.3.31 and the fact that 7, = t;, we know that |Px(]t])(B) —Px(?)(B)| < € for all B € #[X].

This shows that {X; },>¢ has the merging property. O

5.3 Remarks and Open Problems

(i) So far we have required that the state space X is a metric space satisfying the Heine-Borel prop-
erty. Such an X is automatically a o-compact locally compact metric space. Let X = J, <y K, where
every K, is a compact subset of X. Heine-Borel property is essential since it implies that *X = | J,cn *K.
However, the Heine-Borel condition turns out to be quite strong. For example, (0,1) and set of ratio-
nal numbers QQ, while they are o-compact and locally compact spaces, do not satisfy the Heine-Borel
property. The following theorem shows that, for every -compact locally compact metric space, we can

impose a Heine-Borel metric dy on X without changing the topology on X.

Theorem 5.3.1. Let (X,d) be 6-compact locally compact metric space. There is a metric dy on X

inducing the same topology such that (X ,dy ) satisfies the Heine-Borel property.

Proof. Let X = J, ey K where every K, is a compact subset of X. We now define a non-decreasing of

compact subsets of X as following:

o LetV, =K.

e Suppose we have defined V,,. As X is locally compact, there is a finite collection {Uj,...,U;} of

open sets such that (J;<, U; D'V, and U; is compact for every i < k. Let V4| = (Uigk U,-) UK+1.

Thus, X = U,enVn and V,, C W,,41 where W, is the interior of V,;. Define f, : X — R by letting

falx) = d(x,v,,)ig(’xn;\wnﬂ)‘ Let f(x) =Y, fu(x). Note that Y.~ f,,(x) is always finite since each x € X

is in some V,,. Moreover, as both V,, and X \ W, are closed, the function f : X — R is continuous.

Define dy : X x X — R by

du(x,y) = d(x,y) +[f(x) = f(y)]- (5.3.1)
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Then

dy(x,2) = d(x,2) + |f(x) = (D) < d(x,y) +[f(x) = fW)+dy2) +1f ) = f(2)] (5.3.2)

hence dy is a metric on X.

Claim 5.3.2. dy induces the same topology as d.

Proof. Let {x, : n € N} be a subset of X and let y € X. Suppose lim,_,.,du (x,,y) = 0. As d(x,,y) <
dp (xp,y) for all n € N, we have lim,_, ., d(x,,y) = 0. Now suppose lim,_, . d(x,,y) = 0. As f is contin-

uous in the original metric, we have lim,_.., f(x,) = f(y) hence we have lim,,_, . dg(x,,y) = 0. O

The metric space (X,dp) satisfies the Heine-Borel condition since the following claim is true.

Claim 5.3.3. For every A C X bounded with respect to dy, there is some V,, such that A C V.

Proof. Suppose A is not a subset of any element in {V, : n € N}. Fix some element n € N and r € R™.
Pick x € V41 \ V. By the construction of f, we know that n+ 1 > f(x) > n. Thus, we can pick an
element a € A such that f(a) > f(x) +r. Then dy(x,a) > r. As n and r are arbitrary, this shows that A

is not bounded. O]

O]

As the Heine-Borel metric induces the same topology in X, instead of assuming the state space X

satisfies the Heine-Borel condition we only need X to be a 6-compact locally compact space.

(i) There has been a rich literature on hyperfinite representations. In this paper, we cut *X into
hyperfinitely “small” pieces (denoted by {B(s) : s € Sx}) such that *g(x,1,A) ~ g(y,1,A) for all A €
*%|X] for if x and y are in the same “small” piece B(s). This also depends on (DSF) which states that
the transition probability is a continuous function of starting points with respect to total variation norm.
In [27], Loeb showed that, for any Hausdorff topological space X, there is a hyperfinite partition % of
*X consisting of *Borel sets which is finer than any finite Borel-measurable partition of X. That is, there

exists N € *“Nand {A; : i <N} € Z(*2[X]) such that

e Foranyi,j <N,wehave A; #0 and A;NA; = 0.

o X =U<nAi
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e For every bounded measurable function f, we have

sup ™ f(x) — inf * f(x) = 0 (5.3.3)

XEA; XEA;
for every i < N.

Now consider a discrete-time Markov process with state space X. There is a hyperfinite set S C *X and a
hyperfinite partition {B(s) : s € S} of *X consisting of *Borel such that for all s € S, any x,y € B(S) and
any A € B[X] we have |*g(x,1,*A) —*g(y,1,*A)| ~ 0. However, it is not clear whether |*g(x,1,B) —
*g(y,1,B)| = 0 for all B € *#[X]. A affirmative answer to this question may imply that (DSF) can be

eliminated in establishing the Markov chain ergodic theorem for discrete-time Markov processes.

(iii) It is possible to weaken the conditions mentioned in the Markov chain ergodic theorem (Theo-
rem 4.1.16). In particular, it would be interesting to reduce (SF) to (WF). In Section 4.2, we constructed a
hyperfinite representation {X; },cr of {X; };>0 under the Feller condition. The problem with the Markov
chain ergodic theorem is: we do not know whether {X/},c7 is strong regular. Recall that {X/},c7 is

strong regular if for any A € .Z[S], any i, j € NS(S) and any 7 € T we have:
(i~j) = (GV(A) =~ GV (A)). (5.3.4)

where S denotes the state space of {X] },cr. This is related to the following question: Suppose {X; };>0
satisfies (WF). For any B € *#[X], any x,y € NS(*X) and any ¢ € T, is it true that *g(x,7, B) ~ *g(y,t,B)?
An affirmative answer of this question will imply that {X] },cr is strong regular. By the transfer of (WF),
it is not hard to see that *g(x,7,*A) =~ *g(y,t,*A) for all x ~ y € NS(*X), all t € R and all A € Z[X].
Thus, an affirmative answer to Open Problem 5 should allow us to reduce (SF) to (WF) in the Markov

chain ergodic theorem (Theorem 4.1.16).

(iv) The following nonstandard measure theoretical question is related to the previous point. Let X
be a topological space and let (X, 2[X]) be a Borel-measurable space. The question is: is an internal
probability measure on (*X,*%[X]) determined by its value on {*A : A € #[X]}? For nonstandard
extensions of standard probability measures on (X, %[X]), the answer is affirmative by the transfer
principle. For general internal probability measures on (*X,*%8[X]), the answer is false. We can have
two internal probability measures concentrating on two different infinitesimals. They are very different
internal measures but they agree on the nonstandard extensions of all standard Borel sets. We are

interested in the case in between.
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Open Problem 5. Let X be a topological space and let (X, %|X]) be a Borel-measurable space. Let P
be a probability measure on (X, %B|X]) and let P; be an internal probability measure on (*X,*28[X]).
Suppose P (*A) = *P(*A) for all A € B[X), is it true that P, = *P?

We do have the following partial result.

Lemma 5.3.4. Let us consider ([0,1],2][0,1]]) and let P be a probability measure on it. Let P, be
an internal probability measure on (*[0,1],*%[[0,1]]) such that P;(*A) =~ *P(*A) for all A € A][0,1]].

Then P (I) = *P(I) where I is an interval contained in *[0, 1].

Proof. 1t is easy to see that P; = *P if P has countable support. Suppose P has uncountable support.
Then there is an interval [a,b] C [0, 1] such that P([a,b]) > 0 and P({x}) = 0 for all x € [a,b]. Thus,
without loss of generality, we can assume P is non-atomic on [0, 1]. Let (x,y) C *[0, 1] be a *interval with

infinitesimal length. There is a a € [0, 1] such that (x,y) C *(a,a+ 1) foralln € N. Aslim,_,., P((a,a+

1
n

)) = 0, we know that P, ((x,y)) ~ 0. Pick x;,x> € *[0,1]. Without loss of generality, we can assume
x1 < x. We then have Pl((xl,xz)) ~ Pl((st(xl),st(xz)) ~ *P((st(xl),st(xz)) ~ *P((xl,xz)). L]

It should not be too hard to extend this lemma to more general metric spaces. Note that the collection
of *intervals forms a basis of *[0,1]. An affirmative answer to Open Problem 5 may follow from a

variation of Theorem 3.3.33.

(v) Discrete-time Markov processes with finite state space can be characterized by its transition ma-
trix. The same is true for hyperfinite Markov processes. The Markov chain ergodic theorem as well as
the existence of stationary distribution are well understood for discrete-time Markov processes with fi-
nite state space. In Theorem 5.1.20, we establish a existence of stationary distribution result for general
Markov processes via studying its hyperfinite counterpart. Let {X; },>o be a standard Markov process
and let {X/},cr be its hyperfinite representation. Under moderate conditions, we showed that there is
a *stationary distribution IT for {X/};c7. Note that every *stationary distribution is a weakly stationary
distribution. By Theorem 3.1.26, under those conditions in Theorem 4.1.16, we know that the internal
transition probability of {X/};cr converges to the *stationary distribution IT. This shows that the Loeb
extension of I1 is the same as the Loeb extension of any other weakly stationary distributions. However,
it seems that a weakly stationary distribution would differ from a *stationary distribution in general. We

raise the following two questions.

Open Problem 6. Is there an example of a hyperfinite Markov process where its *stationary distribution

differs from some of its weakly stationary distribution?
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Open Problem 7. Is there an example of a hyperfinite Markov process where the internal transition

probability does not converge to the *stationary distribution in the sense of Theorem 3.1.26?

(vi) In Section 4.2.2, we showed that the transition probability converges to the stationary distri-
bution weakly. We achieve this by showing that the transition probability converges to the stationary
distribution for every open ball which is also a continuity set. It is reasonable to expect such conver-
gence holds for all open balls, even all open sets. Such a result will “almost” imply the Markov chain

ergodic theorem by the following result.

Lemma 5.3.5. Let (X,.7) be a topological space and let (X, %8[X]) be a Borel-measurable space. Let
{P, : n € N} and P be Radon probability measures on (X, B[X]). Suppose

lim sup |P,(U)—P(U)|=0. (5.3.5)
n—eeleg

Then (P, : n € N) converges to P in total variation distance.

Proof. Pick € > 0. There is a ng € N such that supy,  |P,(U) — P(U)| < § for all n > ng. Let 2 (X)
denote the collection of compact subsets of X. Then we have supgc  (x) |P.(K) — P(K)| < § for all
n > ny. Fix B € #[X] and n; > ny. Without loss of generality, we can assume that P, (B) > P(B). As
P, is Radon, we can choose K compact, U open with K C B C U such that P, (U) — B, (K) < §. We

then have

|P., (B) — P(B)| (5.3.6)

<|P,, (U)—P(K)| (5.3.7)

<Py, (U) = P, (K)| + |Py, (K) — P(K)| (5.3.8)
&

< > (5.3.9)

This implies that supgc g1y [Py, (B) — P(B)| < €. Thus we have (P, : n € N) converges to P in total

variation distance. O

Note that the lemma remains true if we replace convergence in total variation by lim,,_, ., P,(A) =

P(A) both in condition and conclusion.

(vii) For general state space continuous-time Markov processes, the Markov chain ergodic theorem

applies to Harris recurrent chains. A Harris chain is a Markov chain where the chain returns to a
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particular part of the state space infinitely many times.

Definition 5.3.6. Let {X; },>0 be a Markov process on a general state space X. The Markov chain {X, }

is Harris recurrent if there exists A C X, o > 0, 0 < € < 1, and a probability measure t on X such that

e P(14 < oo|Xp=x) =1 for all x € X where 74 denotes the stopping time to set A.

o P (B) > eu(B) for all measurable B C X and all x € A.

The set A is called a small set.

The first equation ensures that {X;} will always get into A, no matter where it starts. The second
equation implies that, once we are in A, X, 4, is chosen according to p with probability €. For two
i.i.d Markov processes {X; };>0 and {Y; },>0 starting at two different points in A, then the two chains will

couple in 7y steps with probability €.

Let {X;};>0 be a continuous-time Markov process on a general state space X and let § > 0. The
d-skeleton chain of {X;};> is the discrete-time process {Xs,X5s,...}. As the total variation distance
is non-increasing, the convergence in total variation distance on the §-skeleton chain will imply the
Markov chain ergodic theorem on {X; },>0. The following version of the Markov chain ergodic theorem

is taken from Meyn and Tweedie [32]. Note that the skeleton condition is usually hard to check.

Theorem 5.3.7 ([32, Thm. 6.1]). Suppose that {X,};>o is a Harris recurrent Markov process with sta-

tionary distribution . Then {X,} is ergodic if at least one of its skeleton chains is irreducible.

Recall that the Markov chain ergodic theorem states that, under moderate conditions, the transition
probabilities will converge to its stationary distribution for almost all x € X. The property of Harris
recurrent allows us to replace “almost all” by all. For a non-Harris chain, it needs not converge on a null

set.

