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Abstract

We prove new results about comparing the efficiency of general state
space Markov chain Monte Carlo (MCMC) algorithms that randomly se-
lect a possibly different reversible method at each step (previously only
known for finite state spaces). We also provide new simpler more accessi-
ble proofs to key results, and analyse numerous examples. We provide a
full proof of the formula for the asymptotic variance for real-valued func-
tionals on -irreducible reversible Markov chains, first introduced by Kipnis
and Varadhan in [15]. Given two Markov kernels P and () with station-
ary measure w, we say that the Markov kernel P efficiency dominates the
Markov kernel @ if the asymptotic variance with respect to P is at most
the asymptotic variance with respect to () for every real-valued functional
f € L?(r). Assuming only a basic background in functional analysis, we
prove that for two reversible Markov kernels P and @, P efficiency domi-
nates @ if and only if the operator Q — P, where P is the operator on L?(r)
that maps f — [ f(y)P(-,dy) and similarly for Q, is positive on L?(r), i.e.
(f,(Q—="P)f) > 0 for every f € L?(m) (previous proofs for general state
spaces use technical results from monotone operator function theory). We
use this result to show that under mild conditions, sandwich variants of
data augmentation algorithms efficiency dominate the original algorithm.
We also provide other easy to check sufficient conditions for efficiency dom-
inance, some of which are generalised from the finite state space case. We
also provide a proof based on that of Tierney in [27] that Peskun dominance
is a sufficient condition for efficiency dominance for reversible kernels. Using
these results, we show that Markov kernels formed by randomly selecting
other “component” Markov kernels will always efficiency dominate another
Markov kernel formed in this way, as long as the component kernels of the



former efficiency dominate those of the latter. These results on the efficiency
dominance of combining component kernels generalises the results on the ef-
ficiency dominance of combined chains introduced by Neal and Rosenthal
in [20] from finite state spaces to general state spaces.

1 Introduction

A common problem in statistics and other areas, is that of estimating the average
value of a function f : X — R with respect to a probability measure 7. The domain
of f, X, is called the state space. When the probability measure 7 is complicated
and the expected value of f with respect to 7, E.(f), can’t be computed directly,
Markov chain Monte Carlo (MCMC) algorithms are very effective (see [22]). In
MCMC, the solution is to find a Markov chain {X}}ren with underlying Markov
kernel P, and estimate the expected value of f with respect to 7 as

N
B.(f) ~ 1 D0 /(%) = Ty
k=1

The advantage is that the Markov kernel P provides much simpler probability
measures at each step, making it easier to compute, while the law of the Markov
chain, X}, approaches the probability distribution 7.

When the chosen function f is in L?(), i.e. when [ |f(z)* 7(dx)
= E.(]f[*) < 0o, one measure of the effectiveness of the chosen Markov kernel for
the function f, is the asymptotic variance of f using the kernel P, v(f, P), defined
as

. 1 |1 al
o(f, P) = lim [NVar (N;ﬂxk))] = lim [NVar (kZ f(&))] ,

where { X} }ren is a Markov chain with kernel P, started in stationarity (i.e. X; ~
).

Thus if v(f, P) is finite, we would expect the variance of the estimate f, to be
near v(f, P)/N. Furthermore, if P is p-irreducible and reversible, a central limit
theorem (CLT) holds whenever v(f, P) is finite, and the variance of said CLT is

the asymptotic variance, i.e. VN (fy — Ex(f)) A N(0,v(f, P)) (see [15]). For
further reference, see [13], [11], [26], [22] and [15].

Xy is not usually sampled from 7 directly, but if P is p-irreducible, then we
can get very close to sampling from 7 directly by running the chain for a number
of iterations before using the samples for estimation.

In practice, it is common not to know in advance which function f will be
needed, or need estimates for multiple functions. In these cases it is useful to have



a Markov chain to run estimates for various functions simultaneously. Thus, we
would like the variance of our estimates, and thus the asymptotic variance, to be
as low as possible for not just one function f : X — R, but as low as possible
for every function f : X — R simultaneously. This gives rise to the notion of an
ordering of Markov kernels based on the asymptotic variance of functions in L?(r).
Given two Markov kernels P and () with stationary distribution 7, we say that P
efficiency dominates Q if for every f € L*(m), v(f, P) < v(f, Q).

In this paper, we focus our attention on reversible Markov kernels. Many
important algorithms, most notably the Metropolis-Hastings (MH) algorithm, are
reversible (see [27], [22]). When the target probability density is difficult (or
impossible) to calculate for the use of the MH algorithm, an exact approximation
of the MH algorithm, an algorithm that uses the MH algorithm with an estimator
of the target probability density, could be a viable option. In this case, it’s possible
this exact approximation algorithm run with one estimator efficiency dominate the
same algorithm run with a different estimator. See [2] for more details.

Aside from Section 5, many of the results of this paper are known but are
scattered in the literature, have incomplete or unclear proofs, or are missing proofs
altogether. We present new clear, complete, and accessible proofs, using basic
functional analysis where very technical results were previously used, most notably
in the proof of Theorem 4.1. We show how once Theorem 4.1 is established, many
further results are vastly simplified. This paper is self-contained assuming basic
Markov chain theory and functional analysis.

1.1 Simple Examples

We now present two simple examples, using the theory that will be developed in
the rest of the paper, in order to motivate and provide some explicit examples of
the material.

Example 1.1. As a simple example in finite state spaces, take X = {1,2,3} and

7 such that m({1}) = 1/2, n({2}) = 1/4, and ©({3}) = 1/4. Then let P and Q be
Markov kernels on X such that
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and similarly for Q.

In order to compare these two Markov kernels, it would be very difficult to
calculate the asymptotic variance directly by definition. Fven with the formula
for the asymptotic variance from Theorem 3.1, which simplifies as X s finite to

o(f,P) = (CLQ)Qitiz (ag)zitig for every f : X — R, where Ay and A3 are
eigenvalues of Q — P, and as and az are the coefficients of the second and third
eigenvectors of @ — P in the eigenvector representation of f (see Proposition 2 of
[20]), this is still a task that requires a lot of computation.

However, by using Theorem 4.7, as X is finite we can simply calculate the
eigenvalues of @ — P, which are {2/3,0,0}, and as they are all nonnegative, we

can conclude that P efficiency dominates Q).

Next we consider an example with a continuous state space.

Example 1.2. Suppose X = R, and m ~ Exponential(1), i.e. w(dy) = f(y)dy,
where f: R — [0,00) such that f(y) =e ¥ ify >0 and f(y) =0 if y <O0.
Let h: R — [0,00) be the density function of the Normal(0, 1) distribution, i.e.

h(y) = \/%?e’y? for every y € R. Let R be the Markov kernel associated to i.i.d.
1

sampling from the Normal(0,1) distribution, i.e. R(x,dy) = \/—276_§dy = h(y)dy
for every x € R.

Let 11 denote the Markov kernel associated with i.i.d. sampling from 7 (i.e.
(z,dy) = w(dy) = e ¥dy = f(y)dy for every x € X), and let Q be the Markov
kernel associated with the Metropolis-Hastings algorithm with proposal R (see Ez-
ample 6.3 or [22] for more details). (As R is simply i.i.d. sampling from a distri-
bution, Q) is also an independence sampler.) Explicitly, we have

Qz,dy) = alz,y)R(z,dy) +r(x)d,(dy),

where o(z,y) = {mm {1’ %ij’ghiyg} o U J(@)hly) # 07

1, if f(x)h(y) =0
r(z) = 1— [7 a(z,y)h(y)dy, and 6,(dy) is the point mass at x € R, for every
x,y € R.

Trying to distinguish which algorithm, if either, of I and Q) efficiency dom-
inates the other would be very difficult given only the definition of asymptotic
variance. However, with Theorem 6.2 (from [21] for finite state spaces and [27]
for general state spaces), we shall see that it is enough to show that for w-almost
every x € R and measurable set A C R, ll(x, A\ {z}) > Q(z, A\ {z}), i.e. that
I Peskun-dominates Q (see the end of Section 1 below), in order to prove that 11




efficiency dominates Q. With this in mind, we simply calculate

Q. A\ {z}) = / oz, y)h(y)dy = / o ey

h(y)d dy = d
< / iy = / W / f(v)dy
= I(z,A) = (z, A\ {z}),

as f(y) = 0 for every y < 0 and h(y) < f(y) for every y > 0, thus proving 11
efficiency dominates QQ by Theorem 6.2.

Although these examples are simple, they demonstrate how the theory that
follows allows for a much easier analysis and comparison of many algorithms, that
would otherwise be impossible.

1.2 Outline of the Paper

In Section 3, we provide a full proof of the formula for the asymptotic variance
of p-irreducible reversible Markov kernels established by Kipnis and Varadhan in

[15]7
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by generalising the proof of the finite dimensional case provided by Neal and
Rosenthal in [20]. We also provide a full proof of a useful and more common
characterisation of the asymptotic variance for aperiodic Markov kernels, relating
the asymptotic variance to sums of autocovariances.

In Section 4, we use the above formula as well as some functional analysis
from Section 7, to show that efficiency dominance is equivalent to a much simpler
condition for reversible kernels; given Markov kernels P and Q, for every f € L2(r),
(f,Pf) < {(f,Qf) (Theorem 4.1). This result was first established by Mira and
Geyer in [18] using very technical results, particularly in the “if” direction of the
proof. Specifically, in the “if” direction they use results about monotone operator
functions from Bendat and Sherman in [4] (results that are generalisations of
Léwner’s well-known results for monotone matrix functions in [16]). In [20], Neal
and Rosenthal avoid these technical results in place for basic linear algebra for
the case of Markov chains on finite state spaces. We generalise the approach of
Neal and Rosenthal in [20] in the “if” direction of the proof to general state space
Markov chains. In the “only if” direction however, there are difficulties with this
approach that are unique to the general state space case (see the remark after
Lemma 4.3). As such, we follow the original approach of Mira and Geyer in [18]
for the “only if” direction of the proof, which stays clear of the technical results
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of Bendat and Sherman in [4]. Additionally, the previous works, such as [18§],
either explicitly or implicitly require the state space to be countably generated,
so that the corresponding space L?(7) is separable. Our proof does not require
this assumption, and as such our proof generalizes the result to potentially non-
countably generated state spaces. The functional analysis used in the proof of
Theorem 4.1 is derived from the basics in Section 7.

