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Abstract

Recent optimal scaling theory has produced a necessary and sufficient condition
for the asymptotically optimal acceptance rate of random walk Metropolis algorithms
to be the well-known 0.234 when applied to certain multidimensional target distribu-
tions with scaling terms possibly depending on the dimension. We show that when this
condition is not met the limiting process of the algorithm is altered, yielding an asymp-
totically optimal acceptance rate which might drastically differ from the usual 0.234.
In particular, we prove that as d — oo the sequence of stochastic processes formed by
say the ¢*-th component of each Markov chain usually converges to a Langevin diffusion
process with a distinct speed measure, except in particular cases where it converges
to a one-dimensional Metropolis-Hastings algorithm with a singular acceptance rule.
We also discuss the use of inhomogeneous proposals, which might reveal essential in
specific cases.

1 Introduction

This paper contains theoretical results aiming to optimize the efficiency of random walk
Metropolis (RWM) algorithms. This class of Metropolis-Hastings algorithms ([12], [11])
is easily implemented and widely used in various domains to generate data from highly
complex probability distributions. The choice of a proposal density is however essential, and
it is primordial to carefully choose the scaling parameter of this distribution in order to have
some level of optimality in the performance of the algorithm (see [3], [4]).
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Roberts, Gelman and Gilks (1997) have been the first authors to publish theoretical re-
sults about the optimal scaling problem for RWM algorithms with Gaussian proposals (see
[15]). They established that for d-dimensional target distributions with #id components, the
asymptotic acceptance rate optimizing the efficiency of the process is 0.234 independently
of the target density. These findings have had a deep impact in the MCMC literature as
they provide an exceptionally simple guideline to be applied by all skilled-level practition-
ers. Afterwards, Roberts and Rosenthal (1998) carried out a similar study for Metropolis
adapted Langevin algorithms (MALA), whose proposal distribution makes use of the gra-
dient of the target density to generate wiser moves (see [16]). They obtained analogous
conclusions but with an asymptotically optimal acceptance rate (AOAR) of 0.574. In spite
of the #d assumption for the target components, in both cases the results are believed to
be far more robust and to hold under various perturbations of the target distribution. Since
their publication these papers have spawned much interest, and consequently other authors
have studied diverse extensions of the #id model, which all corroborate the results found in

[15] and [16] (see for instance [6], [7], [8], [13] and [17]).

We recently considered a model involving d-dimensional target distributions with indepen-
dent components, where the scaling term of each component is allowed to depend on the
dimension of the target distribution. This setting includes many popular statistical mod-
els, but it produces distributions having unstable scaling terms (since some of them might
converge to 0 or co), which creates a significant distinction with #d target distributions. In
[1], we provided a necessary and sufficient condition on the scaling terms under which the
algorithm admits the same limiting diffusion process and the same AOAR as those found in
[15].

In this paper, we prove that the acceptance rate 0.234 is not always asymptotically optimal
and most importantly, we present methods for determining the correct AOAR when it is not.
This addresses the issue raised in Open Problem #3 of [18]. In particular, we show that when
there exists a finite number of scaling terms converging significantly faster than the others,
then the asymptotic acceptance rate optimizing the efficiency of the algorithm depends on
specific target components only and is smaller than 0.234. To this end, we first determine
the limiting distribution of the sequence of stochastic processes formed by say the i*-th
component of each Markov chain, which is done by proving £! convergence of the processes’
generators. For the smallest order components we obtain a limiting RWM algorithm whose
singular acceptance rule constitutes a new rule in the Metropolis-Hastings family. Since there
exist multiple measures of efficiency for discrete-time processes, we choose not to use these
components to determine the AOAR. We rather optimize the algorithm through the speed
measure of the limiting Langevin diffusion process obtained from the other components.
Speed measures being the sole measure of efficiency for diffusions, we realize that the AOAR
is not 0.234 anymore since the speed measure now differs from that obtained in [15] and
[1]. We shall also see that when the smallest order components are remote from the other
components, the optimization problem is ill-posed which calls for the use of inhomogeneous
proposal scalings.

The paper is divided as follows. We begin by introducing the target, that is the distribution



we wish to sample. In Section 3, we then present the algorithm used to this end along with
a method for determining the optimal form for the proposal scaling. The main optimal
scaling results are presented in Section 4, while the particular case where the target is
normally distributed is discussed in Section 5. Inhomogeneous proposals are then considered
in Section 6, along with the optimal scaling problem under various extensions of the target
distribution. The results are proved in Section 7, making use of the different lemmas proved
in Sections 8 to 10. We conclude the paper with a discussion in Section 11.

2 The Target Distribution

Suppose we are interested in generating data from the following d-dimensional product den-
sity

m(d,x?) = 10, d) 1 (6, (D)), (1)

where 9;2 (d), 7 =1,...,d are the scaling terms of the target distribution. Although inde-
pendent, the d components are not identically distributed as we let the scaling terms be such
that
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where 0 < n < 00,1 <m < oo and {K,,j=1,...,n+m} are some positive and finite
constant terms. Note that the assumption of equality among the constants for a given ~;,
1 =1,...,m shall be relaxed in Section 6.

We finally assume that the density f satisfies some regularity conditions. In particular,
we suppose that f is a positive C? function, (log f (X))’ is Lipschitz continuous,
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Having defined the target distribution, we now describe in more details the form adopted by
©72(d) in (2). The first particularity to notice is that the first n terms appear only once

each, while the balance is repeated according to some functions of d. That is, the last d —n
terms are separated into m different groups, in each of which the number of terms grows

and




with the dimension. Ultimately, we shall be interested in studying the limiting distribution
of every individual component forming the RWM algorithm as d — oc.

In order to study each of the n + m different components, a rearrangement of the scaling
terms in (2) is necessary. This will avoid referring to a component located at an infinite
position as d — oo. We thus instead let
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That is, we first enumerate each one of the n + m different scaling terms. Afterwards, we
cycle through the remaining ones, i.e. the scaling terms that will appear an infinite number
of times in the limit. The m groups to which they belong might however occupy different
proportions of the vector ®~2 (d), and we should make sure to preserve the proportion in
which they appear when cycling through them.

An simple way to identify the different groups of components whose scaling terms appear
infinitely often in the limit is to introduce the mutually exclusive sets

Kin .
j(i,d):{je{l,...,d};@;z(d):d;}, i=1,....m

All positions of components with a scaling term equal to K14 /d" thus belong to the i-th set
J (i,d). The union of these m sets satisfies U,-,7 (i,d) = {n +1,...,d}. They also provide
an alternative way of expressing the d-dimensional product density in (1)
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Because the positions sets do not necessarily possess the same number of elements, we
introduce corresponding cardinality functions. For ¢ =1,...,m,
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where ¢ (J (7, d)) is some polynomial function of the dimension satisfying limy ., ¢ (J (¢,d)) =
oo and subject to the constraint >, ¢(J (i,d)) = d — n.

Without loss of generality, we assume the scaling terms to be arranged according to an
asymptotic increasing order within both groups formed by the first n and last d — n scaling
terms respectively. Letting < stand for ”is asymptotically smaller than”, we obtain ;2 (d) <
.. 2 0-2(d) and similarly 6,7, (d) < ... < ;% (d), which are equivalent to —oco < A, <
M1 < oo <A <oocand —00 < Vi < Y1 <0 < < 0. For components with the
same power of d, we must consequently refer to their constant to determine which scaling
term is smaller. We finally point out that some of the first n components might have
exactly the same scaling term. When this happens, we still refer to them as say K;/d* and
Kj+1/d)‘j+1, with Kj = Kj+1 and )‘j = )‘j—i—l'



The objective of this paper is to study the limiting distribution of the first n+m components
of the RWM process applied to target distributions as just described. In [1], we provided a
necessary and sufficient condition on the scaling terms of the target ensuring that the AOAR
of the RWM algoritm is 0.234. We consider the same target distributions, but we now focus
on the case where that condition is not satisfied. Specifically, we consider the case where
there exists a finite number of target components associated with scaling terms significantly
smaller than the others. This can be translated mathematically by
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which is the complement of Condition 8 in [1]. According to the form of the target, the
asymtotically smallest scaling term in (3) would normally have to be either 672 (d) or 6,7, (d).
However, it is interesting to notice that under the fulfilment of the previous condition this
uncertainty is resolved and Kj/d is smallest for large d. Furthermore, the existence of
other target components having a O (d)‘l) scaling term is also possible. In particular, let
b=max(j € {1,...,n};A; = A1); b is then the number of such components, which is finite
and at most n.

To avoid getting a trivial limiting process when studying one particular component, it is
necessary for its scaling term to be independent of d. In particular we set it equal to 1,
which can be done without loss of generality by applying a linear transformation to the
target distribution.