Example 5.3.8 ([39, Example. 3]). Let X = {1,2,...}. Let P ({1}) = 1, and for x > 2, P({1}) = &
and P.({x+1})=1— x% The chain has a stationary distribution 7 which is the degenerate measure on

{1}. Moreover, the chain is aperiodic and z-irreducible. On the other hand, for x > 2, we have

P[(Vn)(X, =x+n)|Xo = x| :ﬁ(l — ilz) _x—1

i=x

>0 (5.3.10)
X

Hence the convergence only holds if we start at {1}.
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The Markov chain ergodic theorem developed in this paper (Theorem 4.1.16) do not have such
restrictions. It does not require the skeleton condition on the underlying Markov process nor does it

require the Markov chain to be Harris recurrent.
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Chapter 6

Introduction to Statistical Decision Theory

More than eighty years after its formulation, statistical decision theory has served as a rigorous foun-
dation of statistics. One of the most fundamental problems in statistical decision theory, known as the
complete class theorem, is to study the relation between frequentist and Bayesian optimality. There is
a long line of research, originating with Wald’s development of statistical decision theory [54-57], that
connects frequentist and Bayesian optimality [5, 9, 10, 20, 25, 43, 50, 52-57]. One of the key results,
due to Le Cam [25], building off work of Wald, can be summarized as follows: under some technical

conditions, every admissible procedure is a limit of Bayes procedures.

This and related results deepen our understanding of both frequentist and Bayesian optimality. In
one direction, optimal frequentist procedures have (quasi) Bayesian interpretations that often provide
insight into strengths and weaknesses from an average-case perspective. In the other direction, optimal
frequentist procedures can be constructed via Bayes’ rule from carefully chosen priors or generalized

priors, such as improper priors or sequences thereof.

We give a general overview of statistical decision theory as well as an extensive literature review on
complete class theorems in this chapter. In Section 6.1, we introduce basic notions and key results in
standard statistical decision theory: domination, admissibility, and its variants; Bayes optimality; and
basic complete class and essentially complete class results. Classic treatments can be found in [14]
and [8], the latter emphasizing the connection with game theory, but restricting itself to finite discrete

spaces. A modern treatment can be found in [26].

In Section 6.2, we give a summary of extensive literature on complete class theorems. For finite
parameter spaces, it is well-known that a decision procedure is extended admissible if and only if it

is Bayes. We shall see that various relaxations of this classical equivalence have been established for
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infinite parameter spaces, but these extensions are each subject to technical conditions that limit their

applicability, especially to modern (semi- and nonparametric) statistical problems.

6.1 Standard Preliminaries

A (non-sequential) statistical decision problem is defined in terms of a parameter space ®, each element
of which represents a possible state of nature; a set A of actions available to the statistician; a function
?: 0 x A — R characterizing the loss associated with taking action a € A in state 6 € ©; and finally,
a family P = (Py)gece of probability measures on a measurable sample space X. On the basis of an
observation from Py for some unknown element 8 € ®, the statistician decides to take a (potentially

randomized) action a, and then suffers the loss £(0,a).

Formally, having fixed a o-algebra on the space A of actions, every possible response by the statis-
tician is captured by a (randomized) decision procedure, i.e., a map & from X to the space .#(A) of
probability measures A. As is customary, we will write 8(x,A) for (8(x))(A). The expected loss, or

risk, to the statistician in state 8 associated with following a decision procedure & is

r5(9):r(9,5):/X[/AE(B,a)S(x,da)]Pg(dx). 6.1.1)

For the risk function to be well-defined, the maps x +— [, £(0,a)8(x,da), for 6 € ®, must be measurable,
and so we will restrict our attention to those decision procedures satisfying this weak measurability
criterion. A decision procedure § is said to have finite risk if r5(0) € R for all 8 € ©. Let Z denote the

set of randomized decision procedures with finite risk.

The set 2 may be viewed as a convex subset of a vector space. In particular, for all y,...,5, € Z
and pi,...,pn € Rso with Y, p; = 1, define ; p;6; : X — 4,1 (A) by (¥, pi6;)(x) =Y, pi6i(x) for x € X.
Then r(0,Y,; pi6i) =Y, pir(6,8;) < e, and so we see that }; p;§; € Z and r(6,-) is a linear function on
2 for every 6 € ©. For a subset D C Z, let conv(D) denote the set of all finite convex combinations of

decision procedures é € D.

A decision procedure 6 € Z is called nonrandomized if, for all x € X, there exists d(x) € A such
that §(x,A) = 1 if and only if d(x) € A, for all measurable sets A C A. Let 2 C Z denote the subset

of all nonrandomized decision procedures. Under mild measurability assumptions, every 8 € % can be
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associated with a map x — d(x) from X to A for which the risk satisfies
r6,8) :/E(G,d(x))Pg(dx). 6.12)
X
Finally, writing SI<° for the set of all finite subsets of a set S, let

Dorc= |J conv(D) (6.1.3)
DE@okm]

be the set of randomized decision procedures that are finite convex combinations of nonrandomized

decision procedures. Note that Zy C Yy rc C ¥ and % rc is convex.

6.1.1 Admissibility

In general, the risk functions of two decision procedures are incomparable, as one procedure may present
greater risk in one state, yet less risk in another. Some cases, however, are clear cut: the notion of

domination induces a partial order on the space of decision procedures.
Definition 6.1.1. Let € > 0and 8,6’ € 2. Then § is e-dominated by &' if
1. V6 €O r(6,8') <r(6,6)—¢,and
2. 30 €0 r(6,8") #r(6,0).

Note that & is dominated by &' if & is 0-dominated by &’. If a decision procedure 6 is e-dominated
by another decision procedure &', then, computational issues notwithstanding, & should be eliminated

from consideration. This gives rise to the following definition:
Definition 6.1.2. Let > 0,4 C Z,and § € .
1. & is e-admissible among € unless 0 is e-dominated by some 6’ € €.
2. & is extended admissible among € if 6 is e-admissible among % for all € > 0.

Again, note that 6 is admissible among € if & is 0-admissible among ¢’. Clearly admissibility
implies extended admissibility. In other words, the class of all extended admissible decision procedures
contains the class of all admissible decision procedures.

Admissibility leads to the notion of a complete class.
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Definition 6.1.3. Let <7, %4 C 2. Then </ is a complete subclass of € if, for all § € €\ <7, there
exists &y € &7 such that 8 dominates 8. Similarly, &7 is an essentially complete subclass of € if, for
all § € €\ 7, there exists & € o such that r(0,8)) < r(6,0) for all 0 € ©. An essentially complete

class is an essentially complete subclass of .

If a decision procedure 0 is admissible among %, then every complete subclass of 4” must contain
0. Note that the term complete class is usually used to refer to a complete subclass of some essentially
complete class (such as Z itself or Z under the conditions described in Section 6.1.3.)

The next lemma captures a key consequence of essential completeness:

Lemma 6.1.4. Suppose of is an essentially complete subclass of €, then extended admissible among

& implies extended admissible among €.

The class of extended admissible estimators plays a central role in this paper. It is not hard, however,

to construct statistical decision problems for which the class is empty, and thus not a complete class.

Example 6.1.5. Consider a statistical decision problem with sample space X = {0}, parameter space
® = {0}, action space A = (0, 1], and loss function ¢(0,d) = d. Then every decision procedure is a
constant function, taking some value in A. For all ¢ € (0, 1], the procedure d = ¢ is ¢/2-dominated by
the decision procedure 8’ = ¢ /2. Hence, there is no extended admissible estimator, hence the extended

admissible procedures do not form a complete class.

The following result gives conditions under which the class of extended admissible estimators are
a complete class. (See [8, §5.4-5.6 and Thm. 5.6.3] and [14, §2.6 Cor. 1] for related results for finite

spaces.)

Theorem 6.1.6. Let € C 9. Suppose that, for all sequences 8,08,,0,,... € € and non-decreasing
sequences €1,&,--- € Ry such that &y = lim; &; exists and 6 is €-dominated by &; for all i € N, there
is a decision procedure & € € such that 0 is &-dominated by &y. Then the set of procedures that are

extended admissible among € form a complete subclass of €.

Proof. Let. = {xcR®: (36 € ¥) (VO € ®)x(0) =r(0,8)} denote the risk set of . Pick § € ¢ and

suppose 0 is not extended admissible among % Let
0:(8) ={xcR®: (VO c ©)(x(0) < r(0,5) —¢)}. (6.1.4)

Let M be the set {€ € R-¢ : Q¢(0) N.¥ # 0}, which is nonempty because 8 is not extended admissible

among . As the risk is nonnegative and finite, M is also bounded above. Hence there exists a least
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upper bound & of M. Pick a non-decreasing sequence &;,&,... € M that converges to &. We now

construct a (potentially infinite) sequence of decision procedures inductively:

1. Choose ) € € such that 0 is €-dominated by &;. Because M is nonempty, there must exist such

a procedure.

2. Suppose we have chosen &i,...,8; € €, and suppose there is an index j € N such that § is g;-
dominated by &; but § is not €, -dominated by ;. Then we choose ;.1 € € such that § is
€;y1-dominated by 0i11. Because M contains € i+1, there must exist such a procedure. If no such

index j exist, the process halts at stage i.

Suppose the process halts at some finite stage ip. Then for, all j € N, § is not £;-dominated by &,
or 0 is €j41-dominated by J;,. But & is £/-dominated by J;, and so, by induction, J is €;-dominated by
o, for all j € N. As the sequence €;,&,,... is non-decreasing and has a limit &, it follows easily via a
contrapositive argument that 6 is even &-dominated by 9;,. If 9;, were not extended admissible among
%, then this would contradict the fact that & is a least upper bound on M.

Now suppose the process continues indefinitely. Then the claim is that § is &-dominated by J; for
all i € N. Clearly this holds for i = 1. Supposing it holds for i < k. Then § is &-dominated by &, for
all i <k and there exists j € N such that J is €;-dominated by & but J is not &;1-dominated by &. It
follows that j > k, hence & is & ;-dominated by ;. 1, as was to be shown.

Thus, by hypothesis, there is a decision procedure &’ € % such that 8 is &-dominated by &’. As &

is the least upper bound of M, &’ is also extended admissible among ¢, completing the proof. O

6.1.2 Bayes Optimality

Consider now the Bayesian framework, in which one adopts a prior, i.e., a probability measure 7 defined
on some o-algebra on ®. Irrespective of the interpretation of 7, we may define the Bayes risk of a

procedure as the expected risk under a parameter chosen at random from 7.'
Definition 6.1.7. Let § € Z, € >0, and ¢ C 2, and let 7y be a prior.

1. The Bayes risk under my of 6 is r(my,0) = [o7(6,8)m(d0).

I'We must now also assume that r(-,§) is a measurable function for every § € 9. Normally, there is a natural choice of
o-algebra on O that satisfies this constraint. Even if there is no natural choice, there is always a sufficiently rich o-algebra that
renders every risk function measurable. In particular, the power set of ® suffices. Note that the c-algebra determines the set
of possible prior distributions. In the extreme case where the c-algebra on © is taken to be the entire power set, the set of prior
distributions contain the purely atomic distributions and these are the only distributions if and only if there is no real-valued
measurable cardinal less than or equal to the continuum [19, Thm. 1D]. As we will see, the purely atomic distributions suffice
to give our complete class theorems.
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2. § is €-Bayes under my among € if r(my, §) < o and, for all 6’ € €, we have r(my, §) < r(m,d’) +

€.

3. 0 is Bayes under my among € if & is 0-Bayes under 7y among %

4. ¢ is extended Bayes among % if, for all € > 0, there exists a prior 7 such that 0 is e-Bayes under

T among % .

5. 0 is e-Bayes among € (resp., Bayes among %) if there exists a prior 7 such that § is e-Bayes

under & among % (resp., Bayes under 7 among %).

We will sometimes write Bayes among € with respect to 7y to mean Bayes under 7y among %, and
similarly for e-Bayes among %
The following well-known result establishes a basic connection between Bayes optimality and ad-

missibility (see, e.g., [8, Thm. 5.5.1]). We give a proof for completeness.

Theorem 6.1.8. If 6 is Bayes among €, then O is extended Bayes among €, and then 0 is extended

admissible among € .

Proof. That Bayes implies extended Bayes follows trivially from definitions. Now assume § is not
extended admissible among %. Then there exists € > 0 and 8’ € € such that r(6,8") < r(6,6) — ¢
for all 6 € ®. But then, for every prior 7, [r(6,6")n(d0) < [r(0,8)n(dO) —€ or [r(0,8")w(d6) =
Jr(0,8)m(d6) = =, hence § is not €/2-Bayes among %, hence not extended Bayes among & . O

Note that neither extended admissibility nor admissibility imply Bayes optimality, in general. E.g.,
the maximum likelihood estimator in a univariate normal-location problem is admissible, but not Bayes.

Essential completeness allows us to strengthen a Bayes optimality claim:

Theorem 6.1.9. Suppose <7 is an essentially complete subclass of €, then €-Bayes among </ implies

e-Bayes among € for every € > 0.

Proof. Let & be Bayes under 7 among 7 for some prior 7. Let § € 4. Then there exists 6§’ € &/
such that, for all r(6,8") < r(6,0) for all 8 € ®. By hypothesis, r(x, ) < r(r,5"), but r(x,8") =
Jr(6,8")n(d0) < [r(0,0)n(dO) = r(m,8). Hence r(m,8) < r(m,d) forall § € €. O
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6.1.3 Convexity

An important class of statistical decision problems are those in which the action space A is itself a vector
space over the field R. In that case, the mean estimate [, a 0(x,da) is well defined for every 8 € 2 rc

and x € X, which motivates the following definition.

Definition 6.1.10. For § € % ¢, define E(6) : X — .4, (A) by E(5)(x,A) = 1if [, ad(x,da) € A and

0 otherwise, for every x € X and measurable subset A C A.