In Example 4.2, we analyse data augmentation algorithms and their sandwich
variants (with operators denoted as Ppa and Pg respectively) to show that un-
der mild conditions, the sandwich variants efficiency dominate the original data
augmentation algorithm. We follow the approach of Khare and Hobert in [14] to
show that for every f € Li(fx), (f,Psf) < (f,Ppaf). We subsequently apply
Theorem 4.1 to show that the sandwich variants are always more efficient.

We use Theorem 4.1 again to give a useful one-way implication. We show that
when the supremum of the spectrum of a Markov operator P is at least as small
as the infimum of the spectrum of a second Markov operator Q, it follows that P
efficiency dominates @) (Proposition 4.8). In Example 4.9, we introduce common
algorithms studied by Rudolf and Ullrich in [25], whereby the authors prove that
each algorithm has a nonnegative spectrum. We use this and the previous result
to show that each of these algorithms efficiency dominates i.i.d. sampling. We use
Proposition 4.8 again to show that antithetic Markov kernels are more efficient
than i.i.d. sampling (Proposition 4.10) , generalising the result in [20] in the finite
state space case to the general state space case. We then give a simple toy example
in Example 4.11 to give an explicit example of the theory developed so far, and to
show that even in simple cases we can find value in being more efficient by using
an MCMC algorithm rather than i.i.d. sample. We further show that efficiency
dominance is a partial ordering (Theorem 4.12), as shown in [18].

In Section 5, we generalise the results on the efficiency dominance of combined
chains in [20] from finite state spaces to general state spaces. Given reversible
Markov kernels Py, ..., P, and 1, ..., Q;, we show that if P, efficiency dominates
Qy, for every k, and {aq,...,q;} is a set of mixing probabilities, then P = ay. Py
efficiency dominates @ = > aQy (Theorem 5.1). This can be used to show that
a random-scan Gibbs sampler with more efficient component kernels will always
be more efficient (Example 5.3). We also show that for two combined kernels
differing in one component, one efficiency dominates the other if and only if its
unique component kernel efficiency dominates the other’s (Corollary 5.2). The
results in Section 5 are new in the general state space case.

In Section 6, we consider Peskun dominance, or dominance off the diagonal
(see [21], [27]). We say that a Markov kernel P Peskun dominates another kernel
Q, if for m-a.e. z € X, for every measurable set A, P(z, A\ {z}) > Q(z, A\ {z}).
We then prove Peskun dominance is a sufficient condition for efficiency dominance,



first established for finite state spaces by Peskun in [21] and then generalised to
general state spaces by Tierney in [27]. We start by showing that if P Peskun
dominates @), then Q — P is a positive operator (Lemma 6.1), just as in [27].
With this established, a simple application of Theorem 4.7 completes the proof
that Peskun dominance implies efficiency dominance (Theorem 6.2). We apply
this theorem in Example 6.3, just as in [27], to show that a Metropolis-Hastings
algorithm run using a weighted sum of proposal kernels efficiency dominates the
weighted sum of Metropolis-Hastings algorithms with such proposal kernels. We
then utilize the explicit toy example established in Section 4, Example 4.11, to
show that the inverse implication of Theorem 6.2 does not hold, i.e. that efficiency
dominance does not imply Peskun dominance.

2 Background

We are given the probability space (X, F, ), where we assume the state space X
is non-empty.

2.1 Markov Chain Background

A Markov kernel on (X, F) is a function P : X x F — [0,1] such that P(z,-) is
a probability measure for every x € X, and P(-, A) is a measurable function for
every A € F. A time-homogeneous Markov chain {X,},en on (X, F) has P as
a Markov kernel if for every n € N, P (X1, € A| X,, =) = P(z, A), for every
x € X and A € F, i.e. the Markov kernel P describes the transition probabilities
of the Markov chain {X, },en. The Markov kernel P is stationary with respect
to 7 if [y P(z, A)r(dx) = w(A) for every A € F. Intuitively, this means that
once the chain {X,,} has reached the distribution m, X,, ~ 7, then it stays at that
distribution 7 forever, X, 1 ~ 7 for every kK € N. Thus if the chain {X,} is
started in stationarity, i.e. Xy ~ 7, then it stays in stationarity, X,, ~ 7 for every
n € N.

The Markov kernel P is reversible with respect to m if
P(z,dy)n(dz) = P(y,dz)m(dy), i.e. the probability of starting at = distributed by
7 and then jumping to y is the same as the probability of starting at y distributed
by 7 and then jumping to z. A Markov kernel P is @-irreducible if there exists a
non-zero o-finite measure ¢ on (X, F) such that for every A € F with ¢(A) > 0,
for every z € X there exists n € N such that P"(z, A) > 0. Intuitively, the
Markov chain has positive probability of eventually reaching every set of positive
© measure.

The space L?(r) is defined rigorously as the set of equivalence classes of -
square-integrable real-valued functions, with two functions f and g being equiva-



lent if f = g 7-a.e., i.e. f = g with probability 1. Less rigorously, L?(r) is simply
the set of m-square-integrable real-valued functions. When this set is endowed
with the inner product (-,-) : L*(w) x L*(m) — R such that (f,g) — (f,g) :=
fx m(dx), this space becomes a real Hilbert space (a vector space that is
complete Wlth respect to the norm generated by the inner product, ||-|| := 1/(:,)).
(When we are also dealing with complex functionals, we define the inner-product
instead to be f x g — (f,g9) = [x f(x)g(z)m(dz), where @ is the complex con-
jugate of a € C, and L*(7) becomes a complex Hilbert space. As we are only
dealing with real-valued functions, we do not need this distinction.)

Recall from Section 1 that for a function f € L?(w), its asymptotic variance
with respect to the Markov kernel P, denoted v(f, P), is defined as v(f, P) :=

limpy oo [NVar (% chvzl f(Xk)ﬂ = limy_ 0 [%Var (Zgﬂ f(Xk))], where

{Xk}ren is a Markov chain with Markov kernel P started in stationarity. As is
clear from our definition, the asymptotic variance is a measure of the variance of
an MCMC estimate of the mean of f in the limit using the Markov chain {X}}
with kernel P. Also from Section 1, recall that given two Markov kernels P and
@, both with stationary measure m, P efficiency dominates Q if v(f, P) < v(f, Q)
for every f € L?*(w). Thus if P efficiency dominates @, we should expect to have
better estimates using a Markov chain with kernel P rather than a Markov chain
with kernel ). As such, when deciding on a Markov kernel to use for MCMC
estimation, if P efficiency dominates (), we would rather use P (of course, this is
if all other aspects of the kernels, like convergence to 7, are similar).

For every Markov kernel P, we can define a linear operator P on the space of

F measurable functions by
~ [ 1wPt.dy)
yeX

For every Markov kernel, we denote the associated linear operator defined above
by its letter in calligraphics. If P is stationary with respect to m, the image of
P restricted to L?(m) is contained in L?(w), as for every f € L*(7), by Jensen’s
inequality

/x P (o) m(de) < //X ) P, dy)m(d) = /yex\f(y>l27r(dy)<oo,
(2.1)

and therefore ||Pf|| < || f|| for every f € L*(w), so P is a contraction (2.1 is true
for every 1 < r < oo, not just r = 2. See [3].) In this paper, we will only deal with
functions in L?(7), and thus view P as a map from L?*(7) — L*(7), or a subset
thereof.

Notice that the constant function, 1 : X — R such that 1(z) = 1 for ev-
ery v € X, exists in L?*(r) (as 7 is a probability measure), and furthermore,
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as P(x,-) is a probability measure for every z € X, P1 = 1. Thus 1 is an
eigenfunction of P with eigenvalue 1. We define the space LZ(7) to be the sub-
space of L*(r) perpendicular to 1, or the subspace of L?(r) functions with zero
mean, i.e. L3(m) == {f € L*(m)|f L 1} = {f € L*(n)|{f,1) = 0} = {f €
L*(7)|E.(f) = 0}. Notice that if P is restricted to LZ(m) and P is stationary
with respect to 7, then its range is contained in L3(7), as for every f € L3(m),
(PIA) = [ Jox ) Pa. dy)(dz) = [ f(y)m(dy) = (f,1) = 0.

When considering efficiency dominance, it is enough to look at the smaller
subspace L3(m). If P and Q are Markov kernels with stationary measure 7, P
efficiency dominates @) if and only if P efficiency dominates () on the smaller
subspace LZ(m). The forward implication is trivial as L3(w) C L*(w), and for
the converse, notice that for every f € L*(n), v(f, P) = v(fo, P) and v(f,Q) =
v(fo,Q), where fo := f — E.(f) € Li(w). Thus when talking about efficiency
dominance, we lose nothing by restricting ourselves to LZ(7), and we get rid of
the eigenfunction 1. Unless stated otherwise, we will consider P as an operator
on and to L3(7).

A Markov kernel P is periodic with period d > 2 if there exists X;,..., Xy €
F such that X, N &; = 0 for every j # k, and for every i € {1,...,d — 1},
P(z,X;41) = 1 for every z € X; and P(z, X)) = 1 for every x € X,;. Intuitively,
the Markov chain jumps from &; to X1, then from X;,; to X, and so on. The
sets XY, ..., Xy € F described above are called a periodic decomposition of P. A
Markov kernel P is aperiodic if it is not periodic.

A common definition related to the efficiency of Markov kernels and a common
measure in time-series analysis is the lag-k autocovariance. For an F-measurable
function f, the lag-k autocovariance, denoted ~y, is the covariance between f(Xj)
and f(Xj), where {Xj}ren is a Markov chain run from stationarity with kernel
P, ie. v, = Cov,p(f(Xo), f(Xk)). When {X;} is a Markov chain run from
stationarity, {f(Xy)} is a stationary time-series, and the definition of the lag-
k autocovariance is simply the regular definition from the time-series approach.
When the function f is in L3(7), notice vz = E, p(f(Xo)f(Xz)) = (f, P f).

We denote the Markov kernel associated with i.i.d. sampling from 7 as II, i.e.
IT: X xF — [0,00) such that II(x, A) = 7(A) for every z € X and A € F. Notice
that for every f € L3(n), Ilf(z) = E.(f) = 0 for every x € X. Thus II restricted
to L3(m) is the zero function on L3(7).

2.2 Functional Analysis Background

Here we present some functional analysis that will be used throughout the paper.