3 Algorithm and Proposal Scaling

To generate a sample from the target distribution described in Section 2 we apply a RWM
algorithm, which consists in building a d-dimensional Markov chain X@ (0),X@ (1), ...
having the target distribution as its stationary distribution. We choose the d-dimensional
proposal to be normally distributed with independent components centered around the cur-
rent state of the chain, i.e. Y@ (¢t +1) ~ N (X(d) (t),0%(d) Idxd> with density

202 (d) *

J

q (d, x(d),y(d)) = (27r02 (d))_l/2 exp (— ! S (y; — xl)z) .
-1

The construction of the Markov chain is thus carried using the following steps. Given X4 (),
the state of the chain at time ¢, a value Y@ (¢ 4 1) is generated from ¢ (d, X@ () ,y(d)>.

The probability of accepting the proposed value Y@ (¢ + 1) as the new value for the chain
is « (d, X (), YD (t+ 1)), where



min {1, W} . (d’ X(d)> q (d’ x(@), y(d)> >0
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If the proposed move is accepted, the chain jumps to X (t + 1) = Y@ (¢ 4 1); otherwise,

it stays where it is and X (¢ + 1) = X@ (¢).

Note that the method just described refers to a Metropolis-Hastings algorithm. The Gaussian
form of the proposal density however implies that the kernel driving the chain is a random
walk, from where the appellation RWM algorithm. Furthermore, since the choice of proposal
density supports the irreducibility and aperiodicity conditions of the transition kernel, and
since the acceptance rule is chosen to ensure the reversibility of the chain with respect to
the density 7 (-), it follows that the distribution of the generated chain converges to that of
the target.

For the algorithm to be efficient, it is primordial to carefully choose the scaling parameter
of the proposal distribution (the variance of the normal distribution, in our case). Large
values for o2 (d) will generally favour jumps that are far away from the current state of the
chain, often in regions where the target density is low. As a consequence, proposed moves
will usually be rejected and the chain will linger on some states for long periods of time.
On the other hand, small values for o2 (d) will generate short jumps, resulting in a dawdling
exploration of the state space.

Prior to determine an exact value for the proposal scaling, it seems sensible to decide on its
form as a function of d. Clearly, 0; (d) must be taken into account in this choice to prevent
from proposing jumps that would be too large for components with smaller scaling terms,
and thus inefficiently amplifying the rejection rate. Furthermore, we should bear in mind
that the number of components increases as d — oo, raising the odds of proposing a silly
move in one direction. To circumvent such a situation, it is reasonable to opt for a proposal
scaling that is decreasing as a function of d.

The optimal proposal scaling form is given by o2 (d) = ¢*/d*, where ¢? is some constant and
« is the smallest number satisfying
d™ dic(J (i,d))

lim — < oo and lim

d—oco de doo o < 00, for i = 1,...,m. (6)

In fact, more can be said about the determination of the proposal scaling. Under the
fulfilment of Condition (5), we show in Section 7.1 that we automatically obtain o2 (d) =
¢%/d*, that is a proposal scaling governed by the b asymptotically smallest scaling terms.
This conclusion is opposite to that achieved in [1], where we concluded that for 0.234 to be the
asymptotic acceptance rate optimizing the efficiency of the chain, the form of the proposal
scaling have to be based on one of the m groups of scaling terms appearing infinitely often in



the limit. This divergence is explained by the significant difference between \; and any ~;,
i =1,...,m, introduced by Condition (5). Indeed, if the first b scaling terms were ignored
in the determination of the parameter «, this could result in larger proposal scaling and
rejection rate, compromising the convergence speed of the algorithm. Specifically, we can
differentiate two situations: one where there exists at least one ¢ € {1,...,m} such that the
term ¢ (J (i,d)) d" is O (d)‘lz and the other one where there does not exist any such 7. In the
first case, we can say that the first b scaling terms dictate in part only the comportment of
the algorithm since everything else being held constant, ignoring these scaling terms would
not affect the proposal distribution. The second situation is however different in the sense
that ignoring these terms would result in a larger value of a. We shall thus study these two
situations separately.

The requirement that the scaling term of the component of interest be independent of the
dimension implies that the proposal scaling is at most o2 (d) = ¢?; this then keeps it from
diverging as the dimension grows. In particular, the proposal scaling will take its largest
form when studying one of the first b components only. Having found the optimal form for
the scaling of the proposal distribution, we can thus write

62
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Initially, RWM algorithms are discrete-time processes and thus on a microscopic level, the
chain evolves according to the transition kernel outlined earlier. The proposal scaling (space)
being function of d, an appropriate re-scaling of the elapsed time between each step will
guarantee the obtention of a nontrivial limiting process as d — oo. This corresponds to
study the model from a macroscopic viewpoint and on this level, we shall see next section
that the component of interest will usually behave as a Langevin diffusion process. The only
exception to this will happen with the b smallest order components, i.e. when o2 (d) = ¢,
since a time-speeding factor should not be applied in this case.

Let Z@ (t) be the time-t value of the RWM process sped up by a factor of d*. In particular,

ZY (1) = XD ([d°1)) = (X{ ([d*1)) ..., X47 ([d*H])) ,

where [-] is the integer part function. The periods of time between each step are thus shorter
and the sped up process will propose on average d* moves during each time interval instead
of just one. Subsequent sections shall be devoted to study the limiting distribution of each
component of the process {Z(d) (t),t> O}.

Finally, before attempting to find an optimal value for the constant £2, we should define a
criterion by which measuring efficiency. The authors in [15] introduce the notion of w-average

acceptance rate, which is
7 (d, Y
|4 YO)

d,t) = E
a’( ) ) W(d,X(d)>

_ / / 7 (4,xD) o (4, %D, y®) ¢ (d,xD, y®) dx®dy@ -

7




for our d-dimensional symmetric RWM algorithm. The asymptotic efficiency of the algorithm
is closely connected to this concept, as shall be seen next section.

4 Optimal Scaling Results

This section introduces weak convergence results which shall later be used to establish an
equation permitting numerically solving for the optimal ¢? value. Among target distribu-
tions satisfying Condition (5), it will reveal necessary to separate out the case where the
asymptotically smallest scaling terms are the only ones to govern the proposal scaling from
the case where they share this responsibility with at least one of the m groups having an
infinite number of scaling terms in the limit.

We denote weak convergence in the Skorokhod topology by =, standard Brownian mo-
tion at time ¢ by B (), and the standard normal cumulative distribution function (cdf) by
® (-). Since the scaling term of the component of interest (6;) is taken equal to 1, a linear
transformation on the target distribution might be required.

Theorem 1. Consider a RWM algorithm with proposal distribution
d o v
Y (@ ~N<x( )’d/\1[dXd> :

applied to a target density as in (1) satisfying the specified conditions on f and with 6;2 (d),
j=1,...,d asin (3). Consider the i*-th component of the process {Z(d) (t),t> O}, that
is {Zi(f) (t),t> 0} = {XZ-(ii) ({d)‘ltD > 0}, and let X (0) be distributed according to the
target density m in (1).

We have
{29 () t =0} ={Z(t),t >0},

where Z (0) is distributed according to the density f and {Z (t),t > 0} is as below, if and
only if

6? (d
lim % >0 (8)
d—o00 Zj:l 9] (d)
and there is at least one i € {1,...,m} satisfying
. co(TJ(i,d))d"
= >0 (9)

with ¢ (J (i,d)) as in (4).



Fori* =1,...,b with b =max (j € {1,...,n};\; = A1), the limiting process {Z (t) ,t > 0}
1s a Metropolis-Hastings algorithm with acceptance rule

Y16 (X;,Y;) — PEg/2
VI2ER
+ﬁ 9]}/] _Zszlg(ijifj) EQER/Q
]:1 9 X) \/€2ER

a(fZ,Xi*,Yi*> = Eyo- xo- [(I)

(10)

Fori* =b+1,...,d, {Z(t),t >0} satisfies the Langevin stochastic differential equation
(SDE)

4Z (1) = v ()2 dB (1) + 5o (0) (loa £ (Z (1)) dt,

where

S (X, Y)) — CEp/2
v (€) = 2°Evy xo l@( =1 ( \J/% r/ )]

In both cases, € (X;,Y;) =log (f (6;Y;)/f (6,X;)) and

J (i,d)) d "(X)\?
Br= Jim 30 )KE[(fcfX;)] Y

Interestingly, the b components of smallest order each possess a discrete-time limiting process.
In comparison with the other components, they already converge fast enough so a speed-
up time factor is superfluous. Furthermore, the acceptance rule of the limiting Metropolis-
Hastings algorithm is influenced by the components affecting the form of the proposal scaling
only. These components are more likely to cause the rejection of the proposed moves, and in
that sense they constitute the components having the deepest impact on the rejection rate
of the algorithm, ultimately becoming the only ones having an impact as d — oc.