When the loss function is assumed to be convex, it is well known that the mean action will be
no worse on average than the original randomized one. We formalize this condition below and prove

several well-known results for completeness.

Condition LC (loss convexity). A is a vector space over the field R and the loss function £ is convex

with respect to the second argument.

Lemma 6.1.11. Let 6 and E(8) be as in Definition 6.1.10, and suppose (LC) holds. Then r(-,0) >
r(-,E(6)), hence E(8) € %.

Proof. Let 6 € ©. By convexity of £ in its second parameter and a finite-dimensional version of Jensen’s

inequality [14, §2.8 Lem. 1], we have

49,5):/}(%«9,@5@,@) Po(dx) 6.15)

> /XK(O,anMx,da))Pg(dx) — 1(8,E(5)). (6.1.6)

O]

Remark 6.1.12. Irrespective of the dimensionality of the action space A, we may use a finite-dimensional
version of Jensen’s inequality because the procedure § € % rc is a finite mixture of nonrandomized
procedures. The proof for a general randomized procedure § € & and a general action space A, would
require additional hypotheses to account for the possible failure of Jensen’s inequality (see [35]) and the

possible lack of measurability of E(J) (see [14, S2.8]).
Lemma 6.1.13. Suppose (LC) holds. Then % is an essentially complete subclass of % rc.

Proof. Let 6 € Py rc. Then E(8) € Zp. By Lemma 6.1.11, E(J) is well defined and (6, &) >
r(6,E(0)), completing the proof. O
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Remark 6.1.14. See the remark following [14, §2.8 Thm. 1] for a discussion of additional hypotheses

needed for establishing that & is an essentially complete subclass of Z.

6.2 Prior Work

The first key results on admissibility and Bayes optimality are due to Abraham Wald, who laid the
foundation of sequential decision theory. In [54], working in the setting of sequential statistical decision
problems with compact parameter spaces, Wald showed that the Bayes decision procedures form an
essentially complete class. Sequential decision problems differ from the decision problems we will be
discussing in this paper in the sense that it gives the statistician the freedom to look at a sequence of
observations one at a time and to decide, after each observation, whether to stop and take an action or
to continue, potentially at some cost. The decision problems we will be discussing in this paper can be
seen as special cases of sequential decision problems with only one observation.

In order to prove his results, Wald required a strong form of continuity for his risk and loss functions.

Definition 6.2.1. A sequence of parameters { 6; };c\y converges in risk to a parameter @ when supg., |r(6;,0) —
r(6,6)] — 0 as i — oo, and converges in loss when sup,, [¢(6;,a) —£(0,a)| — 0 as i — oo. Similar-
ly, a sequence of decision procedures {;};cn in & converges in risk to a decision procedure § when
SUpgee |1(0,6;) —r(0,6)| — 0 as i — . A sequence of actions {g; };cn converges in loss to an action

a € A when supyg |€(0,a;) —£(0,a)| — 0 asi— oo.

Topologies on ©, A, and Z are generated by these notions of convergence. In the following result
and elsewhere, a model P is said to admit (a measurable family of) densities (fp)gce (With respect to a
dominating (o-finite) measure v) when Py(A) = [, fo(x) v(dx) for every 6 € ® and measurable A C X.
In terms of these densities, there is a unique Bayes solution with respect to a prior ¥ on ® when, for
every x € X, except perhaps for a set of v-measure 0, there exists one and only one action a* € A for

which the expression

/@e(e,a)fe (x) 7(d6) 6.2.1)

takes its minimum value with respect to a € A. (Another notion of uniqueness used in the literature is
to simply demand that the risk functions of two Bayes solutions agree.) The main result can be stated in

the special case of a non-sequential decision problem as follows:
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Theorem 6.2.2 ([54, Thms. 4.11 and 4.14]). Assume ©® and & are compact in risk, and that ® and A
are compact in loss. Assume further that P admits densities (fg)oce with respect to Lebesgue measure,
that these densities are strictly positive outside a Lebesgue measure zero set. Then every extended
admissible decision procedure is Bayes. If the Bayes solution for every prior T is unique, the class of

nonrandomized Bayes procedures form a complete class.

Wald’s regularity conditions are quite strong; he essentially requires equicontinuity in each variable
for both the loss and risk functions. For example, the standard normal-location problem under squared
error does not satisfy these criteria.

A similar result is established in the non-sequential setting in [55]:

Theorem 6.2.3 ([55, Thm. 3.1]). Suppose that P admits densities (fy)oco, that ® is a compact subset of
a Euclidean space, that the map (x,0) — fo(x) is jointly continuous, that the loss £(0,a) is a continuous
Sfunction of 0 for every action a, that the space A is compact in loss, and that there is a unique Bayes
solution for every prior T on ®. Then every Bayes procedure is admissible and the collection of Bayes

procedures form an essentially complete class.

In many classical statistical decision problems, one does not lose anything by assuming that all risk
functions are continuous. The following theorem, taken from [26], formalizes this intuition: We will
say that a model P has a continuous likelihood function (fp)gce When P admits densities (fp)gce such

that 0 — fy(x) is continuous for every x € X.

Theorem 6.2.4 ([26, §5 Thm. 7.11]). Suppose P has a continuous likelihood function (fg)ece and a

monotone likelihood ratio. If the loss function £(0,93) satisfies
1. £(0,a) is continuous in 0 for each action a;
2. (0,a) is decreasing in a for a < 0 and increasing in a for a > 0; and
3. there exist functions f and g, which are bounded on all bounded subsets of ® x ©, such that for

all a

0(0,a) < £(0,0')((0",a)+2(0,0"), (6.2.2

then the estimators with finite-valued, continuous risk functions form a complete class.

If we assume the loss function is bounded, then all decision procedures have finite risk. The follow-

ing theorem gives a characterization of continuous risk assuming boundedness of the loss.
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Theorem 6.2.5 ([14, §3.7 Thm. 1]). Suppose P admits densities (fg)gce with respect to a dominating

measure V. Assume

1. ¢ is bounded;

2. £(0,a) is continuous in 0, uniformly in a;

3. for every bounded measurable ¢, [ ¢ (x)fo(x)v(dx) is continuous in 6.
Then the risk r(0,0) is continuous in 0 for every 6.

If we assume continuity of the risk function with respect to the parameter and restrict ourselves to

Euclidean parameter spaces, we have the following theorem from [4, Sec. 8.8, Thm. 12].

Theorem 6.2.6. Assume that A and ® are compact subsets of Euclidean spaces and that the model
P admits densities (fg)oco with respect to either Lebesgue or counting measure such that the map
(x,0) — fo(x) is jointly continuous. Assume further that the loss £(0,a) is a continuous function of
a € A for each 0, and that all decision procedures have continuous risk functions. Then the collection

of Bayes procedures form a complete class.

In the non-compact setting, Bayes procedures generally do not form a complete class. With a view
to generalizing the notion of a Bayes procedure and recovering a complete class, Wald [56] introduced
the notion of “Bayes in the wide sense”, which we now call extended Bayes (see Definition 6.1.7). The

formal statement of the following theorem is adapted from [14]:

Theorem 6.2.7. Suppose that there exists a topology on 9 such that 9 is compact and r(0,0) is lower
semicontinuous in 6 € 9 for all 8 € O. Then the set of extended Bayes procedures form an essentially

complete class.

Wald also studied taking the “closure” (in a suitable sense) of the collection of all Bayes procedures,
and showed that every admissible procedure was contained in this new class. The first result of this form
appears in [56] and is extended later in [25]. Brown [10, App. 4A] extended these results and gave a

modern treatment. The following statement of Brown’s version is adapted from [26, §5 Thm. 7.15].

Theorem 6.2.8. Assume P admits strictly positive densities (fg)oce With respect to a o-finite measure
v. Assume the action space A is a closed convex subset of Euclidean space. Assume the loss £(0,a) is

lower semicontinuous and strictly convex in a for every 0, and satisfies

lim ¢(0,a) = oo forall 6 € ©. (6.2.3)

|a| oo
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Then every admissible decision procedure 8 is an a.e. limit of Bayes procedures, i.e., there exists a

sequence T, of priors with support on a finite set, such that

6™ (x) = 8(x) as n — oo for v-almost all x, (6.2.4)

where 0™ is a Bayes procedure with respect to T,.

In the normal-location model under squared error loss, the sample mean, while not a Bayes estimator
in the strict sense, can be seen as a limit of Bayes estimators, e.g., with respect to normal priors of
variance K as K — oo or uniform priors on [—K, K] as K — oo. (We revisit this problem in Example 8.3.2.)
In his seminal paper, Sacks [43] observes that the sample mean is also the Bayes solution if the notion of
prior distribution is relaxed to include Lebesgue measure on the real line. Sacks [43] raised the natural
question: if § is a limit of Bayes estimators, is there a measure m on the real line such that § is “Bayes”
with respect to this measure? A solution in this latter form was termed a generalized Bayes solution by

Sacks [43]. The following definition is adapted from [52]:

Definition 6.2.9. A decision procedure &y is a normal-form generalized Bayes procedure with respect
to a o-finite measure 7 on ® when §,, minimizes r(7,6) = [r(6,0)r(dO), subject to the restriction
that r(m, §,,) < oo. If P admits densities (fg)ece With respect to a o-finite measure v and & minimizes
the unnormalized posterior risk [ £(0,8y(x)) fo(x) m(d6) for v-a.e. x, then & is a (extensive-form) gen-

eralized Bayes procedure with respect to 7.

When a model admits densities, Stone [52] showed that every normal-form generalized Bayes proce-
dure is also extensive-form. (Sacks defined generalized Bayes in extensive form, but demanded also that
J fo(-) m(d6) be finite v-a.e. The notion of normal- and extensive-form definitions of Bayes optimality
were introduced by Raiffa and Schlaifer [37].) For exponential families, under suitable conditions, one
can show that every admissible estimator is generalized Bayes. The first such result was developed by
Sacks [43] in his original paper: he proved that, for statistical decision problems where the model admits
a density of the form ' /Zg with Zg = [¢®v(d6), every admissible estimator is generalized Bayes.
Stone [52] extended this result to estimation of the mean in one-dimensional exponential families under
squared error loss. These results were further generalized in similar ways by Brown [9, Sec. 3.1] and
Berger and Srinivasan [5]. The following theorem is given in [5]. We adapt the statement of this theorem

from [26].
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Theorem 6.2.10 ([26, §5 Thm. 7.17]). Assume the model is a finite-dimensional exponential family, and

that the loss £(0,a) is jointly continuous, strictly convex in a for every 0, and satisfies

lim 4(0,a) = forall 6 € ©. (6.2.5)

lal—eo
Then every admissible estimator is generalized Bayes.

Other generalized notions of Bayes procedures have been proposed. Heath and Sudderth [16] study
statistical decision problems in the setting of finitely additive probability spaces. The following theorem

18 their main result:

Theorem 6.2.11 ([16, Thm. 2]). Fix a class & of decision procedures. Every finitely additive Bayes
decision procedure is extended admissible. If the loss function is bounded and the class & is convex,

then every extended admissible decision procedure in 9 is finitely additive Bayes in 9.

The simplicity of this statement is remarkable. However, the assumption of boundedness is very
strong, and rule out many standard estimation problems on unbounded spaces. We will succeed in

removing the boundedness assumption by moving to a sufficiently saturated nonstandard model.

133



Chapter 7

Nonstandard Statistical Decision Theory

As the literature stands, for infinite parameter spaces, the connection between frequentist and Bayesian
optimality is subject to technical conditions, and these technical conditions (see Section 6.2) often rule
out semi-parametric problems and regularly rule out nonparametric problems. As a result, the relation-
ship between frequentist and Bayesian optimality in the setting of many modern statistical problems is
uncharacterized. Indeed, given the effort expended to derive general results, it would be reasonable to
assume that the connection between frequentist and Bayesian optimality was to some extent fragile, and

might, in general, fail in nonparametric settings.

Using results in mathematical logic and nonstandard analysis, we identify an equivalence between
the frequentist notion of extended admissibility (a necessary condition for both admissibility and mini-
maxity) and a novel notion of Bayesian optimality, and we show that this equivalence holds in arbitrary
decision problems without technical conditions: informally, we show that, among decision procedures
with finite risk functions, a decision procedure 0 is extended admissible if and only if it has infinitesimal
excess Bayes risk.

The fact that an equivalence holds, not just under weaker hypotheses than those employed in classi-
cal results, but under no assumptions, is surprising and suggests that our approach may be able to reveal
further connections between frequentist and Bayesian optimality.

In Section 7.1, we define nonstandard counterparts of admissibility, extended admissibility, and
essential completeness, which we obtain by ignoring infinitesimal violations of the standard notions,
and then give key theorems relating standard and nonstandard notions for standard decision procedures

and their nonstandard extensions, respectively.

In Section 7.2, we define a notion called nonstandard Bayes. Nonstandard Bayes is the nonstandard
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counterpart to Bayes optimality, which we also obtain by ignoring infinitesimal violations of the standard
notion. We establish the connection between nonstandard Bayes and various notions of standard Bayes
(Bayes, extended Bayes, generalized Bayes, etc). Using saturation and a hyperfinite version of the
classical separating hyperplane argument on a hyperfinite discretization of the risk set, we show that
a decision procedure is extended admissible if and only if it its nonstandard extension is nonstandard

Bayes.