For a proper introduction to functional analysis, see Rudin, [24], or Conway, [6].
An operator T on a Hilbert space H (i.e. a linear function 7" : H — H) is

called bounded if there exists C' > 0 such that for every f € H, [|Tf]| < C| f|. An
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elementary result from functional analysis shows that the operator T is continuous
if and only if 7" is bounded in the above sense. In finite dimensional vector spaces,
all linear operators are bounded and hence continuous. The same is not true in
general. The norm of a bounded operator is defined as the smallest such constant
C' > 0 such that the above holds, i.e. [|T]| := inf{C > 0: [|T'f|| < C||f|.Vf € H}.
A bounded operator T is called invertible if it is bijective, and the inverse of T,
T, is bounded.

Unbounded operators on H are linear operators 1" such that there is no C' > 0
such that ||Tf|| < C'||f]| for every f € H. Oftentimes, unbounded operators T’
are not defined on the whole space H, but only on a subset of H. An unbounded
operator T' is densely defined if the domain of T" is dense in H.

The adjoint of a bounded operator T is the unique bounded operator 7™ such
that (T'f,g) = (f,T*g) for every f,g € H. Similarly, if 7" is a densely defined
operator, then the adjoint of T is the linear operator T such that (T'f,g) =
(f,T*g) for every f € domain(T) and g € H such that f — (T'f, g) is a bounded
linear functional on domain(7"). Thus we define domain(7*) := {g € H|f —
(T'f,g) is a bounded linear functional on domain(7T")}. These two definitions are
equivalent when 7' is bounded.

A bounded operator T is called normal if T commutes with its adjoint, T7T™ =
T*T, and self-adjoint if T equals its adjoint, 7" = T*. Equivalently, a bounded
operator T self-adjoint if (T'f,g) = (f,Tg) for every f and g € H. A densely
defined operator T is called self-adjoint if T = T* and domain(T) = domain(T™).

P restricted to L?(m) is self-adjoint if and only if P is reversible. As L3(w) C
L3(7r), if P is reversible with respect to 7, then P restricted to L3(7) is self-adjoint
as well.

The spectrum of an operator T is the subset
o(T) := {\ € C|T — A\Z is not invertible} of the complex plane, where Z is the
identity operator. Note that in the above definition, invertible is meant in the
context of bounded linear operators, i.e. T is bijective and the inverse of T', T~ 1,
is also bounded. If the operator T is self-adjoint, the spectrum of T is real, i.e.
o(T) C R (see Theorem 12.26 (a) in [24]). It is important to note that in the case
the underlying Hilbert space of the operator T is finite-dimensional, as is the case
for L?(r) and L3(7) when X is finite, that the spectrum of T is exactly the set of
eigenvalues of T. When the Hilbert space is not finite-dimensional, the spectrum
also includes limit points and points where T' — AZ is not surjective.

An operator T on a Hilbert space H is called positive if for every f € H,
(f,Tf) > 0. As we shall see in Lemma 4.6, if T is bounded and normal, then T
is positive if and only if the spectrum of T is positive, i.e. o(T) C [0,00). It is
important to note that when the Hilbert space H is a real Hilbert space, it is not
necessarily true that if 7' is positive and bounded then 7' is self-adjoint. This is
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an important distinction, as this is true when H is a complex Hilbert space.
Furthermore, as shown by inequality (2.1), (which is equivalent to ||Pf]”
I £]I*), when P is stationary with respect to 7, the norm of P on L?(7) is less
than or equal to 1. This also bounds the spectrum of P to A € C such that
Al < ||P|| < 1. If P is reversible, then P is self-adjoint and thus the spectrum of
Pisreal, 0(P) C R. Thus if P is reversible with respect to 7, then o(P) C [—1, 1].

Given a bounded self-adjoint operator 7" on the Hilbert space H, by the Spectral
Theorem (see Theorem 12.23 of [24], Chapter 9 Theorem 2.2 of [6]), we know that
there exists a spectral measure & : B(o(T')) — B(H) such that T' = fU(T) AEr(dA).
B(o(T)) denotes the Borel o-field of o(T) C C and B(H) denotes the set of
bounded operators on the Hilbert space H. So when P is reversible, P is self-
adjoint, and thus by the Spectral Theorem, P = fU(P) AEp(dN), where Ep is the
spectral measure of P.

The spectral measure Er satisfies (1) Ep(0) = 0 and Er(o(T)) = Z, (ii) for
every A € B(o(T)), Er(A) € B(H) is a self-adjoint projection, i.e. Ep(A) =
ET(A)z = gT(A)*, (111) for every Al, AQ S B(O’(T)), gT(Al N AQ) gT(Al)gT(A ),
and (iv) for every sequence of disjoint subsets { A, }nen C B(o(T)), Er (UnenAn) =
ZnEN gT(An)'

Although this definition and the decomposition of 7" above may seem com-
plicated, recall from linear algebra that when H is finite-dimensional, we can
decompose a self-adjoint operator T as T = ZZ;& APy, where {M}Z;é C C are
the eigenvalues of T" and P, : H — H is the projection onto the eigenspace of
Ax. This is not so different from the above, except that when H is allowed to be
infinite-dimensional, this sum of projections becomes an integral of projections.

For every f € H, we define the induced measure &1 on C as Epp(A) =
(f,Er(A)f) for every Borel measurable set A C C. Note that as Er(A) is a self-
adjoint projection for every Borel measurable set A C C, the measure £;7 on C is
a positive measure. For every Borel measurable function ¢ : C — C, the operator
&(T) on H is defined as ¢(T) = [ d(N)Er(dN). ¢(T) is a bounded operator
whenever the function ¢ is bounded Putting thls together with our definition

of & r, for every bounded Borel measurable function ¢ : C — C and for every
feH,
(f,o(T)f) = ( )<Z5(>\)5f,T(d>\)-
o(T

We will also usually assume that the Markov kernel P is ¢-irreducible, as
when P is ¢-irreducible, the constant function is the only eigenfunction (up to a
scalar multiple) of P with eigenvalue 1 (see Lemma 4.7.4 of [10]). Thus if P is
p-irreducible, by restricting ourselves to L3(m), we get rid of the eigenvalue 1, i.e.

1 is not an eigenvalue of P on LZ(7). Note however that this does not mean that
1 ¢ o(P) when restricted to L2(7), as (P —Z)~* could still be unbounded.
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3 Asymptotic Variance

We now provide a detailed proof of the formula for the asymptotic variance of -
irreducible reversible Markov kernels, originally introduced by Kipnis and Varad-
han in [15] by generalising the proof of the finite state space case from [20] to the
general state space case. Also in this section, we prove another more familiar and
practical characterisation of the asymptotic variance for p-irreducible reversible
aperiodic Markov kernels (see [12], [11], and [13]), again generalising the proof
from [20].

Theorem 3.1. If P is a p-irreducible reversible Markov kernel with stationary
distribution 7, then for every f € L(m),

14+ A

U(f, P) = //\e[_l ) mgﬁp(d}\), (31)

where Esp is the measure induced by the spectral measure of P (see Section 2.2).
Note however, that this may still diverge to oc.

Proof. For every f € L3(w), by expanding the squares of Var, p (chvzl f(Xk)),
as E;(f) = 0 (by definition of L3(r)),

%Varmp (; f(Xk)> =

S E. e (F(X0) (X))

1

=~
] =

k=1n

lelH
WE
WE

Erp (f(Xo)f(Xins))

1

B
Il

1n

2 (T ) P G2

Thus as (f, P*f) = fU(P) A E;p(dN) for every k € N,

N
o(f,P) = Jim | Var (Z f()@))]
RN
= lim ||f] +2; (NT) <f,7”“f>]

= ”f”QHNILI%o Me (p)21k<N(k:) (%) Aksf,p(dx)] . (3.3)

k=1
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In order to deal with the limit in (3.3), we split the integral over ¢(P) into three
subsets, (0,1), (—1,0] and {—1}. (Recall from Section 2 that o(P) C [—1, 1], and
notice that we do not need to worry about {1}, as 1 is not an eigenvalue of P on
Li(m) as P is g-irreducible (see Section 2.1), and thus £;»({1}) = 0 by Lemma
3.2 below).

For the first two subsets, for every fixed A € (—=1,0] U (0,1) = (—1,1), notice
that for every N € N,

1r<n(k) (%) A

so the sum is absolutely summable. Thus we can pull the pointwise limit through
T

and show that for every A € (—1,1), by the geometric series Y oo r* = =

1—r?
iy (S e (h) (58 V] = £
By the Monotone Convergence Theorem for A € (0,1) and the Dominated
Convergence Theorem for A € (—1, 0],

- N —k A
lim / 1<n(k <—) Ne&r p(dA :/ ——&rp(d)), (3.4
NLOO[ o > Lien(k) N p(dN) veon T2 1p(dA), (3.4)

[e.e]

2

k=1

A
SZ!Ak‘:1_|)\‘<oo,

k=1

) k=1
and
> N —k A
lim / 1 k (—) NeE o (d\ :/ — & n(dN).
NW[AE(_LO% en ) (T ) M@V = [ TTEe(N

(3.5)
For the last case, the case of {—1}, notice that for every N € N, (simplifying
the equation found in [20]), denoting the floor of z € R as |z,

> b () DR (1)) = £ (TN [(FDHWV — )]
[N/2]

= Ep({—IHNT Y (N = 2m) = (N = 2m + 1]
|N/2]

= g X -0 = () o)

Thus as limpy_, # = —1/2, we have the pointwise limit
L = N —k —1
LEDWISE (55) cvtemt-m) = (F) emt-1y)

= (125) &bt 39)
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In order to split the integral in (3.3) into our three pieces, (0,1), (—1,0] and
{—1}, and pull the limit through, we have to verify that if we do pull the limit
through, we are not performing oo — co. To verify this, it is enough to show that

oo fe(rg S Leen (k) () Akgfyp(dA)‘ and

Mmoo Yooy Leen (k) (B552E) Er,p({—1})| are finite. So by (3.5) and (3.6) above,
we find that

)th—wO fAe —1,0] > it e (k) ( N ) kng( ‘ = )f)@ ~1,0] ﬁgff/’(d/\)‘ <0
and ‘th_m >y 1k<N (Tk) Erpl( )‘ = | )6}7:({—1})‘ < 00
So, denoting H(N, k) := 1x<n(k) ( , by (3.4), (3.5) and (3.6),

lim [ /[ ., S Teen (b (%) A’fef,pw]

k=1
~ lim ZH (N, B) (=1 p({=1}) +/ S H(N, F)XES p(dN)
N—oo AE(=1,0] .=
+ / > H(N,k)XEpp(dN)
A€(0,1) —1
= lim ZH N k)(=1)*Ep({~1}) + lim > H(N, k)NEpp(dN)
 Nooo N—o0 AE(=1,0] .—¢
+ lim > H(N,E)XEpp(dN)

N=reo Jxe(0,1) 1

—(125) em@hrt [ Pemans [ ey

e(-1,0] I—A €(0,1) 1 -
A

= ——E&rp(dA
//\e[ 11)1_/\ fp( )

Plugging this into (3.3), and as £;p({1}) = 0 by Lemma 3.2 below, we have

> i (k) (%) Akgfp(dA)]

GO’(P) k=1

o(F.P) = I +2 Jim [ /

A
= / Erp(dA) +2 / T ErpldA)
)‘6[717) -

A€[-1,1)
1+ A
S A=
A€[-1,1)
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Lemma 3.2. If P is a -irreducible Markov kernel reversible with respect to ,
then for every f € Li(w), Ep({1}) = 0.