It is worth noticing the singular form of the acceptance rule, which verifies the detailed
balance condition and can be shown to belong to the Metropolis-Hastings family (see [11]). In
particular when b = 1 the expectation operator can be dropped and for a general asymmetric
proposal density ¢ (x,y) we obtain

Ly 2 f@aey) g2
o (2,y) = @ log fitiatra) — CEr/2\ | F W) a(y.x) , (108 Tt — Cn/?
N VEER P :

The effectiveness of this new acceptance rule depends on the parameter £2. When (% — oo,
the proposed moves become enormous and « (£2,z,y) — 0, meaning that the chain never
moves. At the other extreme, if 2 = 0 then Ep is granted no importance, meaning that the
components among X1, ..., Xy that affected the proposal scaling have no more impact on
the acceptance probability. The resulting rule is thus the usual one, i.e. 1 A Wgzg

9
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Figure 1: Modified acceptance rule in (10) as a function of the density ratio f (y) /f (z) for
different values of /?Er and when b = 1. From the top to the bottom, ¢? E takes the values
0, 0.1, 1 and 5.

In [14], the optimal Metropolis-Hastings acceptance rule was shown to be 1A % because
it favors the mixing of the chain by improving the sampling of all possibie states. The

efficiency of the modified acceptance rule is thus inversely proportional to its parameter ¢,
which is pictured in Figure 1. Coming back to the case where b > 1, we intuitively know
that if many components are ruling the algorithm then it will be harder to accept moves.
For ¢2 > 0, we thus expect the probability of accepting the proposed move ;- given that we
are at state z;+ to get smaller as b and/or Eg get larger.

For i* = b+ 1,...,d, the scaling of the proposal distribution is function of d and a speed-
up time factor is then required in order to get a sensible limit. Consequently, we obtain a
continuous-time limiting process, and the speed measure of the limiting Langevin diffusion
is now different from that found in [1] and [15]. It depends on exactly the same components
as for the discrete-time limit and as we shall see, this alters the value of the AOAR.

Since there are two limiting processes for the same algorithm, we now face the dilemma as to
which should be chosen to determine the AOAR. Indeed, the algorithm either accept or reject
all d individual moves in a given step so it is important to have a common acceptance rate in
all directions. The limiting distribution of the first b components being discrete, their AOAR
is governed by a one-dimensional Metropolis-Hastings algorithm with a singular acceptance
rule. This is however a source of ambiguities since for discrete-time processes, measures
of efficiency are not unique and would yield different acceptance rates depending on which
one is chosen. Fortunately, this issue does not exists for the limiting Langevin diffusion
process obtained from the last d — b components, as all measures of efficiency turn out to
be equivalent. In our case, optimizing the efficiency corresponds to maximizing the speed
measure of the diffusion (v (¢)), which is justified by the fact that the speed measure is
proportional to the mixing rate of the algorithm.

10



The following corollary provides an equation for the asymptotic acceptance rate of the algo-
rithm as d — oo.

Corollary 2. In the settings of Theorem 1 we have limy . a(d,?) = a ({), where

S (X, Y;) — (PER/2
a(l) = 2Eym xo [<b< =€ \J/% v/ )]

An analytical solution for the value ¢ that maximizes the function v (£) cannot be obtained.
However, this maximization problem can be easily resolved through the use of numerical
methods. For virtually any density f satisfying the regularity conditions mentioned in Sec-
tion 2, ¢ will be finite and unique. This will thus yield an AOAR a (f) and although an
explicit form is not available for this quantity, we can still draw some conclusions about the
AOAR. First, Condition (5) ensures the existence of a finite number of components having
a scaling term significantly smaller than the others. Since this constitutes the complement
of the case treated in [1], we know that the variation in the speed measure is directly due
to these components. When studying any component X;« with i* € {b+1,...,d}, we also
know that (9;2 (d) — 0asd— oo for j =1,..., b since these scaling terms are of smaller or-
der than 6 = 1. Hence, the first b components obviously provoke a reduction of the AOAR,
which is now necessarily smaller than 0.234. In particular, the AOAR will get smaller as b
increases.

We now consider the remaining case where there is again a finite number of components
having scaling terms converging significantly faster than the others, but where these scaling
terms are now entirely ruling the proposal scaling. This is the case where these special
components are converging “too fast” compared with the overall convergence speed of the
algorithm.

Theorem 3. In the settings of Theorem 1 but with Condition (9) replaced by

lim (TJ (i,d)) d

] s =0 Vie{l,...,m}, (12)

the conclusions of Theorem 1 are preserved, but the acceptance rule is now

b Y.

f(ej j)

X, Y) = Evyo- _ 11 ||7
O‘( ) o [ Aj:lf(Qij)

for the limiting Metropolis-Hastings algorithm and the speed measure is
b

j=1

v(l) = 2€2PY(b)7x(b) ( € (Xj, Y;) > O)

for the limiting Langevin diffusion.

11



As in Theorem 1 there are two different limiting processes, depending on which component
we focus. Since the proposal scaling is now entirely ruled by the first b components, it means
that Fr = 0. When b = 1, the acceptance rule of the limiting RWM algorithm reduces to
the usual rule. In that case, the first component not only becomes independent of the others
as d — oo, but it is completely unaffected by these d — 1 components in the limit, which
move too slowly compared to the pace of X;. For the last d — b components, the limiting
process is continuous and the speed measure of the diffusion is also affected by the first b
components only. As mentioned previously, we use the speed measure of the diffusion to
attempt optimizing the efficiency of the chain.

Corollary 4. In the settings of Theorem 3, we have limgy_. a (d, ) = a ({), where
b

a(l) = 2Pyo xw» ( £(X,,Y;) > 0) .

J=1

When trying to optimize the speed measure, we realize that it is unbounded as a function of ¢
for virtually any choice of density f satisfying the regularity conditions of Section 2. This thus
suggests that we should chose ¢ as large as possible, and hence indicates that bigger proposal
scalings might be more appropriate. However, the scaling of the form o2 (d) = ¢2/d™ is the
only one yielding a nontrivial limit. In addition, the asymptotic acceptance rate converges
to 0 as £ — oo. This thus confirms that our choice for the scaling of the proposal is right,
but that the obtained AOAR is useless in practice. We conclude that when Condition (12)
is satisfied, the first b components converge to 0 very rapidly, governing the choice for the
parameter « in (6). However, such a proposal distribution generates moves that are way too
small for the other components, from where the conclusion that we should chose ¢ as large
as possible. Note that if we were choosing a smaller value for «, the proposed moves would
be too big for the first b components, resulting in the divergence of the limiting process. In
theory, we thus obtain a well-defined limiting process, but in practice we lie in an impasse
when it comes to optimize the efficiency of the algorithm. We shall see in Section 6 that for
such cases, inhomogeneous proposal scalings constitute a wiser option.

5 Normal Case

The results of the previous section can be somehow simplified when f is the standard normal
density function, since it is then possible to compute expectations with respect to X® and
conditional on Y. We obtain the following results.

Theorem 5. In the settings of Theorem 1 with f (z) = (27)"* exp (—22/2), the conclusions
of Theorem 1 and Corollary 2 are preserved but with Metropolis-Hastings acceptance rule

2 2
e (@i, ym) — 5 (Z?:l,j;ﬁi* % + ER)
b X3
\/62 (ijl,j#* ﬁ] + ER)
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f (@) X3 ,
02 (Z?’:l,j;éi* ?JJ + ER>
where X?, j=1,...,b are independent chi square random variables with 1 degree of freedom

and Er simplifies to
(T (i d) d

d—o0 iz v Koy

In addition, the Langevin speed measure is now given by

Finally, v (¢) is mazimized at the unique value ¢ and the AOAR is given by a (@)

In practice, it then suffices to numerically maximize v (¢) and to run the algorithm with a
proposal scaling equal to 2 /d™ in order to optimize the efficiency of the technique. The
proportion of accepted moves will then lie around a (@) Even though the previous result is
asymptotic, it also works well in relatively small dimensions just as for iid target distributions
(see [17]). For the second case where some components entirely rule the proposal scaling, we
find the following result.

Theorem 6. In the settings of Theorem 3 with f (x) = (27)"? exp (—22/2), the conclusions
of Theorem 3 and Corollary 4 are preserved but with Langevin speed measure

where X?, j=1,...,b are independent chi square random variables with 1 degree of freedom.