7.1 Nonstandard Admissibility

As we have seen in the previous section, strong regularity appears to be necessary to align Bayes op-
timality and admissibility. In non-compact parameter spaces, the statistician must apparently abandon
the strict use of probability measures in order to represent certain extreme states of uncertainty that cor-
respond with admissible procedures. Even then, strong regularity conditions are required (such as dom-
ination of the model and strict positiveness of densities, ruling out estimation in infinite-dimensional
contexts). In the remainder of the paper, we describe a new approach using nonstandard analysis, in
which the statistician uses probability measures, but has access to a much richer collection of real num-

bers with which to express their beliefs.
Let (®,A,/¢,X,P) be a standard statistical decision problem.

The nonstandard notions are the same as in previous chapters. For convenience of readers, we sum-
marize them below. For a set S, let Z2(S) denote its power set. We assume that we are working within a
nonstandard model containing V 2 RUGUAUX, Z(V),Z(VUZL(V)),..., and we assume the model
is as saturated as necessary. We use * to denote the nonstandard extension map taking elements, sets,
functions, relations, etc., to their nonstandard counterparts. In particular, *R and *N denote the non-
standard extensions of the reals and natural numbers, respectively. Given a topological space (¥, T') and
a subset X C *Y, let NS(X) C X denote the subset of near-standard elements (defined by the monadic
structure induced by 7') and let st : NS(Y) — Y denote the standard part map taking near-standard ele-
ments to their standard parts. In both cases, the notation elides the underlying space Y and the topology
T, because the space and topology will always be clear from context. As an abbreviation, we will write
°x for st(x) for atomic elements x. For functions f, we will write °f for the composition x — st(f(x)).
Finally, given an internal (hyperfinitely additive) probability space (Q,.%, P), we will write (Q,.7,P)

to denote the corresponding Loeb space, i.e., the completion of the unique extension of P to o(.%).
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7.1.1 Nonstandard Extension of a Statistical Decision Problem

We will assume that @ is a Hausdorff space and adopt its Borel o-algebra %[@)].!

One should view the model P as a function from © to the space .#;(X) of probability measures
on X. Write *P, for (*P),. For every y € *0, the transfer principle implies that *P, is an internal
probability measure on *X (defined on the extension of its ¢-algebra). By the transfer principle, we
know that *(Pg) = *Pg for 6 € 0, as one would expect from the notation.

Recall that standard decision procedures & € Z have finite risk functions. Therefore, the risk map
(6,6) > r(0,0) is afunction from ® x Z to R. By the extension and transfer principles, the nonstandard
extension *r is an internal function from *® x *Z to *R. and *§ € *Z if 6 € 2. The transfer principle
also implies that every A € *Z is an internal function from *X to . (A). The *risk function of A € *Z is
the function *r(-,A) from *@ to *R. By the transfer of the equation defining risk, the following statement

holds:

(V6 € @) (VA€"7) ("r(6,A) = ZX [Z

“0(0,a)A(x, da)} *Po(dx). (7.1.1)
A

As is customary, we will simply write [ for *[, provided the context is clear. (We will also drop * from
the extensions of common functions and relations like addition, multiplication, less-than-or-equal-to,

etc.)

7.1.2 Nonstandard Admissibility

Let 8,0 € Z, let € € R>, and assume & is €-dominated by 8. Then there exists 6y € ® such that
(V0 € ©)(r(0,8) < r(0,8) —&) A (r(6y,8) # r(6y,&)). (7.1.2)
By the transfer principle,
(V6 € *0)("r(6,78) <*r(6,"8¢9) — ) A ("r(6o,78) # *r(6p,"d0)). (7.1.3)

Because *r(6y,*6) = r(6y, 6) and similarly for *r(6y,*8), we know that *r(6y,*8) % *r(6p,*8¢). These

results motivate the following nonstandard version of domination.

!In one sense, this is a mild assumption, which we use to ensure that the standard part map st : NS(*®) — @ is well defined.
In another sense, ® can always be made Hausdorff by, e.g., adopting the discrete topology. The topology determines the Borel
sets and thus determines the set of available probability measures on ® (and on *®, by extension). Topological considerations
arise again in Section 8.1, Remark 8.2.8, and Remark 8.3.3.
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Definition 7.1.1. Let A;A’ € *2 be internal decision procedures, let € € R>, and R,S C *@. Then A is

e-*dominated in R/S by A’ when
1. Vo €S *r(6,A") <*r(6,A) —¢, and
2. 30 €R *r(0,A") % *r(0,A).

Write *dominated in R/S for 0-*dominated in R/S, and write €-*dominated on S for €-*dominated

inS/S.

The following results are immediate upon inspection of the definition above, and the fact that (1)

implies (2) for R C S when € > 0.

Lemma 7.1.2. Let e <€, RCR, and S C S'. Then €'-*dominated in R/S' implies €-*dominated in
R'/S. If € > 0, then €-*dominated in S/S' if and only if €-*dominated on S', and €'-*dominated on S’

implies €-*dominated on S.
The following result connects standard and nonstandard domination.
Theorem 7.1.3. Let € € R>g and 8,8 € 9. The following statements are equivalent:
1. & is e-dominated by 6.
2. *8¢ is €-*dominated in ® /*® by *6.
3. *8¢ is €-*dominated on © by *d.
If € > 0, then the following statement is also equivalent:
4. *8¢ is e-*dominated on *® by *§.

Proof. (1 = 2) Follows from logic above Definition 7.1.1. (2 = 3) Follows from Lemma 7.1.2.

(3 = 1) By hypothesis,

(V0 € ®)(*r(0,%8) < 'r(6,"80) — £) A (360 € ©)(*r(60,*8) % *r(6p, "80))- (7.1.4)

Because *r(6y,*6) = r(6y,0), and likewise for dy, it follows that

(VO € ©)(r(0,8) < r(6,8) —&). (7.1.5)
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Similarly, °(*r(6o,*8)) = (6, 6), and likewise for &, hence ??.1 implies

(360 € ©)(r(60,8) # r(60,6))- (7.1.6)

(2 = 4 = 3) Follow from Lemma 7.1.2. ]
Definition 7.1.4. Let € € R>, R,S C *®, and € C *Z, and A € *Z.
1. Ais e-*admissible in R/S among € unless A is e-*dominated in R/S by some A’ € €.
2. Ais *admissible in R/S among € if A is 0-*admissible in R/S among %
3. Ais e-*admissible on S among € if A is €-*admissible in S/S among %
4. Ais *extended admissible on S among € if A is €-*admissible on S among % for every € € R+.
The following result is immediate upon inspection of the definitions above.

Lemma 7.1.5. Letre <&, RCR,SCS, and of C €. Then e-*admissible in R'/S among € implies
€'-*admissible in R/S among <f . For € > 0, e-*admissible on S among € implies €'-*admissible on S’

among < .

The analogous results for *admissible in R/S among % and *extended admissible on S among &
then follow immediately. The following result connects standard and nonstandard admissibility. First,

we must introduce the notion of the standard-part copy.
Definition 7.1.6. The standard-part copy of € C Zis °€¢ = {*§: 6 € €'}.
Note that °% C *% and °% is an external set unless % is finite.
Theorem 7.1.7. Let € € R>q, 8 € Z, and € C . The following statements are equivalent:
1. & is €e-admissible among € .
2. *8¢ is €-*admissible in ©/*® among °EC .
3. %8¢ is €-*admissible on ® among °E.
If € > 0, then the following statements are also equivalent:

4. *8¢ is €-*admissible on *® among ° €.

138



5. *d¢ is €-*admissible on *® among *€.

Proof. Statement (1) is equivalent to

—(36 € ¥) & is e-dominated by 6. (7.1.7)

By Theorem 7.1.3 and the definition of °%’, this is equivalent to both

—(3*6 € °€) "6y is €-*dominated in ®/*O by *5 (7.1.8)

and

—(3*6 € °€) "6 €-"dominated on O by *5, (7.1.9)

hence (1 <= 2 < 3).

Now let € > 0. Then the above statements are also equivalent to

—(3*6 € °€) "0 is €-*dominated on *@ by *§, (7.1.10)

hence (1 <= 4). From Lemma 7.1.5, we see that (5) implies (4). To see that (1) implies (5), note that,

because € is standard and € > 0, (1) is equivalent to

~(38 € €) (V6 € ©)(r(6,5) < r(8,8) —&). (7.1.11)

By transfer, this statement holds if and only if the following statement holds:

~(3A € *€) (V0 € *®)(r(8,A) < *1(8,*5,) — €). (7.1.12)

Again, € > 0 implies *r(0,A) % *r(0,*6) for all 6 € *©O, hence (5) holds. O
The following corollary for extended admissibility follows immediately.

Theorem 7.1.8. Let &y € & and € C 9. The following statements are equivalent:
1. & is extended admissible among € .

2. *0q is *extended admissible on ® among ° €.
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3. *0¢ is *extended admissible on *® among °€.

4. *8 is *extended admissible on *® among *%.

As in the standard universe, the notion of *admissibility lead to notions of complete classes.
Definition 7.1.9. Let &7, % C *9.

1. o is a*complete subclass of € if for all A € €\ o7, there exists A’ € &7 such that A is *dominated
on ® by A’

2. o is an °essentially complete subclass of € if for all A € €\ o, there exists A’ € o7 such that
r(0,A") $*r(6,A) for all 6 € O.

Near-standard essential completeness allows us to enlarge the set of decision procedures amongst

which a decision procedure is extended admissible.

Lemma 7.1.10. Suppose <7 is an °essentially complete subclass of € C 2. Then *extended admissible

on ©® among <7 implies *extended admissible on ® among €.

Proof. Let Ag € &7 and suppose A is not *extended admissible on ® among %. Then there exists A € ¢
and € € R~ such that “r(6,A) < *r(6,Aq) — € for all 6 € @. But then by the *essential completeness of
4/ , there exists some A’ € &7, such that *r(6,A") < *r(6,A) for all 6 € ©, hence *r(0,A") < *r(0,A¢) — €
for all 6 € @. But then Ay is not £/2-*admissible on ® among <7 hence not *extended admissible on ®

among .o . O

7.2 Nonstandard Bayes

We now define the nonstandard counterparts to Bayes risk and optimality for the class *Z of internal

decision procedures:

Definition 7.2.1. Let A € *7, € € *R>¢, and € C *Z, and let Iy be a nonstandard prior, i.e., an
internal probability measure on (*®,*%[®]). The internal Bayes risk under Iy of A is *r(Ilp,A) =
J7r(6,A)I1y(d6).

1. Ais e-*Bayes under I1y among € if *r(Ilp,A) is hyperfinite and, for all A" € ¢, we have *r(I1,A) <
*F(HO,A/) + €.
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2. Ais nonstandard Bayes under Iy among € if *r(Ilp,A) is hyperfinite and, for all A" € €, we have
*r(Io,A) < *r(Tlp,A'). 2

We will write nonstandard Bayes among € with respect to Iy to mean nonstandard Bayes under
[Ty among % and will write nonstandard Bayes among € to mean nonstandard Bayes among € with
respect to some nonstandard prior I1. The same abbreviations will be used for €-*Bayes among % .
Note that the internal Bayes risk is precisely the extension of the standard Bayes risk. Similarly, if
we consider the relation {(8,€,%) € 2 xR x Z(Z) : § is e-Bayes among %'}, then its extension
corresponds to {(A,€,%) € *7 x *R>o X *HP(2) : Ais e-*Bayes among ¢ '}. Note, however, that our
definition of “e-*Bayes among ¢ allows the set ¥ C *Z to be external, and so it is not simply the
transfer of the standard relation. The following lemma relates the two nonstandard notions of Bayes

optimality: Recall that our nonstandard model is k saturated.

Lemma 7.2.2. Let € C *92. If € = 0, then €-*Bayes under 1y among € implies nonstandard Bayes
under Iy among €. In the other direction, if € is either internal or has a fixed external cardinality
less than x, then nonstandard Bayes under Ty among € implies €-*Bayes under 1y among € for some

e~0.

Proof. The first statement is trivial. Suppose Ay is nonstandard Bayes under Iy among %’. By definition,

we have *r(ITy,Ag) < *r(Ilp,A) for all A € €. Let
A = {"r(Tlp,Ap) — "r(Ilp,A)| : A€ €'} (7.2.1)
and

" e e R ['r(Ily, Ag) — r(Ilg,A)| < € < 1. (7.2.2)

If ¥ is internal, then A is internal and so it has a least upper bound €. Because A contains only
infinitesimals, € ~ 0, for otherwise £/2 would also be an upper bound on A. Thus, we have *r(ITy, Ag) <
*r(Ilp,A) + € for all A € € which shows that A is e-*Bayes under Iy among %.

If ¢ has a fixed external cardinality less than k, then . = {A}} : A € € ,n € N} has a fixed external

cardinality less than k. It is easy to see that .# has the finite intersection property. By saturation, the

2The definition of nonstandard Bayes is obtained by extending the standard definition of Bayes, but allowing for infinites-
imal violations of the criterion. There was a consensus to denote such notion with the prefix “S-” rather than “nonstandard”.
However, we use “nonstandard Bayes” instead of “S-Bayes” to emphasize on the fact that this definition is nonstandard.
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total intersection of .% is non-empty. That is, there exists & € *R such that g < % for all n € N and

& > |"'r(Ilp, Ag) — *r(Ip,A)| for all A € €. Thus & =~ 0 and A is &-*Bayes under I1y among % O

Transfer remains a powerful tool for relating the optimality of standard procedures with that of their
extensions. For example, by transfer, § is €-Bayes under 7 among % if and only if *0 is €-*Bayes under

*7 among *%. (Recall that *&¢ = € for a real €, by extension.) Transfer also yields the following result:
Theorem 7.2.3. Let &y € 2 and € C 9. The following statements are equivalent:

1. & is extended Bayes among € .