Proof. As outlined in [10] Lemma 4.7.4, as P is ¢-irreducible, the constant function
is the only eigenfunction of P with eigenvalue 1. Thus 1 is not an eigenvalue of P
when restricted to L3(m).

As seen in Theorem 12.29 (b) of [24], for every normal bounded operator T on
a Hilbert space, if A € C is not an eigenvalue of 7', then Er({\}) = 0. As P is
reversible with respect to 7, P is self-adjoint and thus also normal.

So applying the above theorem to P, as 1 € C is not an eigenvalue of P,

Ep({1}) = 0. Thus for every f € Li(m), £p({1}) = (f.€p({1})f) = (f.0) =
0. O

We now show that if P is aperiodic, then —1 cannot be an eigenvalue of P.

Proposition 3.3. Let P be a Markov kernel reversible with respect to w. If P is
aperiodic then —1 is not an eigenvalue of P : L3(w) — Li(m).

Proof. We show the contrapositive. That is, we assume that —1 is an eigenvalue
of P, and show that P is not aperiodic, i.e. periodic.

Let f € Li(w) be an eigenfunction of P with eigenvalue —1. As P is self-
adjoint (as P is reversible), we can assume that f is real-valued. Let X} = {x €
X: f(z) >0} = f71((0,00)) and Xp = {x € X : f(z) < 0} = f~1((—00,0)). As f
is (F, B(R))-measurable where B(R) is the Borel o-field on R, &}, X, € F.

As f is an eigenfunction, f # 0 m-a.e. As f € Li(m),

~ [ f@tan) = [ famtan)+ [ (o),

So, the above combined with the fact that f # 0 m-a.e. gives us that 7(X}), 7(X2) >
0.
So, as Pf = —f for m-a.e. x € X and P is reversible with respect to ,

; f(x)m(de) = — ; f(x)m(dx) = ; Pf(x)n(dr) = /GX f(y) Py, Xo)m(dy).

Similarly, [y f(z)P(z, X1)7(dz) = [, f(z)n(dz

We now claim that P is periodic with respect to X; and X5. So assume for
a contradiction there exists £ € F such that 7(F) > 0, E C X; and for every
r €L, P(x Xy) < 1 Then by deﬁnition of XQ,

Jx f@)P(z, XQ = [y f@)m(dx) > [, f(x)P(x, Xo)m(dz)
> [y f(@)P(x Xg) (dz), a Clear contradlctlon

So for m-a.e. x E Xy, P(x,Xy) = 1. Similarly, for m-a.e. z € Xy, P(z,&}) = 1.
Thus P is periodic with period d > 2. O
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This proposition, combined with Theorem 3.1, gives us a characterization of
v(f, P) as sums of autocovariances, v (recall from Section 2.1), when P is aperiodic
(see [11], [12], [13]). Though this characterization will not be used in this paper,
it is perhaps more common and easier to interpret from a statistical point of view.

Proposition 3.4. If P is an aperiodic p-irreducible Markov kernel reversible with
respect to w, then for every f € L3(m),

o(f,P) = [fIP+2) (£ P ) = 10+2) %
k=1 k=1

Remark. Even if P is periodic, Proposition 3.4 is still true for all f € L2(r) that
are perpendicular to the eigenfunctions of P with eigenvalue —1. (This ensures

Ep({~1}) = 0).

Proof. Let f € Li(m). By Proposition 3.3, —1 is not an eigenvalue of P. So,
just as in the proof of Lemma 3.2, again by Theorem 12.29 (b) of [24], as P is
self-adjoint and thus normal, &¢p({— 1}) = 0. So by Theorem 3.1, v(f, P) =

St EErp(dN) = [IfI° +2f>\e( 11) xErp(dN).

Recalhng the geometric series Y ;- )\k = :\ for A € (—1,1), by the Monotone
Convergence Theorem for A € (0,1) and by the Dominated Convergenve Theorem
for A € (—1,0], we have

—5 d\) / N&rp(dN) / >\ Erp(dr
//\e(—l,l) - fP( AE(—1,1) Z fp Z AE fp )

So the asymptotic variance becomes v(f, P) = || f||* +2 f/\e(fl ) ﬁé'f,p(d)\) =

AP+ 25535 frein XoErmp(@N) = I + 2555 (£ PEF) = 70 +2 3357, e, s
E.(f) = 0. =

Remark. In the non-reversible case, it is not guaranteed that the asymptotic vari-
ance exists (either a real number or infinite). However, the existence of the “A-
asymptotic variance,” vA(f, P) = || f||> + 23 02, Ne(f, P*f), for A € [0,1) (where
A is simply a parameter, not an element of the spectrum of P), is quaranteed to
exist (though may be infinite). As such, progress has been made comparing the -
asymptotic variance of non-reversible kernels, rather than the asymptotic variance,
as in [1], and we are left with the problem of showing vy(f, P) converges to v(f, P),
i.e. limy ,1- vA(f, P) = v(f, P). Noting that as in [27] we can write v)(f, P) =
(f,(Z=XP) " (Z—=XP)f), an easy application of the Spectral Theorem and the
Dominated and Monotone Convergence Theorems as we have done in the proofs of
Theorem 3.1 and Proposition 3.4 shows that limy_,1- vx(f, P) = v(f, P) whenever
P is p-irreducible and reversible (not necessarily aperiodic).
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4 Efficiency Dominance Equivalence

In this section, we prove our most useful equivalent condition for efficiency domi-
nance for reversible Markov kernels first introduced in [18]. We use basic functional
analysis to provide a simpler proof that stays clear from overly technical arguments.
We then use this equivalent condition to show how reversible antithetic Markov
kernels are more efficient than i.i.d. sampling, and show that efficiency dominance
is a partial ordering on reversible kernels.

We state the equivalent condition theorem here, and then cover a brief example
before introducing the lemmas we need from functional analysis and proving each
direction of the equivalence. We prove said lemmas in Section 7.

Theorem 4.1. If P and QQ are Markov kernels reversible with respect to m, then
P efficiency dominates () if and only if

(P <(f.Qf),  Yfe€Lyn). (4.1)

Example 4.2 (Data Augmentation Algorithms and their Sandwich Variants).
Say we want to estimate samples from the probability density fx : X — [0,00)
on (X, X, n). If we have access to conditional densities fxy(-|ly) and fy|x(-|x) on
the spaces (X, X, p) and another space (Y,Y,v) respectively (where there ezists a
density f : X xY — [0,00) with fx(z) = [y f(z,y)v(dy)) then we can implement
a data augmentation (DA) MCMC algorithm to estimate from fx.

The DA MCMC algorithm works as follows. If {Xy}32, is our Markov chain,
after starting Xo according to some initial distribution, given X = v € X, we
sample from fy|x(:|x) to get a y € Y, and then sample again from fxy(-ly) to
get our value ' € X, and set X1 = 2'. The Markov kernel according to this
algorithm is Ppa(x,da’) = [y fxy (@'|y) fyix (ylz)v(dy)p(da’).

Oftentimes the DA algorithm can be inefficient, and we can improve perfor-
mance by adding a middle step. Given a Markov kernel R on (Y,)), after we
have our sample y € Y by sampling from fyx(:|x), we sample from R(y,-) to
get another sample in Y, 3y € Y, and then use this value to finish the loop by
sampling from fxy(:|y'). This algorithm is dubbed the sandwich DA algorithm,
as the middle step of sampling from R(y,-) is “sandwiched” between the outer
steps of the DA algorithm. This MCMC algorithm has Markov kernel Ps(x,dx") =

Sy Ixy (@Y )Ry, dy') fyix (y|2)v(dy) p(da’).
The following diagram illustrates the DA and sandwich DA MCMC algorithms,
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with the DA algorithm on the left and the sandwich DA algorithm on the right.

fy|x

N TN
Y X Y DR
\/\/

fxy Txy

This general form of the sandwich DA algorithm was first introduced in [14).
For a more detailed analysis and background on the comparison between the DA
and sandwich DA algorithms, see [14]. We follow their analysis here to show that
under suitable conditions, the sandwich DA algorithm efficiency dominates the DA
algorithm.

Using the definition of conditional densities, it is not hard to see that
Ppa(x,de") fx(x)u(dr) = Ppa(a,dx) fx(x")u(de’), i.e. that the DA algorithm is
reversible with respect to fxp. If the Markov kernel R is reversible with respect to
fyv, a similar argument will show that the sandwich DA algorithm is reversible

with respect to fxu as well.
We let Tx : LAY, Y, fyv) — L3(X, X, fxu) such that

Txh(z) = /GY h(y) fvix (ylz)v(dy), Vh e Li(fy), Vo € X

(where L3(fy) := LY, Y, fyv)). We similarly define Ty : Li(fx) — L3(fy).
Then notice that given the DA kernel Pps and the sandwich DA kernel Ps, we
have
Ppa = TxTy, Ps = TxRly, Ty = Ty. (4.2)
A common condition on the Markov kernel R is that it is idempotent, i.e.
|y B(y,d2)R(z,dy’) = R(y,dy') for every y € Y, or equivalently, R* = R. So,
if the sandwich algorithm as given is such that R is reversible and idempotent, then
notice that by (4.2), for every g € Li(fx),

(9,Psg) = (9. TxRTyg) = (Tyrg,RTyg) = |RTvgl’
< |ITvgll? = (9, TxTyg) = (g, Ppag).