Furthermore, the limiting average acceptance rate now satisfies

13



When b = 1, the limiting process of X; is the usual one-dimensional RWM algorithm. As
we said before, measures of efficiency are not unique in this case but to understand the
situation, suppose we consider first-order efficiency. We then want to maximize the expected
square jump distance, which will result in an better mixing of the chain. The acceptance
rate maximizing this quantity is 0.45, as given from the finite-dimensional results for RWM
algorithms in [17]. As b increases, more and more components affect the acceptance process
and this results in a reduction of the AOAR towards 0.234. Indeed, when b is infinite then
Condition (5) is not satisfied anymore and we find ourselves facing the complemental case
introduced in [1]. It is however important to note that in such a case, the proposal scaling
o2 (d) = 2/d* would be inappropriate and we would have to determine a new value for «
in (6) in order to handle this new case, using the cardinality function ¢ (J (i,d)) of these
components. In the case of Theorem 5, the acceptance rule is more restrictive and accepting
moves is thus harder. First-order efficiency is maximized when the acceptance rate is about
0.35 for b = 1, and decreases towards 0.234 as b increases. The difference between both rules
thus becomes insignificant for large values of b.

The previous analysis allows to get some insight about the situation for discrete-time limits.
Nonetheless in practice, continuous-time limits must be used to determine the AOAR that
should be applied for optimal performance of the algorithm. In Theorem 5 the speed measure
v (£) is always smaller than 2¢>® (—(FEg/2), the speed measure of the limiting Langevin dif-
fusion when Condition (5) is not met (see [1]). Consequently, the optimal value ¢ is bounded
above by 2.38/v/Ex and gets smaller as the number b of components increases. As expected,
the diminution of the parameter ¢ is not important enough to outdo the factors x7/K; and
the AOAR is thus continually smaller than 0.234. This difference is intensified with the
growth of b.

The speed measure in Theorem 6 is particular in the sense that its expectation term does not
vanish fast enough to overturn the growth of #2. The optimal value / is thus infinite, yielding
an AOAR converging to 0. This means that any acceptance rate will result in an algorithm
that is inefficient in practice for large d. The best solution is to resort to inhomogeneous
proposal distribution, which shall be discussed next section.

The particularity of the results introduced in this section resides in their ability to optimize
RWM algorithms applied to any multivariate normal target with correlated components.
Since multivariate normal distributions are invariant under orthogonal transformations, it
suffices to transform the covariance matrix into a diagonal matrix, where the diagonal ele-
ments are the eigenvalues of the covariance matrix. Under this transformation, the target
components are now independent and the eigenvalues can be used to verify if Condition (5)
is satisfied. In the case where it is, we can use either Theorem 5 or 6 to determine the
AOAR, depending on which of Conditions (9) or (12) is satisfied. Otherwise, the AOAR is
the well-known 0.234 as demonstrated in [1].

Using a similar technique, these results can also be applied to normal hierarchical models

since such models are jointly normal. For instance, in the case where X; ~ N (Xi,1),
i =2,...,d with Xy ~ N(0,1) the joint distribution has mean vector 0 and covariance
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matrix

—_ =
N =
—_

—_ =

1 .- 1 2 1
1 o102

Among the d eigenvalues of this matrix, d — 2 are equal to 1 and the other two are O (d) and
O (1/d). 1t is easily checked that both Conditions (5) and (9) are satisfied, so Theorem 5
can be applied to determine the AOAR, which turns out to be around 0.2. We note that in
the case where the eigenvalues do not assume the form specified in Section 2, we can instead
refer to the generalizations of Section 6 to reach the same conclusions. Detailed examples
about the different applications of these results are presented in [2].

6 Inhomogeneous Proposal Scalings and Extensions

As realized previously, it is possible to face a situation where the efficiency of the algorithm
cannot be optimized under homogeneous proposal scalings. This happens when a finite num-
ber of scaling terms request a proposal scaling of very small order, resulting in an excessively
slow convergence of the other components. To overcome this problem, inhomogeneous pro-
posal scalings will add a touch a personalization and ensure a decent speed of convergence
in each direction.

The idea is to adjust the parameter o in (6) to better fit the different components. However,
we should be careful as to preserve the stochastic property of the process {Z(d) (t),t> O}.
To possess this characteristic, it is mandatory that each component be sped up by the same
time factor since all d components are dependent in finite dimensions. It turns out that
this factor is d*, the only factor yielding a nontrivial limiting process. The obtention of a
reasonable limiting process is then also conditional on the proposal scaling of the component
of interest being ¢?/d“. Since we wish to study each of the first n + m components, we
then personalize the scaling of the last d — n — m components only. That is, we adjust the
proposal scaling of the components whose scaling term appears infinitely often in the limit,
but making sure to put aside one component of each of these m groups.

In particular, consider the 6; (d)’s appearing in (3) and let Z@ () = X@ ([d*t]) as before.
We set the proposal scalings as follows: for j = 1,...,n + m let 0 (d) = %/d™ and for
j=n+m+1,....d, j € J(i,d), let *(d) = 2/ (c(J (i,d))d?). We then have the

following result.

Theorem 7. In the settings of Theorems 1 and 3 (i.e. no matter if Condition (9) is satisfied
or not) but with the proposal scaling as just described, the conclusions of Theorem 1 and
Corollary 2 are preserved.
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Due to the increase of the term FEpg, the optimal scaling value ¢ will now be smaller than
with homogeneous proposal scalings. This makes sense since when the proposal scaling of
each component was based on A, the algorithm had to compensate for the fact that the
proposal scaling was maybe too small for certain groups of components with a larger value
for /. In [1], it was easily verified that the AOAR is unaffected by the use of inhomogeneous
proposals. The same statement does not hold in the present case, although we can still affirm
that the AOAR will not be greater than 0.234. Indeed, since ¢ is assumed to be fixed in each
direction, the algorithm can hardly do better than for 7id targets even though the proposal
has been personalized. Recall that in the #d case, both homogeneous and inhomogeneous
settings would yield the same proposal distribution, and talking about inhomogeneity is thus
meaningless.

For a good example where the use of inhomogeneous proposal scalings is beneficial, consider
a d-dimensional normal target with independent components, where the variances of the
components are given by (1/d? 1,...,1). The homogeneous proposal scaling is ¢*/d* and
by Theorem 6, this yields an AOAR of 0. On the other hand, the inhomogeneous proposal
scaling is (€2/d?, 02 /d* (?/d, ..., (?/d), yielding an AOAR of about 0.16 which is obviously
far more efficient than the former.

We now study how the results in previous sections extend to scaling terms admitting broader
forms. We start by relaxing the assumption of equality among the scaling terms belonging to
a common group. That is, within each of the m groups of scaling terms appearing infinitely
often, we allow the constant terms to be randomly distributed according to a distribution
satisfying specific moment conditions. Specifically, we have

O %(d) = Ky K, K, Knie(7(1,0)) Kn+zzr:11 (T (3,d))+1 K, (14)
g d)\la---7d)\n7 d"/l g e e vy d,yl g e e ey d,ym ,...7d7m .

We assume that {Kj,j € J (i,d)} are #d and chosen randomly from some distribution
with E [K i 2} < oo. Without loss of generality, we also take E {K i Y 2} = 1 and denote

E {K i 1] = b; for j € J (i,d). Recall that the scaling term of the component of interest does
not depend on d, and we therefore have 0% (d) = K;-.

To support the previous modifications, we now suppose that —oo < v, < Y1 < ... <
v1 < 00, otherwise we could just group the scaling terms with a common power together. In
addition, we also suppose that there does not exist a A;, j = 1,...,n equal to one of the v;,
1 =1,...,m because if this was not true, we could just include the j-th scaling term in the
i-th group.

Theorem 8. Consider the settings of Theorem 1 (Theorem 3) with @72 (d) as in (14),
O = K;l/z and replace Condition (8) by

M

lim - > 0. 15
i ST Y ST A () P (15)
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We have
{289 (1), >0} = {Z(t),t >0},

where Z (0) is distributed according to the density 0; f (0;=x) and {Z (t),t > 0} is identical
to the limit found in Theorem 1 (Theorem 3) for the first b components, but where it satisfies
the Langevin SDE

dZ (t) = (v (£))"*dB (t) + ;v (0) (log f (6= Z (t)))' dt
for the other d — b components, with v (¢) as in Theorem 1 (Theorem 3).

For both limiting processes, we now use

Er = 1im 3> 27 (Zad)) d

d—o0 i

bE

instead of (11) in Theorem 1, with
(T (id) = #{j € {n+1,....d}:0;(d) is O (/?)}.

In addition, the conclusion of Corollary 2 (Corollary 4) is preserved.