2. *0¢ is €-*Bayes among *€ for all € € *R~.
3. *0¢ is &-*Bayes among *€ for some & ~ 0.
4. *d¢ is nonstandard Bayes among *€ .

Proof. Suppose O is extended Bayes among %. By hypothesis, the following sentence holds:
(Ve € Rup)(3m € #,(0)) (V6 € €)(r(m,8) < r(m,8)+¢). (7.2.3)
By the transfer principle,
(Ve € "Roo) (3w € #,(0)) (V8 € *€) ("r(m,*d0) < *r(m,*0) + €). (7.2.4)

Thus, (1) implies (2). It is clear that (2) implies (3). By Lemma 7.2.2, we know that (3) implies (4).
Now suppose *0¢ is nonstandard Bayes among *%. Pick € € R.q. It is easy to see that *§ is

e-*Bayes among *% . Formally,

(37 € 44 (©)) (VS € *€)("r(r,*80) < *r(m,*5) +€). (7.2.5)
By the transfer principle,

(3m e #,(0))(Vé € €)(r(m,8) < r(m,8)+e). (7.2.6)
Thus & is €-Bayes among . As € was chosen arbitrarily, d is extended Bayes among €. U

We also establish the following result that connects normal-form generalized Bayes and nonstandard

Bayes.
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Theorem 7.2.4. Let &y € & be normal-form generalized Bayes among € C 9. Then *§ is nonstandard

Bayes among ° €.

Proof. Let 1 be a nonzero o-finite measure with respect to which & is normal-form generalized Bayes
among . As U is o-finite, we can write ® = |J,c V, where V; C V; for i < jand u(V,) € R+ for all
n € N. By extension, there exists an internal sequence of *measurable sets {U, : n € *N} satisfying the

following conditions:

o U, ="V, forneN,
e U;CUjfori<je*N,and
o “u(U,) € *R.p, forall n € N.

Let .7 (¢)={8 € ¢ :r(u,d) < oo} and fix an infinitesimal € > 0. For every § € .7 (%), the transfer

principle implies there exists Ng € *N such that

/ 7(0,°8)" 1(d6) > /*r(G,*é‘)*u(dG) e (7.2.7)
Uy

)

Then, by saturation, there exists N € *N such that

/ “v(0,"8)"11(d6) > /*r(G,*S)*u(de) i (7.2.8)
Uy

for all 6 € .# (%) and all k > N. By the generalized Bayes optimality of *§¢ and the transfer principle,
J*r(6,%60)* u(d0) < [*r(6,*8)*u(d6) for all 6 € .Z(%). As € is infinitesimal, we have

/*r(e,*so)*u(de)g/ “v(0,"8)" 1(d6) (7.2.9)
Uk Uy

forall 6 € .# (%) and allk > N.
By the saturation principle, there exists » € *R- such that [ *r(0,*8)*u(d0) < r for all 6 € F(%).

By transfer and then saturation, there exists N’ € *N such that
/ “+(0,*d)* u(d6) > r (7.2.10)
Uyt

foralld € €\ .7 (¢). Let Ny = max{N,N'}. By Egs. (7.2.9) and (7.2.10), we have

/ *r(e,*ao)*u(de)gf “v(0,*8)" 1(d6) (7.2.11)
Uy, Uy,

0 0
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“H(ANU,)
*IJ'(UN())

surable set A C *@. It is easy to see that 7 is an internal probability measure on *®. Moreover, by

for all 6 € €. Because *u(Uy,) € *R-, the quantity 7(A) = is well defined for every *mea-

Eq. (7.2.11), *0¢ is nonstandard Bayes among °% with respect to 7. U

Remark 7.2.5. Note that our model is more saturated than the cardinality of &, and so Lemma 7.2.2

implies that *0 is even &-*Bayes among °% for some &) ~ 0.

Example 7.2.6. Consider the classical normal-location problem with squared error loss. It is well
known that the maximum likelihood estimator o (x) = x is normal-form generalized Bayes among all
estimators with respect to the Lebesgue measure ¢t on R. Inspecting the proof of Theorem 7.2.4, we
see that there exists an infinite K € *R>( such that *6 is nonstandard Bayes with respect to the internal

uniform probability measure on [—K, K].

In general, we would not expect the extension of a standard procedure to be 0-*Bayes under IT a-
mong ¢ for a generic nonstandard prior IT and class ¥ C *%. The definition of nonstandard Bayes
provides infinitesimal slack, which suffices to yield a precise characterization of extended admissible
procedures. The following result shows that nonstandard Bayes optimality implies nonstandard extend-

ed admissibility, much like in the standard universe.

Theorem 7.2.7. Let Ag € *D, let € C *9, and suppose that Ay is nonstandard Bayes among €. Then

Ag is *extended admissible on *® among €.

Proof. Suppose Ay is not *extended admissible on *® among %’. Then for some standard € € R+, Ag

is €-*dominated on *® by some A € ¥, i.e.,
(VO € *O)("r(0,A) <*r(6,A¢) —€). (7.2.12)

Hence, for every nonstandard prior IT, if *(IT,A) is not hyperfinite, then neither is *r(I1,A), and if

*r(IT,A) is hyperfinite, then

“P(IT, Ag) = / “7(0, Ao)TI(d6) (7.2.13)

> /*r(G,A)H(de) +e="r(ILA) +¢. (7.2.14)

As € € R+, we conclude that Ay cannot be nonstandard Bayes under IT among %’. As Il was arbitrary,

A is not nonstandard Bayes among %. O
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Theorems 7.1.8 and 7.2.7 immediately yield the following corollary.

Corollary 7.2.8. Let 6 € P and € C 2. If *6 is nonstandard Bayes among °€, then § is extended

admissible among €.

The above result raises several questions: Are extended admissible decision procedures also non-
standard Bayes? What is the relationship with admissibility and its nonstandard counterparts?

In this section, we prove that a decision procedure  is extended admissible if and only if *0 is
nonstandard Bayes. In later sections, we give several application of this equivalence, and then consider
the relationship with admissibility, which is far from settled. It is easy, however, to show that only
nonstandard Bayes procedures can *dominate other nonstandard Bayes procedures: To see this, suppose
that A is nonstandard Bayes among 4 C *& with respect to some nonstandard prior IT and A is not
*admissible on *® among %

Then A is *dominated on *® by some A" € . Thus we have “r(6,A") < *r(0,A) for all 6 € *0O.
By Definition 7.2.1, we have *r(II,A) = [*r(6,A)I1(d6) hyperfinite. But then, *r(IT,A) < *r(IT,A) =
J*r(6,A)I1(d6) < *r(I1,A), hence *r(IT,A) = *r(I1,A’), hence A’ is nonstandard Bayes under IT among
% . This proves a nonstandard version of a well-known standard result stating that every unique Bayes

procedure is admissible [14, §2.3 Thm. 1]:

Theorem 7.2.9. Suppose A is nonstandard Bayes among € C *& with respect to a nonstandard prior
IL If A is *dominated on *® by N' € €, then A is nonstandard Bayes under 1 among €. Therefore, if
r(0,A") = *r(0,A) for all 8 € *® and for all A' € € such that A is nonstandard Bayes under I1 among

€, then A is *admissible on *® among €.

Proof. The first statement follows from the logic in the preceding paragraph. Now suppose that A is
*dominated on *® by some A’ € ¥. Then A’ is nonstandard Bayes under IT among %. But then, by

hypothesis, its risk function is equivalent, up to an infinitesimal, to that of A, a contradiction. O

7.2.1 Hyperdiscretized Risk Set

In a statistical decision problem with a finite parameter space, one can use a separating hyperplane
argument to show that every admissible decision procedure is Bayes (see, e.g., [14, §2.10 Thm. 1]). In
order to prove our main theorem, we will proceed along similar lines, but with the aid of extension,
transfer, and saturation.

When relating extended admissibility and Bayes optimality for a subclass € C &, the set of all

risk functions rg, for 0 € €, is a key structure. On a finite parameter space, the risk set for 7 is a
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convex subset of a finite-dimensional vector space over R. When the parameter space is not finite, one
must grapple with infinite dimensional function spaces. However, in a sufficiently saturated nonstandard
model, there exists an internal set Tg C *® that is hyperfinite and contains ®. While the risk at all points
in T does not suffice to characterize an arbitrary element of *Z, it suffices to study the optimality of
extensions of standard decision procedure relative to other extensions. Because Tg is hyperfinite, the
corresponding risk set is a convex subset of a hyperfinite-dimensional vector space over *R.

Let Jg € *N be the internal cardinality of Tg and let Tg = {t1,...,;, }. Recall that I(*RJ @) denotes

the set of (internal) functions from T to *R. For an element x € I(*R’®), we will write x; for x(k).

Definition 7.2.10. The hyperdiscretized risk set induced by D C *% is the set
P = {x e I(*R’®) : (3A € D) (Vk < Jo)xi = "r(ty,A)} C I(*R’®). (7.2.15)

Lemma 7.2.11. Let D C *@ be an internal convex set. Then P is an internal convex set.

Proof. .#? is internal by the internal definition principle and the fact that D is internal. In order to
demonstrate convexity, pick p € *[0,1], and let x,y € .’P. Then there exist Aj,A, € D such that x; =
*r(ty,Ar) and y = *r(t,A) for all k < Jg. Because D is convex, pA; + (1 — p)A; € D. But px;+ (1 —
)i = *r(te, pA1 + (1 — p)Ag) for all k < Jg, and so .7 is convex. O

Definition 7.2.12. For every ¥ C *Z, let

(€)rc= |J ‘conv(D) (7.2.16)
De?<l

be the set of all finite *convex combinations of *§ € ¥ .

Let 61,6, € % and let p € *[0,1]. Then p*6; + (1 — p)*02 € °%o rc if p € [0,1]. However, p*0; +
(1 —p)*62 € (°Zy)rc for all p € *[0,1]. It is easy to see that (°%Zy rc)rc = (°Zo)rc. Thus, we have

Do C°Dorc C (“Zorc)re = (Po)rc C Do re-
Lemma 7.2.13. Forany € C*%, (€ )rc is a convex set containing €.

Proof. Pick an ¢ C *9. Clearly (€ )rc D €. It remains to show that (%¢)rc is a convex set. Pick two
elements Aj,A; € (€)rc. Then there exist D,D; € %< such that A; € *conv(Dy) and A; € *conv(D;).

Let p € *[0,1]. It is easy to see that pA; + (1 — p)A; € *conv(D; UDy). O

Lemma 7.2.14. °% rc is an °essentially complete subclass of (°Zo)rc.
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Proof. Let A€ (°%y)rc. Then A=Y | pi*§; forsomen € N, §i,...,8, € %, and py,...,p, € "Rxo,

® ,pi=1. Define Ag =Y} ,°p;*8; and let 6 € ©. For all i < n, p;*r(0,%6;) ~ °p;*r(0,*8;) because
r(0,%6;) is finite, so *r(0,A) = *r(6,Ap). By Definition 7.1.9, °Z rc is an °essentially complete sub-
class of (°%)rc. O

Having defined the (hyperdiscretized) risk set, we now describe a set whose intersection with the
risk set captures the notion of %—*domination, for some standard n € N. In that vein, for A € *9, define

the %-quantant
1
Q@%:gewwwwﬁg@xmgw%m—;m ne*N. (7.2.17)

Lemma 7.2.15. Fix A € *9. The set Q(A), is internal and convex and Q(A),, C Q(A), for every m < n.

Proof. By the internal definition principle, Q(A), is internal. Let x,y be two points in Q(A),, let p €

*[0, 1], and pick a coordinate k. Then

prict (1= Py < pCr(t,8) = )+ (1= p) Crla,8) = ) = (rla ) = ). (7.2.18)
Thus the set is convex. The second statement is obvious. O

The following is then immediate from definitions.

Lemma 7.2.16. Let € C*% andn € N. Then A is %-*aa’missible on Te among € if and only if Q(A),N
S =0.

7.2.2 Nonstandard Complete Class Theorems

Lemma 7.2.17. Let A € *2 and nonempty D C *9, and suppose there exists a nonzero vector Il €
1(*R’®) such that (I1,x) < (I1,s) for all x € U,en Q(A), and s € .#P. Then the normalized vector
I1/||I1||; induces an internal probability measure T on *® concentrating on Te, and A is nonstandard

Bayes under © among D.