Thus Ps and Ppa satisfy (4.1), and thus be Theorem 4.1 the sandwich DA algo-
rithm efficiency dominates the DA algorithm.

To prove the “if” direction of Theorem 4.1, we make use of the following lemma.
The following lemma, Lemma 4.3, is a generalisation of some results found in
Chapter V of [5] from finite dimensional vector spaces to general Hilbert spaces.
The finite dimensional version of Lemma 4.3 is also presented in [20] as Lemma
24.
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Lemma 4.3. If T and N are self-adjoint bounded linear operators on a Hilbert
space H, such that o(T),c(N) C (0,00), then (f,Tf) < (f,Nf) for every f € H,
if and only if (f, T~ f) > (f, N71f), for every f € H.

Lemma 4.3 is proven in Section 7.1, where we discuss the differences in Lemma
4.3 between finite dimensional vector spaces (as shown in [20]) and general Hilbert
spaces.

We now prove the “if” direction of Theorem 4.1 with the help of Lemma 4.3.
Notably, this proof stays clear from any results about monotone operator func-
tions (contrary to [18] which uses results from [4]), to be simpler and much more
accessible.

Proof of “if” Direction of Theorem 4.1.

We start with the case that both P and @) are ¢-irreducible.

So, say P and Q satisfy (4.1). For every n € [0,1), let Tp,, = Z — nP and
To, =7 —nQ. Then as |P||,||Q] < 1, by the Cauchy-Schwarz inequality, for
every f € L3(m), [(f,Pf)| < |If|I* and [(f,Qf)| < | f|I*. So again by the Cauchy-
Schwarz inequality, for every f € L3(7),

I Tonf I I1F]l > (T f, £
=|I£1* = n(f. Pf)]
> 1 -l || f]”.

Thus for every f € Z3(x), [|Tpof | [ Ton Il = 11— nl ] Asn € [0,1), 1 -] >
0, and as Tp, and Ty, are both normal (as they are self-adjoint) T, and T, are
both invertible, in the sense of bounded linear operators, i.e. the inverse of Tp,,
and T, are bounded, and 0 ¢ o(Tp,),0(Tg,,) (by Lemma 7.2).
As ||P|l,|Q]l < 1 and P and Q are self-adjoint (as P and @ are reversible),
o(P),o(Q) C [—1,1]. Thus for every n € [0,1), 0(Tp,),0(Tg,) € (0,2) C (0,00).
So for every n € [0,1), as Tp, and Tg, are both self-adjoint, and for every

fe Lin), (f,Tonf) = If1? = nlf,Qf) < IfI° = n(f.Pf) = (f.Touf), by
Lemma 4.3, (f, T, f) > (f,Tp, f), for every f € L(n).

Notice that for every n € [0, 1), Tﬁ,; =T —-nP)(Z - 777)>_1+777D (Z- 777))_1 B
T+nP(T-— 1773)*1. So, for every f € Li(w),

LA +0(f, P(Z—aP)" f) = (. Tprf)
< (fTonh)=IfIP+n(f,QZ -0 f),

so for every f € Li(r), (f,P(Z=nP)"" f) <{f,Q(Z-nQ) " f).

Thus by the Monotone Convergence Theorem for A € (0, 1) and the Dominated
Convergence Theorem for A € [—1,0], for every f € L3(n),
lim,) ;- f[—l,l) ﬁ(‘,’f’p(d}\) = f[—1,1) 25E;.p(dN), and similarly for Q.
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As P and @) are ¢-irreducible and reversible with respect to m, by Theorem
3.1, for every f € Li(7),

A
o) = [ e = P2 [ e
[7 ) 7171)
A . _
] Erp(d\) = ||fI?+2 im (f,P(Z—uP)"" f)

. - . A
< FIP+2 tim (£, QT -0 f) = [fIF+2 lim

Er.0(dA)

1+ A

A
=12 [ e = [ S = ol1Q)

So as v(f, P) < v(f,Q) for every f € Li(m), v(f, P) < v(f,Q) for every f € L*(r)
(see Section 2.1), thus P efficiency dominates Q).

Now, the condition that P and @ be p-irreducible in the above proof can be
dropped by noting a few things.

1. The condition that the Markov kernel P be @-irreducible in Theorem 3.1 is
only so we have &rp({1}) = 0. If P is not g-irreducible, (3.1) still holds for all
f € L3(r) such that & p({1}) = 0.

2. If P and @ are reversible kernels such that (4.1) holds, then the eigenspace
Ep(l) := {f € Li(n) : Pf = f} = null(P — Z) of P with respect to the eigen-
value 1, is necessarily contained in the eigenspace Eg(1) of Q with respect to the
eigenvalue 1. For every f € Ep(1), by (4.1) and the Cauchy-Schwarz inequality,
|1Qf|l = |If]l, and as Q is self-adjoint, it must follow that Qf = f, or f € Eg(1).

3. As eigenspaces are closed, we can decompose L3(m) as M & M~ for any
eigenspace M, where M+ = {f € Li(w) : f L M} = {f € Li(n) : f L
g, for every g € M}.

With these three facts we prove the general case. If f € LZ(w) such that
Ero({1}) # 0, then by fact 3, f = fo + g for some fy € Eg(1) and g € Eg(1)*.
As Q is self-adjoint, by the Cauchy-Schwarz inequality, for every N € N,

i (¥> (9:9%) = (%) 9, Qg) + %%J (N}Zm) (9, Q""g)

B L(N-1)/2] "
+ Z (N_(?Vm—i_l)) <g’ Q2m+lg>
> () wea+ (L—?> ol (1.3
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By (3.2) and (4.3), as fy L g and Qfy = fy (by definition of Eg(1)), this implies

u(f.Q) =

lim
N—oo
N
. N —k
znﬂf+2WNig&[§j(fﬁ—)
k=1

as limy_,o0 [chvzl (%)} = oo. So trivially, v(f, P) < oo = v(f,Q). Say f €
Li(m) with £ o({1}) = 0. If & p({1}) # 0, again by fact 3 we have f = fo+ g for
some fy € Ep(1) and g € Ep(1)+. However by fact 2, we find that f, € Eg(1) as
well, and just as in the above, v(f, Q) = oo, so trivially v(f, P) < oo = v(f, Q).
Finally, if & p({1}) = 0, then by fact 1, the above proof for the g-irreducible case
follows almost exactly to show that v(f, P) < v(f, Q). ]

I+ 23 () (Al + (0. 0)

+2(g,Q99) + |9l = o,

Remark. For the other direction of Theorem 4.1, it is hard to make use of any
arguments utilising Lemma 4.3. If P efficiency dominates (Q, we are given that
each individual f € L¥(w) satisfies lim, ;- (f, T7§7}7f> < lim,_;-(f, Té’%f). As we
can’t apply Lemma 4.3 to the limits above, it seems the most we can do is fix an
€ > 0, and by the above limit for every f € Li(w) there exists ny € [0,1) such

that for cvery iy < < 1, ([, Tphf) < (L TGA + e lfIP = (f, (Tah, +€T) f).
However, this results in a possibly different n; for every f € Li(w), and it’s not
obvious that sup{n; : f € L3(7)} < 1, leaving us with no single n € [0,1) such that
the above inequality holds for every f € Li(w) to allow us to apply Lemma 4.5.

Due to the difficulties in applying Lemma 4.3 in the “only if” direction of
Theorem 4.1, we make use of the following lemma, which appears as Corollary 3.1
from [18].

Lemma 4.4. Let T and N be injective self-adjoint positive bounded linear op-
erators on the Hilbert space H (though T~/? and N~Y? may be unbounded).
If domain(7~Y/2) C domain(N~'2) and for every f € domain(T~'/2) we have
|NZV2F < || T2 7|, then (f, Tf) < (f,Nf) for every f € H.

See Section 7.2 for the proof of Lemma 4.4.

We must also make use of the fact that the space of functions with finite
asymptotic variance is the domain of (Z — 73)_1/ ®. This was first stated in [15],
using a test function argument. We take a different approach and provide a proof
using the ideas of the Spectral Theorem. In particular, it uses some ideas from
the proof of Theorem X.4.7 from [6].
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Lemma 4.5. If P is a @-irreducible Markov kernel reversible with respect to ,
then
{f € L§(n) : v(f, P) < oo} = domain ((I— 73)71/2) :

Proof. Let ¢ : [—1,1] — R such that ¢(\) = (1 — A)~Y2 for every A € [~1,1) and
(1) =0.

Even though ¢ is unbounded, it still follows from spectral theory that [ ¢dEp =
Ja- AN)Y2Ep(dN) = (T —P) "2, the inverse operator of (Z — P)"?, including
equality of domains (for a formal argument, see [8] Theorem XII.2.9). Thus our
problem reduces to showing that {f € L3() : v(f, P) < oo} = domain ([ ¢d&p).

Now notice that for every f € L(n), as E;p({1}) = 0 by Lemma 3.2,

1 B ) - ,
/[_171) (—1 — A) Erp(dN) = /[_171) |p(N)]" Epp(dX) = / 62 dE;.p.

Thus by Theorem 3.1, for every f € L3(n), v(f, P) = f[—1 0 (1) &, p(dN), so

v(f,P) < o0 if and only if /

[7171)

1
(ﬁ) Erp(d\) = / |0* dEsp < 0.

Thus we would like to show that [ |¢|* d€;p is finite if and only if f €
domain ( [ ¢d&p).
For every n € N, let ¢, := 1(j5j<n) ¢ and A, := ¢~ *((—n,n)) = ¢, (R). Then

n
notice Ug2 ; A, = R and A, is a Borel set for every n as ¢ is Borel measurable.

As ¢ is positive, notice ¢,, < ¢, 41 for every n. Thus as ¢, — ¢ pointwise for
every A € o(P), by the Monotone Convergence Theorem,

[l desn > [ 108 desr. (4.9

As ¢, is bounded for every n, by definition of ¢, we have

[ 16012 desp = ( / asndsp) I

_ ( / ¢d5p) Ep (U, A f

= |ler (Upiaan) ( / ¢d57>)f

Thus as Ep(Up_;Ar) — Ep(R) = 7 as n — oo in the strong operator topology
(ie. |Ep(UR_ Ar)f — fI] = 0 for every f € L3(w)), we have

/|¢n|2d5f,7> = ‘ 2 — H(/qbdgp) f

2

2

2

2

(4.5)

Er (U, Ap) ( / ¢ng) /
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Thus by (4.4) and (4.5) we have

[ 1ot asn = i [lonfagse = |( [ oase) s

Thus as H(f quEp) fH2 < o0 if and only if f € domain (f gbdé'p), this com-
pletes the proof. O

2

(4.6)

Remark. In [15], Kipnis and Varadhan state that {f € Li(w) : v(f, P) < oo} =
range [(I - 73)1/2}. As range [(I — 73)1/2} = domain [(I — 73)71/2] , these are
equivalent.