Contrarily to what was done previously, this result does not assume a scaling term equal to
1 for the component of interest, but still presume that the scaling term in question is O (1).
The difference engendered by this modification consists in 6;» now appearing in the drift
term of the Langevin diffusion. It is interesting to note that the randomness of the last d —n
scaling terms affects the quantity Er through the factors by, ..., b,,. Therefore, it only has an
impact on the limiting processes when Condition (9) is satisfied. Also note that Condition
(15) is in fact the same as Condition (8) since constant terms are assumed to be finite.
Consequently, both conditions could be use interchangeably in any of the previous results.
For the present case however, Condition (15) is easier to compute due to the randomness of
Koy, ..., Ky

The setting described in Section 2 for target distributions can be relaxed to allow for more
generality. That is, we now permit functions other than polynomial for ¢(J (i,d)), i =
1,...,m, as long as they still satisfy ¢ (7 (i,d)) — oo as d — oo. We also broaden the form
taken by 6, (d), j = 1,...,d. In order to have sensible limiting theory, we however restrict
our attention to functions for which the limit exists as d — oco. We even allow the scaling
terms {9]-_2 (d),je T, d)} to vary within each of the m groups, provided they are of the
same order. That is, for j € J (i,d) we suppose

. 0;(d) g
g

for some reference function ¢ (d) having no constant term (i.e. a constant term equal to 1)
and some constant K; coming from the distribution described for Theorem 8. Note that the
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reference functions are taken to be as simple as possible. As an example, if all components
in a given group i € {1,...,m} are O (d), then 6. (d) = d.

As just specified for Theorem 8, we assume that @2 (d) contains at least m and at most
n + m functions of different order. Hence, if there is infinitely many scaling terms of a same
order in the limit, they necessarily belong to the same of the m groups, which are defined by

T (i,d) = {je {1 d}:0 < Jim 6, (d) 02 (d) <oo}. (16)

We again assume that the first n and the next m scaling terms are respectively classified
according to an asymptotically increasing order. Specifically, let the first n terms of @2 (d)
satisfy 072 (d) < ... < 6,2 (d), and let the order of the terms 6,7, (d),...,0,2,, (d) be chosen
to satisfy 0] "2 (d) < ... < 0" =2 (d).

Due to the broader form for the target distribution, it is now necessary to modify the proposal
scaling. In particular, let 0 (d) = ¢?02 (d), with 2 (d) the function of largest possible order
such that

lim 0? (d) o2 (d) < oo and Jim c(J (i,d) 0% (d)o?(d) <oo fori=1,...,m. (17)

We then have the following result.

Theorem 9. Under the settings of Theorem 8, but with proposal scaling o? (d) = (*52 (d)
where o2 (d) satisfies (17) and with general functions for ¢ (J (i,d)) and 6; (d) as defined
previously, the conclusions of Theorem 8 are preserved, provided that

lim 0% (d)
d—0o0 E?:l (9]2 (d)+ X", c(T (1,d)) 0 (d)

holds instead of Condition (15),

>0

, /2
di e {1,...,m} such that dlgrolo c(J <297%d()63)0i (d) >0
holds instead of Condition (9), and

o e (i) 87 (0
% 6

=0 Vie{l,...,m}
holds instead of Condition (12).

Under this setting, the quantity Er is now given by

Bn = Jim 3 (7 (i) 0% (4) 67 (d) bE
=1

where ¢ (J (i,d)) is the cardinality function of (16).
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This theorem assumes a somewhat general form for the target distribution. Contrarily to
what was proven in [1], the AOAR is not independent of the target distribution and scaling
terms anymore, and finding the exact AOAR involves solving the maximization problem of
the speed measure v (¢) for every different case. Albeit the AOAR might turn out to be close
to the usual 0.234 it is also possible to face a case where this rate is inefficient, from where
the importance to determine the correct proposal scaling.

7 Theorems Proofs

This section aims to prove the optimal scaling theorems introduced in Sections 4 to 6.
We shall present a detailed proof of Theorem 1, which makes use of the technical results
introduced in Sections 8 and 9. However, due to the similarity between the proofs of the
various results, we shall not include every detail when demonstrating the other theorems.
We generally outline the main distinctions with the detailed demonstration only.

For the proofs presented subsequently to be complete, it is necessary to refer to various
results appearing in [9]. The pillar of the results introduced in this paper is Corollary 8.1
of Chapter 4, which roughly says that the finite-dimensional distributions of a sequence of
processes converge weakly to those of some Markov process provided that their generators
converge in mean. According to Theorem 7.8 of Chapter 3, it is then sufficient to verify
relative compactness of the sequence of stochastic processes to achieve weak convergence of
the processes themselves. This property is easily assessed using Corollary 7.4 and Theorem
8.6 of Chapter 3, and by means of a continuity of probabilities argument along with the fact
that the algorithm starts in stationarity.

The main objective here is thus to verify £! convergence of generators, which are expressed
as a function of some arbitrary test function h typically taken to be any smooth function.
For our purpose however, the restriction to functions h belonging to the space of infinitely
differentiable functions on compact support C2° is supported by Theorem 2.1 of Chapter 8
in [9]. This results says that for diffusions satisfying certain drift and volatility conditions,
C° is a core for the generator of the diffusion, roughly meaning that C'?° depicts smooth
functions well enough so that we can focus on this space of functions only. The approach
used for the demonstrations is analogous to that for the RWM algorithm case in [13]. In
that paper, the authors however base their proofs on a distinct result from [9] and instead
prove uniform convergence of generators, which could not be use in the current situation.

In order to lighten the formulas, we characterize vectors as follows. The number in parenthe-
ses (say a) appearing at the exponent denotes the first a components of the d-dimensional
vector. When a substraction of terms appears in the parentheses (say b — a), the vector is
formed of the components a+ 1,...,b. A minus sign appearing outside the brackets informs
us that the ¢*-th component, i.e. the component of interest, is excluded from the vector.
For instance, the vector X(@=™~ contains the last d — n target random variables, i.e. the
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components having a scaling term appearing infinitely often, from which we excluded the
1*-th component.

We also adopt the following convention for conditional expectations. The expectation is
computed with respect to the variables appearing as a subscript on the right of the expecta-
tion operator E. When there is no such subscript, this means that the expectation is taken
with respect to all random variables included in the expression. For instance, we write

E[f (X, V)] =E[E[f(X,Y) Y]] = Ey [Ex [f (X, Y)]].

7.1 Restrictions on the Proposal Scaling

As stated in Section 2, Condition (5) ensures that there exists a finite number of scaling terms
significantly smaller than the others. The impact of this condition is that it also determines
the scaling of the proposal distribution, which we now demonstrate. For Condition (5) to be
met, its reciprocal has to satisfy

j=1
Ky (dv P 4 i

= lim — | —+... 1,d d :
Jim <K1+ —i—Kn—i—c(j( , ))Kn+1+ +c(J (m, ))Kn+m><oo

It must then be true that

i (I (i,d)) d

] T < oo, Vie{l,...,m},

in which case
d b
lim Y 07%(d)67(d) = 1+ Ki/K; < oo,
j=1 j=2

where b = max (5 € {1,...,n};\; = A1), the number of components with a scaling term
of the same order as that of X;. In other words, 6,7 (d) is not only the asymptotically
smallest scaling term, but it must also be small enough so as to act of proposal scaling for
the algorithm, implying o2 (d) = ¢2/d*.

7.2 Proof of Theorem 1

We now show that the generator of the sped up RWM algorithm

(h (Vi) = h (X)) (MW(d’Y@))] (18)

Gh(d,X;») = d“"Eywxw- 7 (d, X@)
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converges in mean to the generator of a Metropolis-Hastings algorithm with particular ac-
ceptance rule in some cases, and to that of a Langevin diffusion in other cases. To this end,
we shall use the results appearing in Sections 8 and 9.

Proof. We first need to show that for i* € {1,...,b} and an arbitrary test function h € C°,

lim BE[|Gh (d, X;+) = Gyuh (Xir)

=0,

where

Gunh (Xi) = By,. [(h (Vi) = h (X;)) o (2, X, V2r )|

with acceptance rule

S e(X;,Y;) — PER/2
a(€2>Xi*>}/;*> = Evo-xo- [@( =1 ( 3622 r/
VLR

bF0;Yy) (i e (X, Y;) — PER/2
s ( Vo )

Since the component of interest must have a scaling term of 1, we have \; = A\; = 0 for
j = 1,...,b and the proposal scaling is 0% (d) = (2. Since o*(d) does not depend on the
dimension of the target, there is thus no need to speed up the RWM algorithm for the
obtention of a nontrivial limit, justifying the discrete-time nature of the limiting process.

We first introduce a third generator asymptotically equivalent to the original generator
Gh (d, X;+). Specifically, let

Gh (d,X) = By x@- {(h (Vi) — h (Xiv)) (1 A ev(d,y(@,x@))] ’

with v (d, Y@, X(d)) as in (20). By the triangle’s inequality,

E[|Gh(d, Xi+) — Gruh (Xi)|]
< E[|Gh(d, X) - Gh(d, X;.)

} +E Héh (d, Xix) — Gpruh (Xi+)

1

and the first expectation on the RHS converges to 0 as d — oo by Lemma 10. To complete
the proof, we are then left to show £! convergence of the third generator Gh (d, X;) to that
of the modified Metropolis-Hastings algorithm.