Proof. We first establish that IT(k) > O for all k. Suppose otherwise, i.e., II1(kg) < O for some ko. Then
we can pick a point xg in J,cy Q(A), whose ko-th coordinate is arbitrarily large and negative, causing
(IT,xo) to be arbitrary large, a contradiction because (I1,s) is hyperfinite for all s € .. Hence, all

coordinates of Il must be nonnegative.
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Define 7 € I(*R’®) by & = I1/||T1||;. Because IT# 0 and IT > 0, we have 7 > 0 and |7, =
1. Therefore, 7 specifies an internal probability measure on (*®,*%[@]), concentrating on Tg, and
assigning probability 7(k) to #; for every k < Jg. Because ||II||; > 0, it still holds that (7, x) < (7, s) for
all x € U,en Q(A), and s € P

Let s € P Then °(Lcso T (r(tk,A) — 1)) < °(Lrese M) for every n € N. The Lh.s. is simply
(=1 4 ¥eso mr(t,A)), and the limit of this expression as n — oo is °(Yses, T r(f,A)). Hence,

Yiese T ("r(te,A) < Lkeso Tisk- This shows that A is nonstandard Bayes under 7 among D. O

The previous result shows that if a nontrivial hyperplane separates the risk set from every %—quantant,
for n € N, then the corresponding procedure is nonstandard Bayes. In order to prove our main theorem,
we require a nonstandard version of the hyperplane separation theorem, which we give here. For a,b €
R¥ for some finite k, let (a,b) denote the inner product. We begin by stating the standard hyperplane

separation theorem:

Theorem 7.2.18 (Hyperplane separation theorem). For any k € N, let S1 and S, be two disjoint convex
subsets of R¥, then there exists w € RF\ {0} such that, for all p\ € S1 and ps € Sy, we have (w,p;) >

(w, p2).

Using a suitable encoding of this theorem in first-order logic, the transfer principle yields a hyperfi-

nite version:

Theorem 7.2.19. Fix any K € *N. IfS1,S are two disjoint internal convex subsets of I (*RK ), then there

exists W € I(*RX)\ {0} such that, for all P, € Sy and P, € S, we have (W,P) > (W, P).

Proof. We first restate the standard hyperplane separation theorem. We shall view the set RY as the
set of functions from N to R. For every element x € RY, we use x(k) to denote the value of the k-th

coordinate of x for any k € N. The standard hyperplane separation theorem is equivalent to:

For any two disjoint convex S;,5, € Z(RY), if 3k € N such that Vs € S; US, VK’ > k we
have s(k') = 0 then 3a € RN\ {0} with a(k') = 0 for all X' > k such that Vp; € S1,ps € S,
(VK > k,a(k') = 0) A ({a, p1) < (a,p2)))-

By the transfer principle, we know that *(RY) denotes the set of all internal functions from *N to *R.
We shall view the inner product (-, -) to be a function from RN x RY to R. Note that Vp,s € RN if 3k € N
such that VK’ > k we have s(k’) = 0 then (p,s) = Y'*_, p(i)s(i). Thus the nonstandard extension of (-, -)
is a function from *(RY) x *(RY) to *R satisfying the same property.

Now by the transfer principle we know that:
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For any two disjoint convex sets S1,5> € *Z(RY). If 3K € *N such that Vs € S; US,
VK’ > K we have s(K’) = 0 then 3W € *(RY)\ {0} such that for all p; € Sy, p; € S> we
have ((VK' > K,W(K') =0) ALK W(i)p1 (i) < X, W(i)pa(i)).

In this sentence, it is easy to see that we can view the projections of S;,S, as internal subsets of
I(*RX) and the projection of W as an element from I(*R¥)\ {0}. Hence we have that: VK € *N, if 5,5,
are two disjoint internal convex subsets of I[(*R¥), then there exists W € I(*R¥)\ {0} such that for any

Py cSyandany P> € S5, YK, W(i)P (i) < XX, W(i)P>(i). Thus we have the desired result. O
Recall that our nonstandard model is x-saturated for some infinite x.

Theorem 7.2.20. Let € C °Y be a (necessarily finite or external) set with cardinality less than K, and
suppose that € is a °essentially complete subclass of (¢')rc. Let Ay € *P and suppose A is *extended
admissible on ® among €. Then, for every hyperfinite set T C *O® containing O, Ay is nonstandard

Bayes among (€ )rc with respect to some nonstandard prior concentrating on T.

Proof. Without loss of generality we may take T = Tg. By Lemma 7.1.10 and the fact that € is
an °essentially complete subclass of (¢')rc, Ag is *extended admissible on @ among (¢')rc. By
Lemma 7.1.5, Ag is %—*admissible on Tg among (€)rc for every n € N. Hence, by Lemma 7.2.16,
O(Ag),N.7@)rc = forall n € N.

By the definition of (€) ¢, we have Q(A), N.7 <™ (P) = @ for every D € €!<*). By Lemmas 7.2.11
and 7.2.15, . (D) apd O(Ao), are both internal convex sets, hence, by Theorem 7.2.19, there is a
nontrivial hyperplane I12 € I(*R’®) that separates them.

For every D € €< and n € N, let ¢ (IT) be the formula
(I e ICR®)) A (IT £ OA (Vx € Q(Ag)n) (Vs € .7 P (IT x) < (I1,5)), (7.2.19)

and let .F = {¢P(I1) : n € N, D € €!<1}. By the above argument and the fact that €!<*J is closed
under taking finite unions and the sets Q(Ay),, for n € N, are nested, .# is finitely satisfiable. Note
that .# has cardinality no more than k, yet our nonstandard extension is k-saturated by hypothesis.
Therefore, by the saturation principle, there exists a nontrivial hyperplane IT satisfying every sentence
in .% simultaneously. That is, there exists IT € I(*R’®) such that IT # 0 and, for all x € |J,cy Q(Ao),, and
for all s € Upegic 7 ™ P) = #(€)rc we have (IT,x) < (I1,s).

Hence, by Lemma 7.2.17, the normalized vector IT/||TI||; is well-defined and induces a probability

measure 7 on *® concentrating on Te, and Ay is nonstandard Bayes under 7 among (%) rc. O
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Theorem 7.2.21. For & € %, the following are equivalent statements:
1. &y is extended admissible among % rc.
2. *8¢ is nonstandard Bayes among ° % rc.
3. *8¢ is nonstandard Bayes among (°2) rc-

If (LC) also holds, then the following statements are also equivalent:
4. &y is extended admissible among 9.
5. *0¢ is nonstandard Bayes among °%.

Moreover, statements (2), (3), and (5) can be taken to assert that, for all hyperfinite sets T C *® con-

taining ©, Bayes optimality holds with respect to some nonstandard prior concentrating on T.

Proof. From (1) and Theorem 7.1.8, *0 is *extended admissible on ® among °% rc. It follows from
Lemma 7.2.14 and Theorem 7.2.20 that, for all hyperfinite sets 7 C *® containing ®, *0 is nonstandard
Bayes among (°%))rc with respect to some nonstandard prior 7 concentrating on 7. Hence (3) holds
and (2) follows trivially.

From (2) and Theorem 7.2.7, it follows that *§¢ is *extended admissible on *® among °Z rc. Then
(1) follows from Theorem 7.1.8.

It is the case that (1) implies (4) by Lemma 7.1.5, and the other direction follows from (LC), Lem-
ma 6.1.13, and Lemma 6.1.4. Similarly, (2) implies (5). Finally, from (5) and Theorem 7.2.7, it follows

that *§ is *extended admissible on *® among °%,. Then (4) follows from Theorem 7.1.8. O

It follows immediately that the class of extended admissible procedures is a complete class if and

only if the class of procedures whose extensions are nonstandard Bayes are a complete class.

Remark 7.2.22. °%y, *Do rc, and (°%y)rc are all external. However, our model is more saturated than
the external cardinalities of °Zy and °% rc, as these sets are standard-part copies of standard sets.
Therefore, Lemma 7.2.2 implies an equivalence also when *d is &-*Bayes among °% rc for some

€ ~ 0, and when *0 is e-*Bayes among °Z for some € = 0, under (LC).
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Chapter 8

Push-down Results and Examples

Having established the equivalence between extended admissibility and nonstandard Bayes optimality
in the previous chapter, in this chapter, we look at several implications of this result which suggests that

nonstandard analysis may yield other connections between Bayesian and frequentist optimality.

In Section 8.1, we apply the nonstandard theory to obtain a standard result: assuming the parameter
space is compact and risk functions are continuous, the nonstandard extension of a decision procedure
is nonstandard Bayes if and only if the decision procedure itself is Bayes. Hence, when the parameter
space is compact and risk functions are continuous, a decision procedure is extended admissible if and

only if it is Bayes.

In Section 8.2, we employ the results of the previous section to connect admissibility and non-
standard Bayes optimality under various regularity conditions on the space and the nonstandard prior.
In the process, we give a nonstandard variant of Blyth’s method which gives sufficient conditions for

admissibility.

In Section 8.3, we study several simple statistical decision problems to highlight the nonstandard
theory and its connections to the standard theory. In Example 8.3.4, we demonstrate the equivalence
between extended admissible and nonstandard Bayes in a nonparametric problem. In Example 8.3.5, we
give an example of a nonstandard Bayes but not standard Bayes decision procedure. Finally, we close

with some remarks and open problems in Section 8.4.
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8.1 Applications to Statistical Decision Problems with Compact Parame-

ter Space

In this section, we use our nonstandard theory to prove that, under the additional hypotheses that ®
is compact (and thus normal) and all risk functions are continuous, the class of extended admissible
procedures is precisely the class of Bayes procedures. The strength of our result lies in the absence of
any additional assumptions on the loss or model.’

Assume *§ is nonstandard Bayes with respect to some nonstandard prior 7 on *@®. In this section,
we will construct a standard probability measure 7, on © from 7 in such a way that the internal risk
of *6 under 7 is infinitesimally close to the risk of 6 under 7,. This then implies that 7 is Bayes with
respect to 7,, and yields a standard characterization of extended admissible procedures.

Extension allows us to associate an internal probability measure *7 to every standard probability

measure 7. The next theorem describes a reverse process via Loeb measures.

Lemma 8.1.1 ([11, Thm. 13.4.1]). Let Y be a compact Hausdorff space equipped with Borel c-algebra
B|Y), let v be an internal probability measure defined on (*Y,*[Y]), andlet € = {C CY :st™1(C) €
*B|Y], }. Define a probability measure v, on the sets € by v,(C) = V(st!(C)). Then (Y,€,Vv,) is the

completion of a regular Borel probability space.
Note that st~! (E) is Loeb measurable for all E € 4[Y] by Theorem 2.3.9.

Definition 8.1.2. The probability measure v, : € — [0, 1] in Lemma 8.1.1 is called the pushdown of the

internal probability measure v.

Example 8.1.3. If a nonstandard prior concentrates on finitely many points in NS(*®), then its push-
down concentrates on the standard parts of those points, hence is a standard measure with support on a

finite set.

Example 8.1.4. Suppose S = [K~!,2K~!,...,1 —K ! 1] for some nonstandard natural K € *N\ N.
Define an internal probability measure 7 on *[0,1] by 7{s} = K~! for all s € S, and let 7, be its

pushdown. Then 7, is Lebesgue measure on [0, 1].

The following lemma establishes a close link between Loeb integration and integration with respect

to the pushdown measure.

'In Section 7.2, the Hausdorff condition can be sidestepped by adopting the discrete topology. Unless @ is finite, however,
® will not be compact under the discrete topology. Thus, the topological hypotheses in this section not only determine the
space of priors, but also restrict the set of decision problems to which the theory applies.
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Lemma 8.1.5. Let Y be a compact Hausdorff space equipped with Borel c-algebra HB[Y|, let v be
an internal probability measure on (*Y,*A[Y]), let v, be the pushdown of v, and let f : Y — R be a

bounded measurable function. Define g : *Y — R by g(s) = f(°s). Then we have [ fdv, = [gdv.

Proof. For every n € N and k € Z, define F,x = f~'([5,51)) and G, = g7 1 (*[5,5H)). As fis
bounded, the collection .7, = {F,  : k € Z} \ {0} forms a finite partition of ¥, and similarly for &, =
{Gux: k€ Z}\ {0} and *Y. For every n € N, define f, : ¥ — R and g, : *¥ — R by putting f, = % on
F,rand g, = % on G, for every k € Z. Thus fn (resp., §,) is a simple (resp., *simple) function on the
partition .%, (resp., ¢,). By construction f, < f < f, +% and g, <g<g,+ % Note that G, x = st~ (F.x)
for every n € N and k € Z. Moreover, Y is even regular Hausdorff, hence Lemma 2.4.10 implies that
Gk is V-measurable. It follows that [ fdv, =lim,_,_, [ fndvp and [gdv =lim,_., [ ,dV. Moreover,
by Lemma 8.1.1, we have V(G,x) = V,(F,) for every n € N and k € Z. Thus, for every n € N and

k € Z, we have [ f,dv, = [ §,dV. Hence we have [ gdV = [ fdv,, completing the proof. O

In order to control the difference between the internal and standard Bayes risks under a nonstandard
prior 7 and its pushdown 7, it will suffice to require that risk functions be continuous. (Recall that we

quoted results listing natural conditions that imply continuous risk in Theorems 6.2.4 and 6.2.5.)
Condition RC (risk continuity). r(-,8) is continuous on ©, for all 6 € Z.

In order to understand the nonstandard implications of this regularity condition, we introduce the

following definition from nonstandard analysis.

Definition 8.1.6. Let X and Y be topological spaces. A function f: *X — *Y is S-continuous at x € *X

if f(y) = f(x) for all y =~ x.
A fundamental result in nonstandard analysis links continuity and S-continuity:

Lemma 8.1.7. Let X and Y be Hausdorff spaces, where Y is also locally compact, and let D C X. If

a function f : X — Y is continuous on D then its extension *f is NS(*Y)-valued and S-continuous on

NS(*D).