Now we are ready to prove the “only if” direction of Theorem 4.1, as outlined
in [18]. Recall the “only if” direction of Theorem 4.1; if P and @) are Markov
kernels reversible with respect to 7, such that P efficiency dominates (), then

(f,Pf) < (f.Qf), for every f € L§(r).

Proof of “only if 7 Direction of Theorem 4.1.
As P efficiency dominates @, if f € L3(w) such that v(f,Q) < oo, then

o(f,P) < v(f,Q) < oo. Thus {f € Li(r) : v(f,Q) < oo} C {f € Li(nm) :
v(f, P) < oo}. So by Lemma 4.5, we have

domain [(I — Q)_I/Z] C domain [(I - 77)_1/2] . (4.7)

Notice that for every A # 1, 25 = 1 (1+ 1%2). Thus by Theorem 3.1, for every
f € domain [(I— 77)_1/2} (as if f € L2(m) with v(f, P) < oo then necessarily
Ep({1}) = 0),
| 1/ 14\ 1o, 1
. Eip(d) = = e @) = = “o(f, P
[ e =g (1 [ FE5eman) = 31+ 3o p)

and similarly for (). As P efficiency dominates @, for every f €
domain [(Z - Q)_l/Q},

1 1
/ —&p(d)) < / —&o(dN). (4.8)
iy 1= A )

[_171)

Furthermore, by (4.6) in the proof of Lemma 4.5, (recall that ¢(\) = (1—\)~%/2
in the proof of Lemma 4.5), for every f € domain [(Z _ 7;)—1/2]7

[, () sma = =g
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2
and similarly [, (%) Er0(dN) = H(I — Q)2 fH . Thus by (4.7) and (4.8),
for every f € domain [(I — Q)_1/2],

iz =21 < ez -0

So, by Lemma 4.4, with T'= (Z — Q) and N = (Z — P), for every f € Li(x),
(f,(Z—-9)f)<(f,(Z—-"P)[f),and thus

(P <{f,Qf)

m

Condition (4.1) is clearly equivalent to (f,(Q — P) f) > 0 for every f € Li(),

i.e. equivalent to @ — P being a positive operator. We can relate this back to the
spectrum of the operator Q@ — P with the following lemma.

Lemma 4.6. If T is a bounded self-adjoint linear operator on a Hilbert space H,
then T is positive if and only if o(T) C [0, 00).

Proof. For the forward direction, if A < 0, then for every f € H such that f # 0,
by the Cauchy-Schwarz inequality,

1T = NI = (T = A,

= [TL.F) = AP
> (TF, f) + I\ IfI1P (as A < 0 and by assumption)
> XA (by assumption)

Thus as f # 0 and A # 0,

1T =X f1 = IALA> 0.
Thus as T'— A is normal (as it is self-adjoint), 7' — X is invertible (by Lemma 7.2),
and A\ € o(T) by definition.

For the converse, if o(T") C [0, 00), then as ;7 is a positive measure for every
f € H (as Er(A) is a self-adjoint projection for every Borel set A),

1= [ gy = [ agpanzo. fem
Meo(T) A€[0,00)

This gives us the following.
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Theorem 4.7. If P and @) are Markov kernels reversible with respect to w, then
P efficiency dominates Q if and only if c(Q—"P) C [0,00), i.e. Q—"P is a positive
operator.

Proof. By Theorem 4.1, P efficiency-dominates Q) if and only if P and O satisfy
(4.1). As P and Q are both bounded linear operators, this is equivalent to

(f,(Q—"P)f) >0, forevery f € Li(m),

or in other words equivalent to Q@ — P being a positive operator.
Thus as Q — P is a bounded self-adjoint linear operator on L2(7), by Lemma
4.6, Q — P is a positive operator if and only if c(Q —P) C [0,0). O

We now provide a simple, easy to check sufficient condition for efficiency dom-
inance. The following result is a generalisation of Theorem 14 of [20], but with a
notable difference. As discussed in Section 2.2, when we are dealing with general
Hilbert spaces, as is the case for general state space algorithms, we need to con-

sider the whole spectum of the kernels, not only the eigenvalues, as is the case in
20].

Proposition 4.8. If P and Q) are Markov kernels reversible with respect to m such
that sup o(P) < inf o(Q), then P efficiency dominates Q.

Proof. Firstly, notice that for every f € L3(m),

mPﬁzj'A&ﬂwnwwdm/‘amumzwmmwwm%
o(P) o(P)

and similarly (f, Qf) > inf o(Q) - || f||*>. Thus for every f € L2(n),
(f,(Q=P)f) > (infa(Q) —supa(P)|f|* > 0,
and thus by Theorem 4.1, P efficiency dominates Q). O]

Example 4.9. In [25], the authors prove positivity (i.e. that o(P) C [0,00)) for
many general state space MCMC' algorithms. In particular, they use the fact that
conjugation of a positive operator by a bounded operator is again a positive oper-
ator, i.e. they show that the corresponding Markov operator P of each algorithm
is of the form MTM*, where M : H — L%(7) is a bounded linear operator from
some Hilbert space H, M* : L23(m) — H is its adjoint operator (see Section 2.2),
and T : H — H s a self-adjoint positive operator on H.

For context, let n > 1, K C R™ with nonempty interior, and f : K — [0,00)
be a possibly unnormalised probability density. The authors in [25] prove positivity
for the following algorithms.
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1. Hit-and-Run Algorithm.

e Starting at x, € K, choose a direction 6 in the n — 1 dimensional
unit sphere uniformly at random, and then sample xp., € K from f
restricted to the one dimensional subset {x + 660 : 6 € R such that x +
90 € K}.

2. Random Scan Gibbs Sampler Algorithm.

e Starting at xy € K, choose an azis j € {1,...,n} unformly at random,
and then sample xry1 € K from [ restricted to the one dimensional
subset {x + de; : § € R such that © + de; € K}, where e; is the jth
coordinate vector of R™.

3. Slice Sampler Algorithm.

e (Simple Slice Sampler) Starting at x), € K, choose a level t € (0, f(xy)]
uniformly at random, and then sample xp1 € K uniformly at random
from the set {z € K : f(z) >t} =: f71([t,0)). (In [25], they prove
positivity for more general slice sampler algorithms, allowing for more
general transitions once a level t is chosen, not only uniform transi-
tions.)

4. Metropolis Algorithm.

o Given any Markov kernel () that is reversible with respect to Lebesque
measure and positive, given x, € K, generate a sample y € K from
Q(zk, ), and accept the proposal and set xpy1 = y with probability
a(zg,y) = min{1, %} and reject the proposal and set xyy1 = xy with
probability 1 — oz, y).

Recall from Section 2.1 that 11 = 0, where 11 is the Markov kernel corresponding
to i.i.d. sampling from . Thus clearly o(I1) = {0}, and as the above algorithms
are positive, denoting their Markov operator as P, o(P) C [0,00). So, in particular
inf o(P) > 0 =supo(Il), and thus by Proposition 4.8, we find that i.i.d. sampling
efficiency dominates each of the above algorithms.

As seen in [12], antithetic methods can lead to improved efficiency of MCMC
methods. In this paper, we define antithetic Markov kernels as Markov kernels
P such that o(P) C [—1,0] when restricted to L3(w). We will show here that
antithetic reversible Markov kernels are more efficient than i.i.d. sampling from =
directly, generalising the result from [20].
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Proposition 4.10. Let P be a Markov kernel reversible with respect to w. Then
P is antithetic if and only if P efficiency dominates I1 (the Markov kernel corre-
sponding to i.i.d. sampling from ).

Proof. Recall from Section 2.1 that II = 0 on LZ(7), and thus o(IT) = {0}.

So say P is antithetic. Then sup o(P) < 0 = inf ¢(II), and by Proposition 4.8,
P efficiency dominates II.

On the other hand if P efficiency dominates II, then by Proposition 4.8,

supo(P) < info(Il) = 0, and thus o(P) C (—o0,0] N [-1,1] = [-1,0], so P
is antithetic. O
Example 4.11. Take (X, F,7) = ([0,1],B,m) where B is the Borel o-field

on [0,1] and m is the Lebesgue measure on [0,1], i.e. (X,F,m) is the uniform
probability space.

Denote the left and right half of [0,1] by L and R respectively, i.e. L = [0,1/2]
and R = (1/2,1]. Then let P be the Markov kernel that jumps from the left half L
to the right half R uniformly and similarly from the right half R to the left half L
uniformly, i.e. P(x,dy) = 2(1p(x)m|g(dy) + 1r(z)m|L(dy)).

P is clearly reversible. Furthermore, notice that for every f € Li(m), as

0=E.,(f)= [ fdn = [, fdmn+ [, fdm, — [, fdm = [, fdm, and so

(f,Pf) = 2/ - f(@)f(y) Ar(z)m|r(dy) + 1r(z)m|L(dy)) m(dz)

2 ( /2 . yeRf(iv)f(y)m(dy)m(div)Jr /x - f(ﬂﬂ)f(y)m(dy)m(dﬂf))

(] ) () ) ()
Ul Clo i)

Thus we see that —P is a positive operator, and thus by Lemma 4.6, —c(P) =
o(=P) C [0,00), and thus o(P) C (—00,0]. As P is an operator arising from a
Markov kernel, we have o(P) C [—1,0], so P is antithetic.

Thus by Proposition 4.10, P efficiency dominates i.i.d. sampling. So, for every
square-integrable Borel function f on the interval [0,1], we can achieve a lower
variance in our Monte Carlo estimate using a Markov chain with P as its kernel
than by i.1.d. sampling.

The above example illustrates even in very simple scenarios, we can improve
our estimates using MCMC algorithms over i.i.d. sampling.
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We now show that efficiency dominance is partial ordering on the set of re-
versible Markov kernels reversible with respect to 7, just as in [18].

Theorem 4.12. Efficiency dominance is a partial order on reversible Markov
kernels, reversible with respect to m (reversible with respect to the same probability
measure).