Substituting explicit expressions for the generators and using the triangle’s inequality along
with the fact that the function A has compact support gives

)

< KEx.. y. HEy<d),x(d> [1 A e”(d’Y(d)’X(@)} —« (EQ,Xi*, Yz’*)

E Héh (d, Xi=) = Gumh (Xix)

.
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where K is chosen such that |h(Y;:) — h(X;+)| < K. Since the expectation on the RHS
converges to 0 as ascertained by Lemma 11, this proves the first part of Theorem 1.

To complete the proof, we must show that for i* € {b+1,...,d} and an arbitrary test
function h € C2°,
dlirn E[|Gh(d, X;x) — GLh (X+)|] =0,

where
Gu (Xir) = 0 (6) [ A" (Xe) + S (X,r) (log f (X))

is the generator of a Langevin diffusion process with v (¢) as in Theorem 1.
As in the first part of the proof, we introduce a third generator now given by

~ d

1 . .
Gh(d, X)) = 2£2h”(Xi*)E[1A62j_1,#i*e<dvxm>} (19)

+ 2 (X;+) (log f (X)) E

d d
ezj:l’#i* s(d,Xj:Yj); Z 5(d7 Xj,Yj) < 0] )

j=1j#i

From Lemma 7 in [1], this new expression is asymptotically equivalent to the original gen-
erator and hence E HGh (d, X;+) — Gh (d, X;») ] — 0 as d — oo. We then have to conclude
the proof by showing that the third generator also converges in mean to the generator of the
Langevin diffusion.

Substituting explicit expressions for the generators and the speed measure, grouping some
terms and using the triangle’s inequality yield

E[|Gh(d.X:) — Grh (X0

1 Z‘?_l e e(d,X;,Y5) Zj:l € (Xj> ij) - KZER/2 "
§E [1 N\ e~i=1.i#1 ] — EY(b)’X(b) P \/m E Hh (Xl*)

< 2

]

. d
4 2|B |eXimiin 6(d’Xﬂ"Yj); Yo e(d, X, Y;) < 0]
=LA
22:1 e(X;,Y;) — PER/2 / /
_EY(b),X(b) lé ( \/m E [ h (XZ*) (logf (Xl*)) ] .

Since the function h has compact support, it implies that A itself and its derivatives are
bounded by some constant. Therefore, E [|h” (X;+)|] and E [ R (X;+) (log f (X)) ] are both
bounded by K, say. Using Lemma 8 in [1] and Lemma 12, we then conclude that the first
term on the RHS goes to 0 as d — oo. We reach the same conclusion for the second term
by applying Lemma 10 in [1] along with Lemma 13. H
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7.3 Proof of Theorem 3

The proof of Theorem 3 is similar to that of Theorem 1. The key is to notice that
v (d, YD XD) - zg,lg(xj,y;) This is done by first realizing that X7, € (d, X;,Y;) —

0 (Proposition 13 in [1]) and X, R; (d, X}, ) — 0 (Proposition 14 in [1], Condition (12)),
implying that
b
dhng EY(d—n) [U (d, Y(d), X(d))} Z 9 (XJ, Y})

J=1

Therefore,
b
C}LrgloP(v(d,Y( ) jzle 5, YY) _6)
= dle Eym x@ |Py@-n ( (d Y@ X(d> Eb: X, Y| =z 6)
0o j=1
< dlim ! —Eve x@ [Vary(d n) (U( ) }

= 5 Jm > B[R (4 X5,0)] =0

where the inequality has been obtained by applying Chebychev’s inequality and the last
equality has been obtained from the conditional distribution in (25).

(d v (d) X(d))

For the first part of the theorem, since 1Ae” is a continuous and bounded function,

we then conclude that Ey - x)- [1 Ne o(d Y@ X ))} —p Eye- x)- [1 A H] 1 ,{(96)}(/))}

For the second part of the theorem, it suffices to use the fact that E {1 A e”<d’Y(d)_’X(d)_)} —

Ey o xo) [1 ATTE 10;Y5) } along with the following decomposition

Jj= 1f€X)
_ b (6;Y))
P(wajxj) )

and Proposition 15 to conclude that

b

g TG <

(0,Y;)
1/\Hf 0,%))

- x(d)— b F(8;Y;
E[l/\e”(d’Y() X0 )}—QP (EM>1)‘—>O as d — oo.

7.4 Proof of Theorems 5 and 6

The proof of Theorem 5 is almost identical to the proof of Theorem 1. For the discrete-time
limit, it suffice to use Lemma 14 instead of Lemma 11 to achieve the desired conclusion.
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For the continuous-time limit, the proof also stays the same but a modification is needed
in Lemmas 12 and 13. That is, the body of these proofs remains unchanged, but we use
the conditional distribution for v (d, Y@, X(d)) developed in (31) (Section 10) rather than
that developed in Section 9.1 in (25) to find the appropriate speed measure. The results
presented in Theorem 6 are then obtain by letting £'r = 0 in Theorem 5.

7.5 Proof of Theorem 8

The main distinction with the proofs of Theorems 1 and 3 will arise when facing an equation
involving any one of the m different groups having an infinite number of components in
the limit. Since the constant terms of the last d — n scaling terms are now random, it is
impossible to factorize the scaling terms of components belonging to the same group. To
overcome this difficulty, we use changes of variables and conditional expectations. Instead

of carrying the term 62, (d) = d"/K,;; which used to be common to all X;, j € J (i,d),

we thus carry E {92 v (d)} = b;d" from where the change in the formula for Fr. Apart from
this adjustment, the proof can be carried as usual.

A good example of the necessary adjustment is

E

S5 (et @70,0%) ]

=1 jeJ(i,d)

i=1 eJ(i,d)

o\ f(0; (d) z)
- ZELZ s
)

(
_ .- 2 f'(z
B zz:ljejz(i,d) . [9] (d)} / (f )

m
=1

> (T (i,d)) bid"E

(2

7.6 Proof of Theorem 9

Although an elaborate notation is necessary due to the general form of the functions ¢ (J (i, d)),
i=1,...,mand 0;(d), j =1,...,d the essence of the proof is preserved. The demonstra-
tion is however somehow altered by the possibility for the scaling terms within a given group
i€ {l,...,m} to assume different functions of the dimension, provided they are of the same
order. To deal with this characteristic of the model, we let

07 (d)

0y (d) = K50, ) g o5




where 0% (d) is implicitly defined. This representation is used to allow factoring a common
function of d for all components of a same group. Specifically, the proof is carried as before
but instead of factoring the term 02, (d) as in Theorem 1, we factor b;#; (d). We are then
left with the ratio but since limy . 07 (d) /0; (d) = 1, the rest of the proof can be repeated
with minor adjustments.

8 Approximate Generator

We prove a result stating that the generator of the RWM algorithm is asymptotically equiv-
alent to the generator of a Metropolis-Hastings algorithm with a distinct acceptance rule.

Lemma 10. For any function h € C°, let

Gh(d, Xir) = By xia- |(h(¥ie) = h(Xe) (1A YOXD)]

with
v(d, YD XD) = 3 e(d,X;,Y)) Y —logf j (d) X)) (Y; = X;)
j=1 1=1j€7(i,d)
.- (@)
_ 5 ;Ri (d. X0 - (20)
Here,
f(0;(d)Y))
d, X;,Y. log
Pl X5, X5 =log 5 0 X))
and fori=1,....m
1 d ?
d
R(aX0) = 5 X (s @0 @x)) @)
JEIT (i,d)

where Xf72 ) is the vector containing the random variables {X;,j €T (1,d)}.

Then if \y =0, we have
lim E [|Gh (d, X;+) — Gh(d, X;-)

d—oo

|=o0.
Proof. The generator of the RWM algorithm is given by

T (d7y(d))
(h (Yir) = h(X+)) (1 N (@ X@)

« (4, Y0
(h(Yi) — h (X)) EY(d)f’X(d)— [1 A W]] .

Gh(d, X+) = BEy@x@-

= Ey,

(3
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We first concentrate on the inner expectation. Using properties of the log function, we get

v

Ey@- xw- |1

= Ey@- x@- 1/\exp{z 93 d) Z log ((HJ((d));(/))}

J J Jj=n+1

= Eyw- xw- |1 /\eXP{zn: X5, )+ > (log f(6; (d)Y;) —log f (6 (d) X]))}] .

j=n+1

We now write the difference of the log functions as a Taylor expansion with three terms to

obtain
7r<d Yd))
Ey@-x@- |1 @)
n d d
= Eyw-x@- |[LAexp) e(d, X;,Y)) + >, d710gf( (d) X;) (Y — X))
J=1 j=n+1
d A1 p 3
1 d) X; 1 NY: — X
"’jzzn:HZng ng ( J)( +yzn;rl6dU3 ng( ( )UJ)( J ]) )

for some U; € (X;,Y;) or (Y, X;).