See ?? for a proof of this classical result. We are now at the place to establish the correspondence

between internal Bayes risk and standard Bayes risk. The proof relies on the following technical lemma.

Lemma 8.1.8 ([3, Cor. 4.6.1]). Suppose (Q,.%,P) is an internal probability space, and F : Q — *R is
an internal P-integrable function such that °F exists everywhere. Then °F is integrable with respect to

Pand [ FAP ~ [°FdP.
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Lemma 8.1.9. Suppose © is compact Hausdorff and (RC) holds. Let T be an internal distribution on
*@ and let m, : € — [0,1] be its pushdown. Let &y € 2 be a standard decision procedure. If *r(-,*6¢)
is m-integrable then r(-,0) is a m,-integrable function and r(7,,8) ~ *r(m,*8¢), i.e., the Bayes risk

under m, of & is within an infinitesimal of the nonstandard Bayes risk under 1 of *8.

Proof. Because © is compact Hausdorff, °¢ exists for all € *® and Lemma 8.1.1 implies 7, is a
probability measure on (®, %), where € is the m,-completion of Z#[®]. By (RC) and Lemma 8.1.7, for

all r € *®, we have
r(t,"80) = *r(°t,"80) = r(°t, &). (8.1.1)

Hence °(*r(z,0)) = r(°t,8p) exists for all € *O. As *r(-,*8) is m-integrable, by Lemma 8.1.8, we

know that °(*r(+,*0¢)) is T-integrable and

/ (1, "80)m(de) ~ / ({1, "80))T(dr) = / P(°1, S 0)TE(dr). (8.12)
By (RC) and the fact that ® is compact, it follows that r(-,0) is bounded. Thus, by Lemma 8.1.5,
Jr(°t,*80)m(dt) = [r(0,80)7,(dO), completing the proof. O

Lemma 8.1.10. Suppose © is compact Hausdorff and (RC) holds. Let & € 9 and € C 2. If *0¢ is

nonstandard Bayes among °€, then & is Bayes among 6 .

Proof. By Theorem 7.2.21, we may assume that *0¢ is nonstandard Bayes among °% with respect to
a nonstandard prior 7 that concentrates on some hyperfinite set 7. Let 6 € . Then *§ € °%, hence
r(m,*80) S *r(m,*6). Let m, denote the pushdown of 7. As @ is compact Hausdorff, we know that 7,
is a probability measure. As 7 concentrates on the hyperfinite set 7', we know that *r(-,*8¢) and *r(-,*d)
are T-integrable. By Lemma 8.1.9, we have r(7,, &) ~ *r(7,*8¢) and r(r,,0) ~ *r(7,*d). Thus, we

know that r(7,,0) < r(7,,0). As our choice of 6 was arbitrary, & is Bayes under 7, among ¢.  [J

Theorem 8.1.11. Suppose O is compact Hausdor{f and (RC) holds. For & € 2, the following statements

are equivalent:
1. &y is extended admissible among % rc.
2. 0y is extended Bayes among 9 rc.

3. Oy is Bayes among % c.
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If (LC) also holds, then the equivalence extends to these statements with % in place of Y rc.

Proof. Suppose (1) holds. Then by Theorem 7.2.21, *0 is nonstandard Bayes among °% rc. Then (3)
follows from Lemma 8.1.10. The reverse implications follows from Theorem 6.1.8.
The statements with % rc imply those for Zy C % rc trivially. When (LC) holds, we have Lem-

ma 6.1.13. Hence, the reverse implications follows from Lemma 6.1.4 and Theorem 6.1.9. O

We conclude this section with a strengthening of Theorem 7.2.21, showing that infinitesimal *Bayes
risk yields zero *Bayes risk, and that a procedure is optimal among all extensions if and only if it optimal

among all internal estimators:

Corollary 8.1.12. Suppose O is compact Hausdorff and (RC) holds. For & € 9, the following state-

ments are equivalent:
1. &y is extended admissible among 2 rc.
2. %8¢ is nonstandard Bayes among *% rc.
3. *8¢ is 0-*Bayes among *% rc.

Moreover, the equivalence extends to these statements with ° %y rc in place of *Zy rc. If (LC) also holds,

the equivalence extends to these statement with 9y /°%y/* %, in place of Do.rc/°Po.rc/*Zo.Fc.

Proof. Statement (1) implies that & is Bayes among %) pc by Theorem 8.1.11. This implies (3) by
transfer, (3) implies (2) by definition, and (2) implies (1) by Theorem 7.2.21.

Statements (2) and (3) with *% rc imply their counterparts with °Z ¢ in place of *Z rc, trivially.
Statement (3) with °Z ¢ implies (2) with °Z rc which implies (1) by Theorem 7.2.21.

The additional equivalences under (LC) follow by the same logic as above and in the proof of

Theorem 7.2.21. OJ

8.2 Admissibility of Nonstandard Bayes Procedures

Heretofore, we have focused on the connection between extended admissibility and nonstandard Bayes
optimality. In this section, we shift our focus to the admissibility of decision procedures whose exten-
sions are nonstandard Bayes. In all but the final result of this section, we will assume that ® is a metric

space and write d for the metric.
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On finite parameter spaces with bounded loss, it is known that Bayes procedures with respect to pri-
ors assigning positive mass to every state are admissible. Similarly, when risk functions are continuous,
Bayes procedures with respect to priors with full support are admissible. We can establish analogues of
these result on general parameter spaces by a suitable nonstandard relaxation of a standard prior having

full support.
Definition 8.2.1. For x,y € *R, write x >y when yx > y for all y € R-.

Definition 8.2.2. Let X be a metric space with metric d, and let € € *R>(. An internal probability
measure 7T on *@ is e-regular if, for every 6y € ® and non-infinitesimal r > 0, we have n({t € *© :

*d(t,0p) <r})>e.

The following result establishes *admissibility from *Bayes optimality under conditions analogues

to full support and continuity of the risk function.

Lemma 8.2.3. Suppose © is a metric space. Let € € *Rx¢, Ao € *P, and € C *9P, and suppose *r(-,A)
is S-continuous on NS(*®) for all A € € U{Ap}.
If Ag is €-*Bayes among € with respect to an €-regular nonstandard prior T, then Ay is *admissible

in ®/*0 among €.

Proof. Suppose Ay is not *admissible in ® /*® among %. Then, for some A € % and 6) € O, it holds

that

(VO € *@)(*r(8,A) < *r(6,Ay)) (8.2.1)

and  "r(6p,A) % r(6p,A). (8.2.2)

From Eq. (8.2.2), *r(60,Ao) — *r(6p,A) > 2y for some positive Y € R. Let A be the set of all a € R~

such that

(Vt €70) ("d(t,600) <a = "r(t,Ap) — r(t,A) > 7). (8.2.3)

By the S-continuity of *r on NS(*®), the set A contains all infinitesimals. By saturation and the fact that

A is an internal set, A must contain some positive ay € R. In summary,

(Vt €70) ("d(t,60) < ap = "r(t,Ao) —r(t,A) > 7). (8.2.4)
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Let M = {r € *®:*d(t,60) < ap}. By the internal definition principle, M is an internal set. By
Eq. (8.2.1) and the definition and internality of M, the difference in internal Bayes risk between Ag and

A satisfies

(7, Ag) — (T, A) = / (rle,80) = (0, 4)) () (8.2.5)
> /M (r(t, Ao) — "r(t, A))(dr) > y(M). (8.2.6)

But ym(M) > € because 7 is e-regular, hence A is not e-*Bayes among % with respect to 7. [

The following theorem is an immediate consequence of Lemma 8.2.3 and is a nonstandard analogue
of Blyth’s Method [26, §5 Thm. 7.13] (see also [26, §5 Thm. 8.7]). In Blyth’s method, a sequence
of (potentially improper) priors with sufficient support is used to establish the admissibility of a de-
cision procedure. In contrast, a single nonstandard prior witnesses the nonstandard admissibility of a

nonstandard Bayes procedure.

Theorem 8.2.4. Suppose O is a metric space and (RC) holds. Let & € 9 and € C 9. If there exists
€ € *Rxq such that *8y is €-*Bayes among °€ with respect to an €-regular nonstandard prior w, then

*8¢ is *admissible in ® /*® among °€ .

Proof. By (RC) and Lemma 8.1.7, for all 6 € 2, 6y € ©, and 1 =~ 6, we have *r(¢,*0) =~ *r(6p,*5). By
Lemma 8.2.3, *§¢ is *admissible in ®/*® among °%'. O

These theorems have the following consequence for standard decision procedures:

Theorem 8.2.5. Suppose O is a metric space and (RC) holds, and let & € 9 and € C 2. If there exists
€ € "R such that *8 is €-*Bayes among °€ with respect to an €-regular nonstandard prior, then &

is admissible among € .

Proof. The result follows from Theorem 7.1.7 and Theorem 8.2.4. O

Theorem 8.2.5 implies the well-known result that Bayes procedures with respect to priors with full

support are admissible [14, §2.3 Thm. 3] (see also [26, §5 Thm. 7.9]).

Theorem 8.2.6. Suppose O is a metric space and (RC) holds and let & € 2. If &y is Bayes among 9

with respect to a prior T with full support, then & is admissible among 9.
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Proof. Note that & is Bayes under 7 among Z if and only if *§ is nonstandard Bayes under *7 among
°9. As 7 has full support, *7 is e-regular for every infinitesimal € € *R~ (. By Theorem 8.2.5, we have

the desired result. O

We close with an admissibility result requiring no additional regularity:

Theorem 8.2.7. Let &y € P and € C . If there exists € € *Rx¢ such that *8 is €-*Bayes among *€
with respect to a nonstandard prior 1 satisfying ©{0} > € for all 0 € O, then & is admissible among
€.

Proof. Suppose &y is not admissible among %. Then by Theorem 7.1.7, *0¢ is not *admissible in
©®/*® among °%. Thus there exists § € € and 6y € © such that *r(0,*0) < *r(6,*8y) for all 6 € *O
and *r(6p,*60) — *r(60,*6) > y for some y € R~o. Then *r(m,*8g) — *r(m,*6) > n{6}y > €. But this

implies that *8 is not -*Bayes under & among %'. O

Remark 8.2.8. The astute reader may notice that Theorem 8.2.7 is actually a corollary of Theorem 8.2.5
provided we adopt the discrete topology/metric on ®. Changing the metric changes the set of available

prior distributions and also changes the set of €-regular nonstandard priors. See also Remark 8.3.3.

8.3 Some Examples

The following examples serve to highlight some of the interesting properties of our nonstandard theory

and its consequences for classical problems.

Example 8.3.1. Consider any standard statistical decision problem with a finite, discrete (hence com-
pact) parameter space. (RC) holds trivially, and so Theorem 8.1.11 and Corollary 8.1.12 imply that a
decision procedure is extended admissible if and only if it is extended Bayes if and only if it is Bayes
if and only if its extension is nonstandard Bayes among all internal decision procedures. By Theo-
rem 8.2.6, we obtain another classical result: if a procedure is Bayes with respect to a prior with full

support, it is admissible.

Example 8.3.2. Consider the classical problem of estimating the mean of a multivariate normal dis-
tribution in d dimensions under squared error when the covariance matrix is known to be the identity
matrix. By the convexity of the squared error loss function, Lemma 6.1.13 implies that the nonran-

domized procedures form an essentially complete class. (Indeed, the loss is strictly convex and so the
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nonrandomized procedures are a complete class.) Theorem 7.2.21 implies that every extended admissi-
ble estimator among % is nonstandard Bayes among °% rc.

We can derive further results if we can establish that risk functions are continuous. Indeed, one
can use Theorem 6.2.4 to establish that (RC) holds in the normal-location problem. Theorem 8.2.6
then implies that every Bayes estimator with respect to a prior with full support is admissible. In
particular, for every k > 0, the estimator 5,? (x) = %X is Bayes with respect to the full-support prior
m = A (0,k*1;), hence admissible.

Consider now the maximum likelihood estimator §” (x) = x and let K be an infinite natural number.
Then *8" (x) ~ (*8%)k(x) for all x € NS(*R?), where *8” is the extension of the function k 5B. The
normal prior (*70)g is “flat” on R? in the sense that, at every near-standard real number, the ratio of
the density to (Zn)*%K ~4 is within an infinitesimal of 1. These observations provide a nonstandard
interpretation to the idea that the maximum likelihood estimator is a Bayes estimator given a “uniform”
prior.

Since (RC) holds, Theorem 8.2.5 implies that every estimator whose extension is €-*Bayes among
°Yp with respect to an e-regular prior is admissible among . An easy calculation reveals that the
Bayes risk of (*6%)x with respect to (*7)x is dKf—il, while the Bayes risk of *6" with respect to (*1)x
is d. Thus, *8" is even nonstandard Bayes among *%, and in particular, *6 is e-*Bayes under (*7)x
among *Z for € = d (K*>+ 1)~!. From the density above, it is then straightforward to verify that, for
d = 1, the prior (*m)k is €-regular, but that it fails to be for d > 2. Therefore, by Theorem 8.2.5, it
follows that 6 is admissible among %, for d = 1, as is well known. The theorem is silent in this case

for d > 2. Indeed, Stein [50] famously showed that &M is admissible for d = 2 and inadmissible for

d>3.