Proof. Reflexivity and transitivity are trivial (as v(f, P) < v(f, P) for every f and
P and if P efficiency dominates @) and @ efficiency dominates R, then v(f, P) <

v(f,Q) <v(f,R), for every f € L3(m)).

Suppose P and @ are reversible Markov kernels reversible with respect to 7 such
that P efficiency dominates ) and @) efficiency dominates P. Then by Theorem
4.1, for every f € Li(m),

(L;PF) <(f,Qf) and (f,Pf)= ([, Qf),

so (f,Pf) = (f,Qf) for every f € L3(w). Thus (f,(Q — P)f) = 0 for every
f € L3(xm). So for every g,h € L3(w), as Q and P are self-adjoint,
0={(g+h (2—-P)g+h))
= (9,(2—="P)g) + (h, (L =P)h) +2(g,(2L = P)h)

=2(g,(Q — P)h).
So for every g,h € Li(7), (9,(Q —P)h) = 0. Thus Q@ — P =0, so P = Q, and
thus P = (). So the relation is antisymmetric. ]

5 Combining Chains

In this section, we generalise the results of Neal and Rosenthal in [20] on the ef-
ficiency dominance of combined chains from finite state spaces to general state
spaces. We state the most general result first, a sufficient condition for the effi-
ciency dominance of combined kernels, and then a simple Corollary following from
it.

Theorem 5.1. Let P and QQ be Markov kernels such that P = ap Py and Q =
> agQp, where Py, ..., P and Q, ..., Q; are Markov kernels reversible with respect
tom, and ay, ..., q; are mizing probabilities (i.e. ay > 0 for every k, and ) ay =
1).

If Py efficiency dominates Qy for every k, then P efficiency dominates Q).

Proof. As P, efficiency dominates @), for every k, by Theorem 4.7, Q) — Py is a
positive operator for every k. By definition of a positive operator (Section 2.2),
for every k € {1,...,1}, we have

(f(Qu—"Px) f) >0,  VfeLin).
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So, for every f € Li(m),

Q=P f) = anlf, (Qe—Py) f) > 0.

Thus as P and @ are also reversible (as each Py and @, are reversible), P and Q

satisfy (4.1), and thus by Theorem 4.1, P efficiency dominates Q. ]
The converse of Theorem 5.1 is not true, even in the case where P;,..., P
and @Qq,...,Q; are p-irreducible. For a simple counter example, take [ = 2, and

let P, and P, be any ¢-irreducible Markov kernels, reversible with respect to
a probability measure 7 such that P; efficiency dominates P, but P, does not
efficiency dominate P;. Then by taking Q1 = P, Q2 = Py and oy = g = 1/2,
we have P = 1/2(Pi+ P,) and Q = 1/2(Q1+ Q2) = 1/2(P, + P), so P = Q.
Thus as efficiency dominance is reflexive by Theorem 4.12, P efficiency dominates
(). However, by assumption P, does not efficiency dominates P, = ()2, thus the
components do not efficiency dominate each other.
What is true is the following.

Corollary 5.2. Let P, (Q and R be Markov kernels reversible with respect to .
Then for every o € (0,1), P efficiency dominates Q if and only if «P + (1 — a)R
efficiency dominates a@Q + (1 — a)R.

Proof. 1f P efficiency dominates @, by Theorem 5.1, aP + (1 — a)R efficiency
dominates a@Q + (1 — o) R.
If aP + (1 — a)R efficiency dominates a@ + (1 — a)R, by Theorem 4.7,

c(Q—-P)=c(a[aQ+(1—-a)R - (aP+ (1 —a)R)]) C [0, 00),
so by Theorem 4.7 again, P efficiency dominates (). O

Thus when swapping only one component, the new combined chain efficiency
dominates the old combined chain if and only if the new component efficiency
dominates the old component.

Example 5.3. Forn > 1, say we are interested in a possibly unnormalised prob-
ability density f : R™ — [0,00) (here we assume that R™ is equipped with the
usual Borel o-field and Lebesgue measure). Then recall from Ezample 4.9, that
the random scan Gibbs sampler algorithm works by randomly choosing an axis
m R", and updating only the jth coordinate using the marginal distribution of f

on that axis given the last point, i.e. given xp = (x,il),...,x,g")) € R", choose
an azis j € {1,...,n} uniformly at random, pick ngll according to the one-
dimensional probability distribution fj(-](a:,il), . ,x,(f_l), x,(jﬂ), . ,x,(ﬁn)), where f;
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1s the marginal distribution in the jth coordinate, and set xj 1 =

1 +1 n
(xé),...,:cff Y xl(c-;)-laxl(cj )7---ax1(€))-

For every measurable set A CR™, v = (2, ... 2") e R" and j € {1,...,n},
let Aj(z) == {yV € R : (aW,... 20D y@) 20+ 2y e A}, Then this
algorithm has Markov kernel

fA (z) f(l'(n) . ,I(j_l)7t,(l}(j+l), o ;Qf(n))dt
ZQJ z, A) Z fRf(x(l)’""I(j_l)vtax(j+l)a---,:E(”))dt ’

for every x € R™ and measurable A C R", where Q); is the Markov kernel asso-
ciated to updating the jth coordinate. Notice that for every j € {1,...,n}, the
Markov kernel Q); corresponding to updating the jth coordinate, is simply i.i.d.
sampling from the one-dimensional probability distribution f; given the other n—1
coordinates (as described in the above paragraph,).

Thus in order to find a more efficient algorithm than Gibbs sampling, by The-
orem 5.1, it suffices to simply find an algorithm that efficiency dominates i.i.d.
sampling in one dimension, and then the sum of this new algorithm applied to
each coordinate’s marginal distribution, as described above, will efficiency domi-
nate Gibbs sampling. Some work in this direction can be found in [19] for discrete
state spaces.

6 Peskun Dominance

In this section, we show that Peskun dominance implies efficiency dominance (The-
orem 6.2), a result first established by Peskun in [21] for finite state spaces and
then generalised to general state spaces by Tierney in [27]. As in [27], we first
show that if P and @) are reversible Markov kernels such that P Peskun dominates
@, then Q@ — P is a positive operator (Lemma 6.1), and then use Theorem 4.7
to conclude the result. We then consider an important example as seen in [27],
and finish the section by taking another look at Example 4.11 established in Sec-
tion 4 to give an easy example of Markov kernels P and ) such that P efficiency
dominates ) but P does not Peskun dominate Q).
We start with our key lemma.

Lemma 6.1. If P and Q are Markov kernels reversible with respect to m, such
that P Peskun dominates ), then Q@ — P is a positive operator.

Proof. For every x € X, let d, : F — {0, 1} be the measure such that
1, zek

0. (E) = 0 o for every E € F.
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Then notice that as P and () are reversible with respect to 7,

Thus for every f € LZ(w), we have

(f.(Q-P)f) = / / @I W)(Q. ) = Pla.dy)r(d

_ / J@Pr(a
- / / @) F)Aldy) + Pledy) - Qe dy))(da)

_ %/L,yex (f(z) — f()? (0u(dy) + P(z, dy) — Q(z, dy)) w(dz).

As P Peskun dominates @, (0,(-) + P(x,-) — Q(z,-)) is a positive measure for
m-almost every x € X. Thus

% / /Jayex (f(z) = FW)* (6a(dy) + P(z,dy) — Q(z, dy)) w(dz) > 0.

As f € Lj(m) is arbitrary, Q — P is a positive operator. H
Now with Theorem 4.7 we can easily show the following result from [21, 27].

Theorem 6.2. If P and () are Markov kernels reversible with respect to m, such
that P Peskun dominates @), then P efficiency dominates Q).

Proof. By Lemma 6.1, Q@ — P is a positive operator (i.e. 0(Q —P) C [0,00)), and
thus by Theorem 4.7, P efficiency dominates Q). O]

In [27], Theorem 6.2 is used to show that given a set of proposal kernels, the
Metropolis-Hastings algorithm that samples from a weighted sum of the proposal
kernels and then performs the accept/reject step efficiency dominates the weighted
sum of Metropolis-Hastings algorithms with said proposal kernels. We consider
this example next.

Example 6.3. Say we are interested in sampling from a possibly unnormalised
probability density f : X — [0,00) on (X, X,u). One of the most common algo-
rithms we can use is the Metropolis-Hastings (MH) algorithm.

Let Q(x,dy) = q(z,y)u(dy) be any other proposal Markov kernel that is abso-
lutely continuous with respect to p. Then if { Xy}, is the Markov chain run by
the Metropolis-Hastings algorithm, then given Xj, = x € X, we first use Q(zx,-)
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to generate a sample y € X, and with probability a(x,y) = min{l, —}cg;ggizg}

we set Xgy1 = y, otherwise the chain stays at x, i.e. Xy = x. This chain
has Markov kernel P(x,dy) = a(z,y)Q(x,dy) + r(x)d.(dy), where r(z) := 1 —
Jx a(z,y)Q(z,dy) and 6, is the point mass measure at x € X, i.e. 0,(A) =
if v € A and §,(A) = 0 if x ¢ A for every A € X. Thus for every x €
and every subset A € X such that x ¢ A, P(z,A) = fyeAa(a:,y)Q(a:,dy

[yenala,y)g(z,y)p(dy).

When deciding on a proposal kernel Q) to use, we oftentimes consider a sum
of simpler kernels, i.e. given {Q,}N=0 and {B,}N=0 such that SN B, = 1, we
might take (Q = Zflv;ol Bn@Qn. Now we have two natural options. We can either
use the MH algorithm of the kernel Q = > $,Qn, where we denote the kernel of
this algorithm as P, or we can use the sum of MH algorithms Zi\:ol B P, where
each P, is the kernel arising from the MH algorithm with proposal Q),,. We will
show, as is shown in [27], that the MH algorithm run from the combined proposal
Q, P, efficiency dominates the sum of MH algorithms.

For every x € X and A € X,

P(e, A\ {z}) = / ol v

B /A\{x} min {q(z’ ) (%) 1 x)} ()

N-1

[y

. f(y) .
> [ S sumin{aen), (55 ) o)t
= - n an (T, n\ T, d — T nPn qu Zy),
n§:06 /A\{x} (z,y)qn(z, y) p(dy) ;:oﬂ (z, A\ {z})

(z)q(z,y) ? f(@)an(z,y)
ceptance probabilities of their respective MH algorithm.