In order to compare the term in the exponential function with v (d, Y@, X(d)>, it will be
convenient to group the last d — n components according to their scaling term. We have

sl
Ev@- x@- |1 @)
n m d
= Evo- x@- {1A6XP{Z€ (d, X;,Y;) Z Z [d;i(logf( (d) X;5) (Y; = Xj)
J=1 i=1jeJ(i
1 d? 1 d3
2WIOM( X5) (Y= X;)" + GaU? log f (6; (d) U;) (Y; —Xj)?’] H . (22)

Before verifying if Gh (d, X;+) is asymptotically equivalent to Gh (d, X;+), we shall find an
upper bound on the difference between the original inner expectation and the new acceptance
rule involving v (d, Y@, X(d)). By the triangle inequality, we have

dY<d)
d, X @)

7 (d, YD
< Ev@- x@- ”{1 A exp (log W) } _ {1 /\ev(d,Y(d)7X(d>)}|] .
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By the Lipschitz property of the function 1 A ¢ and noticing that the first two terms of the
function v (d, Y@, X(d)) cancel out with the first two terms of the exponential term in (22),
we obtain

T
Ey@- x@- ”{1 A exp (lOg WEd <@ )> } {1 A ey(d,Y(d>,x<d))}‘
1 & y 0P d 2
. <2dX2 log f (0; (d) X;) (Y; — X;) T o <dX-lng(9j <d>Xj>> )
=1 jeJ(i,d) f
3] |

Noticing that the first double summation forms the random variables W; (d7 XE%’ i) YE;!()i, d)) £
of Lemma 6 in [1] we find

7 (d, Y@ e
{1 N exp (log 7TEd,XW)3) } _ {1 A ev(d,Y( ) X( ))}“

S Wi (d. XG0, Y0) H
3 ]

1=1
m 03 B3 i/2
B (W (4 X Yo + 2o e (7 gjwméé_ (23)

< Ey(d% X ()= [

1 m
ey wy%f ) (@) U) () = X;)

1=1je7(i,d)

EY(d)77X(d)7 |:

< Eyw- x@- [

> ¥ gy%ﬂ (DU (Y - X))

6 =1 5€7J(i,d)

1
+-Eyw@- X(d)—|:

VAN
INNgE

[y

)

We are now ready to verify the L convergence of the RWM generator to the approximate
generator Gh (d, X;+). By the triangle’s inequality, we find

]

(4 Y@
(h (Vi) — b (X:+)) Eyar xa [(1 A W) _ (1 N ev(d,y<d>,x(d>))] “

E[|Gh(d, Xi) = Gh(d, X;-)

< Eyv.x.

7

From (23), we observe

| < ffEW%( 4. XD, o YD B[ () — b (X))

K 8 (3 ¥
£ Gel meﬁKwEmww—mxmy

E[|Gh(d, Xi) — Gh(d, X;-)

Because h € C2°, there exists a constant such that |h (Y«) — h (X+)| <
6 in [1] implies the previous expectation converges to 0 as the dimension goes to infinity. [
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9 Acceptance Rule, Volatility and Drift - Theorem 1

9.1 Convergence to the Modified Acceptance Rule

This section determines the limiting acceptance rule for the case where the RWM algorithm
is not sped up by any time factor, and where the first b components of the target are not
solely ruling the chain.

Lemma 11. If \; = 0 and if Conditions (5) and (9) are satisfied, then

Ex,. v. HEy(d>—,x(d>— [1 A e”(d’Y(d)’X(dﬂ —« (52, Xix, Yz‘*)

}—>0 as d — 00,

with v (d,Y(d),X(d)) as in (20) and o (0%, X4, Yi<) as in (10).

Proof. We first use conditional expectations to obtain
Ey@- x@- [1 A e”(d’Y(d)’X(d))] = Eym- x@- |:EY(d—n) [1 A e”(d’Y(d)’X(d))H . (24)

In order to evaluate the inner expectation, we need to find the distribution of the function
v (d,Y(d),X(d)> conditional on Y™ and X@. Since (Y; — X;)|X; are independent and
normally distributed with mean 0 and variance ¢? for j =n +1,...,d, we have

v (d, Y, XD) ‘ Y X

~ N(En: (d, X;,Y;) — EQiR(dX zd))JQf:Ri( X%d)) (25)

Jj=1

Applying Proposition 2.4 in [15], we can express the inner expectation in (24) in terms of
® (-), the cdf of a standard normal random variable

Eva—n {1 A e”(d’Y(d)vx(d))]
Y —n

n 2 m d
dj—1€ (d, X;,Y;) — % 2imy I (d, XE72¢,d))
m d
Jesm r (4.X5,,)
n —e(d, XY, m R (d, XY
+exp(Z dXJ,YJ)cp =X Y) - B (4 X )

m (d)
\/52 i=1 Ri d7X.j7(i,d))

We need to study the convergence of every term included in previous function. Condi-
tion (5) implies that 6;*(d) is the asymptotically smallest scaling term and along with
A1 = 0, this means that the fastest converging component has an O (1) scaling term.
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However there might be a finite number of other components also having an O (1) scal-
ing term. Recall that b is the number of such components and in the present case is defined
as b =max(j € {1,...,n};\; =0). It is thus pointless to study the convergence of these
b variables since they are independent of d. However, we can study the convergence of the
other n — b components and from Proposition 13 in [1] we know that ¢ (d, X;,Y;) —, 0 for

IRE
j=b+1,...,nsince \; < 0. Similarly, we can use Proposition 14 in [1] and Condition (9)
to conclude that > R; (d, Xf%’d)) —, Ep >0, with Er as in (11).

Using Slutsky’s and the Continuous Mapping Theorems, we conclude that

Ey-n) [1 A Gv(d’Y(d)’X(@)} —p

(G- SBR[\ (e () - S
<I>( P +exp Y e(X;,Y)) | @ N

=M (2,Y® X))

J=1

Using the triangle’s inequality, we obtain

Ex,. v

‘Ey(d)—,xu)— [1 A e”(d’Y@’X(d))} —« (52, Xi=, Yz'*)

|

< Eyom x@ HEY(d—n) [1 A e”(d’Y(d)’X(dﬂ - M (527Y(b),X(b))H .

Since each term in the absolute value is positive and bounded by 1 and since the difference
between them converges to 0 in probability, we can use the Bounded Convergence Theorem
([5], [10], [19]) to conclude that the previous expression converges to 0. O

9.2 Simplified Expression for the Approximate Volatility

Lemma 8 in [1] established that (*E [1 A e”(d’Y(d)’X(d)w is an asymptotically valid volatility

term for the continuous-time generator Gh (d, X;») in (19). We now wish to find a convenient
expression for the volatility term of (19) as d — oo. This is achieved in the following lemma.

Lemma 12. If Conditions (5) and (9) are satisfied, then

C (@) b e(X,,Y;) = PER/2
lim 'E [1 A e”(d’Y<d) X )} — 2Ey o xo [@ (EJ_lg( ) ®/ )H =0,

d—o0 V2ER
where
n m d
v(d, YO XDT) = 3 e (d X )+ Y oy log f (0 (d) X)) (¥ — X;)
j=1,5#i* =1 jeJ (i,d),j#£i* T
62 m (d)—
) >R (d, X j(i’d)) (26)

and Eg is as in (11).
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Proof. Note that (26) is similar to (20), excepted that the i*-th component is now excluded
from the definition. Therefore, it is easily seen from the proof of Lemma 11 that

Ev(a-n) [1/\6"(d’Y(d)’X(d))}
Y (d—n)—

_ Z?:I,j;éi*g(d X;,Y;) — "R (d X Zd))
\/52 SR, (d, Xf;l(;d))
- B nf‘i*ng,Y— i RdX(d
+exp ( Z e (d, Xj,Yj)) o J=Lj# ( i Yj) ( TG, d)>

From Proposition 12 in [1], both terms of the sum have the same expectation and the previous
expression thus simplifies to

d)— s (d)—
Ey@- x@- [1A (YD X(@ )}

n m d)—
Zj:l,j;éz (d XJ7Y;) i1 I (d’ ngi,d))

Jesm r (aX55,)

By Proposition 13 in [1], we have ¢ (d, X;,Y;) —, 0 since \; < Ay for j =b+1,...,n. From
Proposition 14 in [1], we also know that >/"; R (d Xf;lzz d)) —p Eg, where Ep is as in (11)
and is strictly positive by Condition (9). Applying Slutsky’s and the Continuous Mapping
Theorems thus yield

ZEY(")_,X(’i)_ @

n 2 —m d)—
D j—1,jin € (d, X;,Y;) — % i1 It (d’ X«(72i7d))

) = —
m d)—
WQ R (d. X0 )
b 2
o Zj:l,j;éi* e(X;,Y)) — %ER ' (27)
VI?ER
Using the Bounded Convergence Theorem concludes the proof of the lemma. m

9.3 Simplified Expression for the Approximate Drift

Lemma 10 in [1] introduced a drift term that is asymptotically equivalent to the drift term
of the continuous-time generator Gh (d, X;+) in (19). The goal of the following lemma is to
determine a simple expression for this new drift term as d — oo.