Remark 8.3.3. Here we have used Theorem 8.2.5 and the standard metric on ® = R? in order to establish
admissibility. Note that the infinite-variance Gaussian prior is not €-regular with respect to the discrete
metric on ®, and so a different nonstandard prior would have been needed to establish admissibility via

Theorem 8.2.7.

The next example is a simple demonstration of extended admissibility in a nonparametric estimation

problem.

Example 8.3.4. Let ® C .7 (R) be the set of probability measures on R with finite first moment, and

consider the model Py = 8 under which we observe a single sample from the unknown distribution 6 of
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interest. Taking A = @, we would like to estimate an unknown 6 € ® under Wasserstein loss
0(6,6) :inf/d(x,y)u(d(x,y)) >0, 8.3.1)
u

where d is the standard Euclidean metric and the infimum is taken over all couplings of 8 and 0, ie.
over all u € .#, (R x R) with marginals 6 and 6, respectively. Consider the estimator & (x) = Dirac(x)
that degenerates on the observed sample. Let H be a *Uniform distribution on [—k,k|, for k infinite,
and let 7 be a *Dirichlet process prior with *base measure oH, where 0 < o0 < k~'. (We will drop
the modifier * and rely on context to disambiguate whether we are referring to a standard concept or its
transfer.) Let G be a random probability measure with distribution 7, and, conditioned on G, let X;,X>
be independent random variables with distribution G. By transfer and the properties of the Dirichlet
process, P{X; # X,} = O%rl. In terms of these random variables, the average risk of *§¢ under 7 is

the expectation E[¢(G, Dirac(X;))] and this quantity is bounded by 457k < 1, hence *3 is nonstandard

Bayes among all *estimators, hence extended Bayes and extended admissible.

In Section 8.1, we established that class of Bayes procedures coincides with the class of extended
admissible estimators under compactness of the parameter space and continuity of the risk. The next
example demonstrates that extended admissibility and Bayes optimality do not necessarily align if we
drop the risk continuity assumption, even when the parameter space is compact. We study a non-Bayes

admissible estimator and characterize a nonstandard prior with respect to which it is nonstandard Bayes.

Example 8.3.5. Let X = {0,1} and ® = |0, 1], the latter viewed as a subset of Euclidean space. Define
g:[0,1] = [0,1] by g(x) = x for x > 0 and g(0) = 1, and let P, = Bernoulli(g(¢)), for r € [0, 1], where
Bernoulli(p) denotes the distribution on {0,1} with mean p € [0,1]. Every nonrandomized decision
procedure & : {0,1} — [0, 1] thus corresponds with a pair (5(0),5(1)) € [0,1]2, and so we will express
nonrandomized decision procedures as pairs. Consider the loss function £(x,y) = (g(x) —y)?. (For
every x, the map y — £(x,y) is convex but merely lower semicontinuous on [0,1]. It follows from

Lemma 6.1.13 that nonrandomized procedures form an essentially complete class.)
Theorem 8.3.6. In Example 8.3.5, (0,0) is an admissible non-Bayes estimator.

Proof. Let (a,b) € [0,1]? and let ¢ = min{a,b}. For every n € N, we have

™ (@,b) = (1=n™ (1 /n,a) +n 7 0(1/n,b) (83.2)
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and so, for sufficiently large n, we have r(n~!,(a,b)) > r(n™!,(c,c)). But, for every d > 0 and suffi-
ciently large n, it also holds that r(n=!,(d,d)) > r(n!,(0,0)). Hence, (a,b) does not dominate (0,0),

hence (0,0) is admissible.

To see that (0,0) is not Bayes, note that an estimator (a,b) has the same Bayes risk under 7 as it

would under the (pushforward) prior v = 1o g~}

in the statistical decision problem with sample space
X, parameter space @' = g(®) = (0, 1], model P/ = Bernoulli(¢), and squared error loss ¢’ (x,y) = (x,y).
However, in this case, the loss is strictly convex and so the Bayes optimal decision is unique and is the

posterior mean, which is a value in (0, 1], hence (0,0) cannot be Bayes optimal for any prior. O

The failure of (0,0) to be Bayes optimal is due to the fact that the posterior mean cannot be 0.
However, in the nonstandard universe, the posterior mean can be made to be infinitesimal, in which case

the Bayes risk of (0,0) is also infinitesimal.

Theorem 8.3.7. *(0,0) is nonstandard Bayes with respect to any prior concentrating on some infinites-

imal € > 0.

Proof. Pick any positive infinitesimal € and consider the nonstandard prior 7 concentrated on €. The

nonstandard Bayes risk of (0,0) with respect to 7 is
*r(r,(0,0)) = *r(g,(0,0)) = e(e — 0)> + (1 —€)(e = 0)* = 0 (8.3.3)

Because the loss function in Example 8.3.5 is nonnegative, (0,0) must be a nonstandard Bayes estimator

with respect to 7. O

We close by observing that (0,0) is a generalized Bayesian estimator. In particular, the generalized
Bayes risk with respect to the improper prior £(d8) = 6~2d# is finite, whereas every other estimator
has infinite Bayes risk. The modified statistical decision problem with parameter space ® = (0, 1]
under the standard topology, model P’ and loss ¢ meets the hypotheses of Theorem 6.2.10— indeed,
the modified problem is that of estimating the mean of an exponential family model— hence every
extended admissible procedure is generalized Bayes. The original problem does not meet the hypotheses

of Theorem 6.2.10, since the loss is not jointly continuous.
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8.4 Miscellaneous Remarks

(i) We have required ® to be Hausdorff in order for the standard part map to be uniquely defined.
Relaxing this assumption would require that we work with a standard part relation instead. At this

moment, we see no roadblocks.

(ii) Assume *§ is nonstandard Bayes among °%’. Under what conditions can we conclude that *6 is
e-*Bayes among °% for all € € *R-(? For € = 0? When can we conclude § is extended Bayes among
¢ Bayes? In Corollary 8.1.12, we show that all these conditions collapse for € = %y rc when ®
is compact Hausdorff and (RC) holds. Identifying problems that separate all of these conditions and

sufficient conditions that collapse them is important work.

(iii) As a starting point towards the questions in part (ii), it is an open problem to find a procedure 0
such that § is extended admissible among % ¢ (or even extended Bayes among % rc) but *0 is not
0-*Bayes among °% rc. Example 8.3.2 demonstrates that 5 is extended Bayes among % rc for every
dimension d > 1. A well-known variance argument shows that M is also never Bayes among % rc,
hence *6" is never 0-*Bayes among *Zp rc. The inadmissibility of 8" in dimensions d > 3 implies that,
if *6M is 0-*Bayes among °Z rc with respect to some nonstandard prior 7, then 7 is not a 0-regular

nonstandard prior.

(iv) We restricted our attention to decision procedures whose risk functions are everywhere finite.
However, if we do not make this restriction, it is possible for an admissible decision procedures to
have infinite risk in some state 0 € ® [10, §4A.13 Part (iv)]. We make repeated use of the finite risk
property and so it would be an interesting contribution to relax this assumption. A related issue is our
restriction to nonnegative real-valued loss functions. It would be straightforward to allow loss functions
that are bounded below or above. Allowing arbitrary loss functions, however, raises the possibility that

a decision procedure’s risk could be undefined on some subset of the parameter space.

(v) It is worth searching for a converse to Theorem 8.2.7, perhaps with a view to identifying a non-
standard analogue of Stein’s necessary and sufficient condition for admissibility [49], but one witnessed

by a single (nonstandard) prior distribution.

(vi) Our standard result, Theorem 8.1.11, is similar to Theorem 6.2.6 of Berger [4] and Theorem 6.2.3
of Wald [54]. Our theorem identifies the class of extended admissible procedures and the class of Bayes

procedures, and does so by assuming that risk functions are continuous and the parameter space is
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compact Hausdorff. These are weaker assumptions than those of Berger, and more natural than those
of Wald. It would take some work to understand which assumptions of theirs are needed to show that
the extended admissible procedures (equivalently, the Bayes procedures) form a complete class. In our
opinion, it is preferable to understand conditions under which we can identifying extended admissibility
and Bayes optimality and then separately understand conditions under which the former is a complete
class. (The classical textbook by Blackwell and Girschick [8] adopts a similar aesthetic principle.)
We believe that the methods developed in this paper may allow us to remove or generalize regularity

conditions in other existing results.

(vii) It would be illuminating to uncover a complete characterization of the relationships between
nonstandard Bayes procedures, extended Bayes procedures, limits of Bayes procedures, and general-
ized Bayes procedures. Some connections can be identified simply by transfer: e.g., we already know
that extended Bayes procedures are equivalent to nonstandard Bayes by a simple transfer argument and
normal-form generalized Bayes implies nonstandard Bayes. Given our theorems connecting extend-
ed admissibility and nonstandard Bayes optimality, progress on this question immediately yields new

connections between extended admissibility and these relaxed notions of Bayes optimality.

(viil) In general, by our main result Theorem 7.2.21, extensions of extended admissible procedures
are nonstandard Bayes among the extensions of standard procedures. Under what conditions are they
also nonstandard Bayes among all internal decision procedures? By Theorem 7.2.3, this is equivalent to
the following natural question: When are extended admissible procedures also extended Bayes? Under
the assumption of bounded risk, [8, Thm. 5.5.3] gives necessary and sufficient conditions in terms of
derived two-player games. Under compactness and risk continuity, Theorem 8.1.11 shows that extended
admissible procedures are even Bayes, and so of course the equivalence holds there. Identifying natural

sufficient conditions or counterexamples in natural decision problems would be very enlightening.
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Conclusion

In this dissertation, we studied two fundamental problems in Markov processes and statistical decision
theory using nonstandard analysis. In the first case, we characterized every continuous-time Markov
processes with general state space by a hyperfinite Markov process, i.e infinite Markov processes with
the same first-order logic properties as finite Markov processes. By proving the ergodicity of hyperfinite
Markov processes, we establish the standard Markov chain ergodic theorem for continuous-time Markov
processes with general state space under moderate regularity conditions. Unlike existing results in the
literature, our Markov chain ergodic theorem does not depend on drift conditions or skeleton chains.
In the second case, we studied the relation between frequentist and Bayesian optimality in statistical
decision theory framework, showing that a decision procedure is extended admissible if and only if it is
nonstandard Bayes, i.e. it has infinitesimal excess Bayes risk. We show that this equivalence holds for
arbitrary decision problems without technical conditions. Using this equivalence relation, we show that
extended admissibility is equivalent to standard Bayes for decision problems with compact parameter

spaces and continuous risk functions and also a nonstandard variant of Blyth method.

The idea of “hyperfinite representation” in nonstandard analysis provide a direct connection between
finite mathematics and infinite mathematics. Given a infinite mathematic problem, the hyperfinite coun-
terpart of this problem has the same first-order logic properties as the finite version of this problem.
Thus, we can obtain a solution of the hyperfinite counterpart as long as we have a solution for the fi-
nite version of the problem. We then apply push-down technique to obtain the solution of the original
problem. The hyperfinite Markov processes constructed from continuous-time Markov processes with
general state space can be considered as hyperfinite representations of the original Markov processes
since its internal transition probability differs from the transition probability of the original Markov
process by only infinitesimal. Thus, many features of general Markov processes can be understood via

studying its hyperfinite counterpart.

Nonstandard analysis, in many cases, offers insights to existing problems from a new prospective.
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For statistical decision problem with infinite parameter spaces, one must relax the notion of Bayesian
optimality to obtain connections between frequentist and Bayesian optimality. Moreover, such results
are subject to regularity conditions. However, using nonstandard analysis and nonstandard probability
theory, we are able to establish a link between admissibility and Bayesian optimality without techni-
cal conditions. Such surprising connection suggests that nonstandard analysis maybe able to generate
fruitful result and provide new insights to mathematical statistics.

There are many avenues worth further investigation. In the proof of Theorem 8.1.11, the existence
of a standard prior relies critically on compactness or, at least, on the near-standard part have Loeb-
measure one. As a result, in a general non-compact setting, the pushdown measure may fail to be a
probability measure, and might even be the null measure. Other notions of pushdown measure exist,
although they generally produce merely finitely additive probability measures. There is a substantial
body of work on finitely additive probability and its application to foundational problems in statistics
and game theory [16, 21, 45-48]. It would be worthwhile identifying relationships between the nonstan-
dard and finitely additive frameworks. Understanding such relation will enable us to answer questions
such as, when does nonstandard Bayes imply finitely-additive Bayes? Other questions include but not
restricted to: 1)studying particular stochastic processes (Dirichlet process, Langevin diffusion, etc) from
a nonstandard prospective. 2) understanding minimaxity, stepwise Bayes, limit of Bayes by considering
their hyperfinite counterpart.

As one might has already noticed, nonstandard analysis is very powerful in establishing existence
result. One of many ongoing work is to show the existence of matching prior for compact parameter
spaces. The idea is to first show the existence of nonstandard matching prior in the hyperfinite counter-
part of this problem. As the parameter space is compact, we apply the same technique in Theorem 8.1.11
to obtain a standard marching prior.

This dissertation has explored the boundary of stochastic processes, probability theory, statistical
decision theory and nonstandard analysis. In closing, we believe that nonstandard analysis will greatly
enhance our understanding on connections between finite problems and infinite problems and it has

much to offer to the statistical community beyond those subjects mentioned in this dissertation.
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