As A € X was arbitrary, P Peskun dominates ij:_ol Bn Py, and thus by Theo-
rem 6.2, P efficiency dominates 27]::01 B P

where o(z,y) = min{l,w} and o (z,y) = min{l M} are the ac-

The converse of Theorem 6.2 is not true. In fact, we have already seen a simple
example of a kernel that efficiency dominates but doesn’t Peskun dominate another
kernel.

Example 6.4 (Example 4.11, Continued). We have already seen that the Markov
kernel P of Example 4.11 efficiency dominates i.i.d. sampling on the interval [0, 1].
It is also easy to see that P does not Peskun dominate i.i.d. sampling.

Take for example v = 0 € [0,1] and A =1[0,1/2] = L € B. Then as P jumps
from the left half of the interval L to the right half of the interval R uniformly, as 0
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is in the left half, clearly P(0, L\ {0}) < P(0,L) = 0. Conversely, as single points
have zero mass in Lebesgue measure, clearly M (0, L\{0}) = m(L\{0}) =m(L) =
1/2 (where M is the operator associated to i.i.d. sampling on ([0, 1], B, m)).

Even in finite state spaces Peskun dominance is not a necessary condition for
efficiency dominance. For a simple example in the finite state space case, see
Section 7 of [20]. Although Peskun dominance can be an easier condition to check,
as is clear here, efficiency dominance is a much more general condition.

7 Functional Analysis Lemmas

We seperate this section into two subsections. In the first subsection, we follow a
parrallel approach to that of Neal and Rosenthal in [20] in the finite case, substi-
tuting linear algebra for functional analysis where appropriate, to prove Lemma
4.3. In the second subsection, we follow the techniques of Mira and Geyer in [18§]
to prove Lemma 4.4.

7.1 Proof of Lemma 4.3

As shown in [18], Lemma 4.3 follows from some more general results in [4]. How-
ever, these general results are very technical, and require much more than basic
functional analysis to prove. So we present a different approach using basic func-
tional analysis. These techniques are similar to what has been done in Chapter
V of [5], as presented by Neal and Rosenthal in [20], but generalized for general
Hilbert spaces rather than finite dimensional vector spaces.

We begin with some lemmas about bounded self-adjoint linear operators on a
Hilbert space H.

Lemma 7.1. If XY, and Z are bounded linear operators on a Hilbert space H such
that (f, X f) < (f,Yf) for every f € H, and Z is self-adjoint, then (f, ZXZ f) <
(f,ZY Z[) for every f € H.

Proof. For every f e H, Zf € H, so
([LZXZf)=(2f,XZf) <(Zf,YZ[f)=(f,2ZYZf).
O

This is where the finite state space case differs from the general case. In the fi-
nite state space case, L3(7) is a finite dimensional vector space, and thus in order to

prove that (f,Tf) < (f, Nf) for every f € V if and only if (f,T71f) > (f, N71f)
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for every f € V, when T and N are self-adjoint operators, the only additional as-
sumption needed is that T and N are strictly positive, i.e. that for every f #0 € V|
(f,Tf),(f,Nf) > 0. This is presented by Neal and Rosenthal in [20], Section 8.
However, in the general case, as L3(7) may not be finite dimensional, 7" and N
being strictly positive is not a strong enough assumption. In the general case, it
is possible for T" to be strictly positive and self-adjoint, but not be invertible in
the bounded sense. Thus it is possible that 0 € o(7T'). So, we must use a slightly
stronger assumption. We must assume that o(7"),0(N) C (0,00). In the finite
case, this is equivalent to being strictly positive, however it is stronger in general.

The following lemma is Theorem 12.12 from [24]. We present a more detailed
proof below.

Lemma 7.2. If T is a normal bounded linear operator on a Hilbert space H, then
there exists 6 > 0 such that 0 || f|| < [|Tf| for every f € H if and only if T is
wnvertible.

Proof. For the forward implication, we will show that as T is normal, by the
assumption it will follow that T' is bijective, and then by the assumption once
more the inverse of T' is bounded.

Firstly, notice that for every f € H such that f # 0, | T'f]| > 0| f|l > 0, so
Tf#0. AsTf #0 for every f # 0 € H, T is injective.

As T is normal and injective, T™ is also injective, and as 7' is normal
range(T)t = null(T*) = {0}, so the range of T is dense in H.

Now we will show that the range of T is closed, and thus T is surjective as the
range of T is also dense in H. For any f € range(T'), there exists {g,}nen € H
such that T'g, — f. So for every m,n € N, by our assumption

”gn - gm“ = 6_15 ||gn - gm” S 6_1 ||Tgn - Tgm” )

so {gn} C H is Cauchy as {Tg,} converges. Thus as H is complete (as it is a
Hilbert space), there exists g € H such that g, — g. As T is bounded, it is also
continuous, and thus T'g, — Tg, and as the limits are unique and T'g, — f as
well, T'g = f and f € range(T'). So range(T) is closed.

So as T is bijective, there exists an operator 7! such that TT-'f = f for
every f € H. By our assumption, letting C' = 6!, we have

Clfll =TT f ] = (|77 )

for every f € H, and so T~ is bounded.
For the converse, say T is invertible. Then let § = || 7-!||". Then for every

f € H, by definition of ¢,
SIfFl =6 || T Tf|| <o|| T NTFI = 1ITf]-

34



Remark. The assumption that T be normal in the preceding lemma is only to
show us that T s bijective in the “only if 7 direction. In general, if T' is a bounded
linear operator, not necessarily normal, if T is bijective and there exists 6 > 0 such
that |Tf|| = & ||f|l for every f € H, then T is invertible. Furthermore, the “if”
direction of Lemma 7.2 does not require that T" be normal.

And now we can prove Lemma 4.3.

Proof of Lemma 4.3. Say (f,Tf) < (f, Nf) for every f € H.

As o(N) C (0,00), N is invertible, and N~'/2 is a well defined bounded self-
adjoint linear operator. Similarly, 7"/? is also a well defined bounded self-adjoint
linear operator.

So, for every f € H, we have

<f, N—l/ZTN—1/2f> — <T1/2N_1/2f, TI/QN—1/2f> — HTl/QN—l/QfHQ Z 0.

Furthermore, as o(7T") C (0,00), T is invertible, so by Lemma 7.2, there exists
57 > 0 such that ||Tf| > o7 | f|| for every f € H. Also, notice that o(N~/2) C
(0,00), thus by Lemma 7.2, there exists d; > 0 such that ||[N=Y2f|| > & | f|| for
every f € H. So, for every f € H,

NN 2 0 [T 2 b [N > G 1]

so by Lemma 7.2, N~Y2TN~1/2 is invertible, and thus 0 & o(N~V/2TN~1/2).
By using Lemma 7.1 with X =7,Y = N and Z = N~'/2_ for every f € H,

(f,NTVRTNTV2f) < (F, NTVANNTV2f) = || fI.

Soif A > 1, for any f € H, as 0 < (N-Y2TN-12f ) < |If|I*, by the Cauchy-
Schwarz inequality, ||(N"V2TN=Y2 = X)f|| > |1 = Al||f]l, and as [1 — A| > 0, by
Lemma 7.2, (N~Y2TN-Y2 — )\) is invertible, so A & o(N~V/2T N~1/2).

Thus we have o(N~Y2TN~1/2) C (0,1].

Let K denote the inverse of N™Y2T'N~Y2 ie. let K = (N~Y2TN-1/2)~1
Furthermore, we have o(K) C [1,00). So for every f € H, HfH2 < (f,Kf).

So by using Lemma 7.1, with X =Z,Y = K and Z = N~Y2 for every f € H,

= (f.NTVPINT'2f)
< (f,NTVPERNV2p)
_ (f, NV(NVPTN VRN 2
_(f, NNV N2
=(£,T7'f).
For the other direction, replace N with 77! and 7" with N~ O
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7.2 Proof of Lemma 4.4

Here we follow the same steps of [18] to prove Lemma 4.4.

Lemma 7.3. If T is a self-adjoint, injective, positive and bounded operator on the
Hilbert space H, then domain(T~') C domain(7~/2).

Proof. Let f € domain(T~') = range(T). Then there exists ¢ € H such that
Tg = f. So, as T is positive, T/? is well-defined, so T"/?¢ = h € H. Thus notice
T'V?2h = TY2TY2g = Tg = f, so f € range(T"/?) = domain(T~1/?). O

The next lemma is a generalization of Lemma 3.1 of [18] from real Hilbert

spaces to possibly complex ones. This generalization is simple but unnecessary for
us, as we are dealing with real Hilbert spaces anyways.

Lemma 7.4. If T is a self-adjoint, injective, positive and bounded linear operator
on the Hilbert space H, then for every f € H,

(f.TfHh=  sup  [{g.f)+(f,9) = (T2, Tg)].

g€domain(T—1/2)

Proof. As T is injective and self-adjoint, the inverse of T, T~! : range(T) — H, is
densely defined and self-adjoint (see Proposition X.2.4 (b) of [6]).

For every f € range(T) = domain(T~!), there exists g € H such that Tg = f.
Thus as T is positive and self-adjoint,

(f,T7'f) =(Tg,9) = (9. Tg) >0,

so T ' is also positive. In particular, this means that 7% and T~
defined.

By Lemma 7.3, domain(7~!) C domain(7T~%/2). So, let f € H. Let h = Tf.
Then for every g € domain(7~'/?) = range(T"/?),
<f7Tf> - ((ga f> + <f7 g> - <T71/2g7T71/2g>)

= (T2, f) — (g, T h) = (T~'h. g) + (T7'2g, T 2g)

= (T7"?h, T7Ph) —(T72g, T2y — (T7V2h, T 1Pg) + (T2, T g)

= (T7*(h = 9), T72(h — g))

= |72 = )|

> 0.

12 are well-

As h € domain(7~!) and domain(7~!) C domain(7~%/2), h € domain(T~/?).
So, as T' is self-adjoint,

(hy )+ (. by = (T2, TV20) = (Tf, f) + (£, Tf) = (T, T'Tf) = {f{, Tf).
O
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With Lemma 7.4 established, the proof of Lemma 4.4 is straightforward.

Proof of Lemma 4.4. Let f € H. Then by Lemma 7.4,

(f.Tf)=  sup (g, f)+(f,9) — (T2, T ")

gE€domain(T—1/2)

< swp (g, f)+(f,9) — (NTV2g, NTH2g)
g€domain(N—1/2)

= (/,Nf).
O
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