30



Lemma 13. If Conditions (5) and (9) are satisfied, then

b 2
. d,Y(@— x(d)- (d)— . Zj:l € (X], J) ¢ ER/2
dlggo ‘E { ( ) (d Y -, X ) < O} Ey(b)7x(b) lq) ( 7L, =0,

where v (d, Y(d)*,X(d)*) and Eg are as in (26) and (11) respectively.

Proof. The proof of this result is similar to that of Lemma 12 and for this reason, we shall not
repeat every detail. Since we know the conditional distribution of v (d, Y@~ X(d)_> ‘Y(")_, X ()=
we can use Proposition 2.4 in [15] to obtain

Byt~ [e o(a¥@mXOT) (4, YD, XO7) < 0}

" LS e (d XY, m R, (4, X9
N mm)@ o0,
j=1i \/62 (d, XJ(Z d))

From Proposition 12 in [1], the unconditional expectation simplifies to

E{ o(d,Y (D= XD~ ) (d v X(d)—) - O}

n d)
j=1,j7£i* e(d, X;,Y;) — im1 R (d X!

= E|® J(ld)>
\/ZQZ:Z dXd)zd))

Using (27) along with the Bounded Convergence Theorem completes the proof of the lemma.
m

10 Acceptance Rule - Theorem 5

We now consider the case where the target distribution is normally distributed. The aim of
this section is to determine the acceptance rule for the limiting Metropolis-Hastings algorithm
when one of the first b components is studied.

Lemma 14. If f(z) = (27) ?exp (#2/2), A1 = 0 and if Conditions (5) and (9) are
satisfied, then

EXl* ,Y;'* HEY(d))((d) |:1 /\ eU(d,Y(d)7X(d)):| — (827 Xi*; }/;,*)

]—>0 as d — 00,

with v (d,Y(d),X(d)) as in (20) and o (02, X3+, Yi<) as in (13).
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Proof. We first use conditional expectations to obtain

Ey(d)f X(d)—

LA (@Y XD) Eym- x(-n {szn),x(n) {1 A €v<d7Y(d>7X(d))” - (28)

In order to evaluate the inner expectation, we need to find the distribution of the function
v (d,Y<d>, X<d>) conditional on Y™, X(@) and X,.. First of all, we find

f
(Z )3 —logf  (d) X,) (Y, — X;) ZR (@ Xd)z“))‘x(d_m
7 1]6]('“1
'
N (_2 ;Ri (@.X%.0). £ ; R (d, X?Ei,d))) ' (#9)

Due to the normal form of the target components, it is possible to find the distribution of
"1 € (d, X5,Y5). Since Vi |X; ~ N (X;,2) and X; ~ N (0, K;/d" ), we obtain

Yy =X; +Uj,

where U; ~ N (0, ¢?) is independent of X; for j =1,...,n. We then have

dNi

S(d,X,Y)) = e

- (X +U)°) =

U; + U2>,

0,d% /K;).

(2X U; + U2)

where X; ~ N (0,1) and U; ~

By independence between )A(J] and U ; we have )A(JJ ‘(7] ~ N (0,1), and hence
T AN 0 = i
<2Uj + EUjX]) U; ~ N <2Uj,e Uj> . (30)

Combining (29) and (30), we obtain the conditional distribution

v (d,Y(al)7 X(d)) ‘Y(”), X, X(dn)

~ N(a(Xi*,Yi*) 622( zn: U2+ZR (4, XY m))) (31)

J=1,5#*
( 3 Uf+ZR(d Xf;l(zd))).
J=1j#*

Applying Proposition 2.4 in [15], we can express the inner expectation in (28) in terms of
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o ()
U(d7y(d)7x(d))
EY(dfn)7X(n)7 1ANe
£2 n r7 m (d)
m (d)
\/62 ] 1]751* (Jv]2 +Zi=l RZ (d, Xj(z,d)))
2 n - m d
—e (X, Vi) — %( " g U2+ R, (d, X%,d)))

\/g2 (St e U + S0 Bi (X 7))

= ¢

Toxp (e (Xe, Yie)) @

We need to study the convergence of every term appearing in the preceding equation. From
Proposition 14 in [1], we know that 7" | R <d X(dg )> —, Er. Because the variance of the

components 171, .. (75 does not vary with the dimension of the target, it is not relevant to
talk about convergence for these variables. We can however study the convergence of the
components Ub+1, ..., U,. Using Chebychev’s inequality, we have for all € > 0
_ Var (17]-) 1 dY
P(‘UAZ&) < Tze—zf—ﬂ) as d — o0,

since \; < Ay =0 for j =b+1,...,n. Therefore, ﬁj —p0forj=b+1,...,n
Using Slutsky’s Theorem, the Continuous Mapping Theorem and the fact that U ]2 = X? /K

with X§> j =1,...,b distributed as independent chi square random variables with 1 degree
of freedom, we conclude that

2
(X Yi) - £ (z] 1]#% E)
—, O

_l’_
P
b
\/62 < J=1j#* )

2 2
(Xz  Yix ) £ ( b':L j£i* ;((7] + ER> ~
+exp (¢ (X, Yix)) @ j=1,j J _ (62 X Y, (Uz)(b) )

X2
\/ﬁ( J=1g#w Jj“‘ER)

Using the triangle’s inequality, we therefore obtain

(@) x (@)
By (a-n) xm)- 1/\ev(d’Y X w

Ex,. v. HEy(d>,x<d) {1 A e”<d’Y(d>’X<d))} -« (52, Xi*,Yi*)

|

By o |[Breon LAY XN (2 v, (077

Since each term in the absolute value is positive and bounded by 1 and since the difference
between them converges to 0 in probability, we can use the Bounded Convergence Theorem
to conclude that the previous expression converges to 0. Il
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11 Discussion

In this paper, we have established a necessary and sufficient condition under which the
AOAR developed for #id target distributions in [15] is not optimal, and even inefficient
in some cases. The target density considered was an extension of the iid model where
each component had the same density f, but where each of them was scaled according to
0;2 (d),j=1,...,d possibly depending on the dimension of the target distribution. We also
introduced an equation from which the appropriate AOAR can be numerically solved for
optimal performance of the algorithm. These results are the first to admit limiting processes
and AOARs that are different from those find by [15] for RWM algorithms. This work should
then act as a warning for practitioners, who should be aware that the usual 0.234 might be

inefficient even with seemingly regular targets.

An intuitive explanation for this phenomenon resides of course in the necessary and suffi-
cient condition, which ensures that there exists a finite number of components converging
significantly faster than the others. In particular, as the dimension of the target increases,
the effect of these components on the performance of the algorithm remains significant, thus
drawing down the AOAR. A surprising characteristic of RWM algorithms with Gaussian
proposal distribution is thus that their AOAR is at most 0.234.

A particular case where the well-known 0.234 was shown not to be optimal was when con-
sidering widely used normal hierarchical models. This might seem surprising, given that
multivariate normal distribution were believed to adopt a conventional limiting behavior. In
some cases where the proposal scaling was governed by a finite number of target components,
an infinite value of the proposal scaling was suggested. In such cases, the convergence speed
of the algorithm was extremely slow no matter what proposal scaling was adopted, and we
concluded that using inhomogeneous proposal distributions would be far more efficient.

Finally, it is worth mentioning that although asymptotic, the results presented in this paper
work well in relatively small dimensions. In addition, the results provided about the optimal
form for the proposal variance as a function of d turn out to be useful guidelines in practice.
The results of this paper are then relatively easy to apply for practitioners, as it suffices to
verify which conditions are satisfied, and then numerically optimize the appropriate equation
to find the optimal value for /.

Appendix

The following proposition demonstrates the equivalence between an expectation and a prob-
ability, and is useful to prove Theorem 3.

Proposition 15. Let X; be distributed according to the density 6;f (0;x;) for j =1,...,d
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and also let Y@ ‘X(d) ~ N (X(d), o? (d) ]dxd). Then, we have

b f(6;Y))
= P(HW>1>.

J=1

E

o FO0Y) fy f0Y))
jHl f(0;X;) 11 F(6,X,) !

=1

Proof. Developing the LHS leads to

E

o f0Y) o £
Wy W) =

where C' is a constant term. Using Fubini’s Theorem and swapping y; and z; yield the
desired result. ]
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