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Abstract

This paper presents how to use common random number (CRN) simulation to evaluate

Markov chain Monte Carlo (MCMC) convergence to stationarity. We provide an upper bound

on the Wasserstein distance of a Markov chain to its stationary distribution after N steps in

terms of averages over CRN simulations. We apply our bound to Gibbs samplers on a model

related to James-Stein estimators, a variance component model, and a Bayesian linear regres-

sion model. For the first two examples, we show that the CRN simulated bound converges to

zero significantly more quickly compared to available drift and minorization bounds.
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1 Introduction

Markov chain Monte Carlo (MCMC) algorithms are often used to simulate from a stationary distri-

bution of interest (see e.g. [19]). One of the primary questions when using these Markov chains is,

after how many iterations is the distribution of the Markov chain sufficiently close to the stationary

distribution of interest, i.e. when should actual sampling begin [24]. The number of iterations it

takes for the distribution of the Markov chain to be sufficiently close to stationarity is called the

burn-in period. Various informal methods are available for estimating the burn-in period, such

as effective sample size estimation, the Gelman-Rubin diagnostic, and visual checks using trace-

plots or autocorrelation graphs [16, 26, 41, 50]. While these methods “can detect problems with

an MCMC simulation, [...] they cannot prove that the simulation is generating a representative

sample.” [37]

Convergence analysis studies the distance of a Markov chain to stationarity and is traditionally

measured in terms of total variation distance (e.g. [44, 54]), though more recently the Wasserstein

distance has been considered [20, 29, 35, 40]. However, finding upper bounds on either distance

can be quite difficult to establish [19, 24, 37], and if an upper bound is known, it is usually based

on complicated problem-specific calculations [29, 39, 51, 52]. This motivates the desire to instead

estimate convergence bounds from actual simulations of the Markov chain, which we consider here

via common random number (CRN) simulation.

CRN simulation occurs when we initiate two copies of the chain with different values, but

use the same sequence of random variables to simulate a specific random function representation

of the chain (See Section 2 for a formal definition). This simulation method is also sometimes

referred to as synchronous coupling [3, 9, 28] and falls under the general framework of “auxiliary

simulation” [11], i.e. using extra preliminary Markov chain runs to estimate the convergence time

needed in the final run. Estimating Markov chain convergence rates using CRN simulation was

first proposed in [31] to find estimates of mixing times in total variation distance. Further, one

of the first Wasserstein bounds generated on a Markov chain model used CRN in its construction

[20]. More recently, [6] showed how CRN simulation could be used for estimating an upper
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bound on the Wasserstein distance (their Proposition 3.1), and provided useful applications of the

CRN method to high-dimensional and tall data (their Section 4). CRN simulation to estimate

convergence rates has been used on a wide range of applications including Langevin algorithms

[17], stochastic gradient descent [34], stochastic differential equations (SDE) [3], and Hamiltonian

Monte Carlo [7, 22].

The use of CRN to generate tight bounds on the Wasserstein and total variation distance is

promising. In this paper we show that for the Gibbs sampler for a model related to James-Stein

estimators and the variance component model, CRN bounds perform significantly better than drift

and minorization (DnM) bounds (see figures 2 and 5 and commentary in Numerical Example 5.1

for more details). Under certain conditions, [3] and [21] show that CRN is the optimal coupling

of the Wasserstein distance between simulated solutions of SDEs and two random variables in the

L2 metric, respectively. [15] shows that CRN simulation on the independent Metropolis-Hastings

algorithm is the maximal coupling of the total variation distance. [9] shows that the distance

between two reflected Brownian motion processes simulated using CRN converge to 0 almost

surely.

In Theorem 3.2, using CRN simulation, we provide an estimated upper bound between the

Wasserstein distance of a Markov chain and the corresponding stationary distribution when only

the unnormalized density of the stationary distribution is known. Furthermore the 95% confidence

intervals of our estimates in the real data examples are fairly narrow. See Lemma 3.3 and its

implementation in the figures 1, 4, 5 and 6 and tables 6 and 8 for more details.

This paper is organized as follows. In Section 2, we present definitions and notation. In Sec-

tion 3, we establish convergence bounds of a Markov chain to its corresponding stationary distribu-

tion using CRN simulation when the initial distribution is not in stationarity. In Section 4, we apply

Theorem 3.2 to a Gibbs sampler for a model related to the James-Stein estimator and compare the

CRN bound to a DnM and one-shot coupling bound in Real Data Example 4.1. In Section 5 we

apply Theorem 3.2 to a Gibbs sampler for a variance component model and compare the CRN

bound to a DnM bound in Numerical Example 5.1 and another DnM bound in Real Data Example

3



5.1. In Section 6 we apply Theorem 3.2 to a Gibbs sampler for a Bayesian linear regression model.

For each numerical example, we also provide the Gelman-Rubin diagnostic and traceplots for

comparison. While the traceplots all started using the same initial distributions as our numerical

examples, the Gelman-Rubin diagnostics are calculated from an initial distribution that is overdis-

persed with respect to the stationary distribution, so may not be perfectly comparable. Finally,

while the Gelman-Rubin statistic and traceplots aid in determining convergence, they do not prove

that convergence has occurred. Our method, on the other hand, provides an unbiased estimate of

an upper bound on the Wasserstein distance between the distribution of our Markov chain and the

stationary distribution.

The code used to generate all of the tables and calculations can be found at

github.com/sixter/CommonRandomNumber/.

2 Background and Notation

Metrics on distributions Let pX , dq be a Polish metric space and F the associated Borel σ-

algebra. The Lp�Wasserstein distance between distributions π and ν on pX ,Fq is defined as

Wd,ppπ, νq � infX�π,Y�ν ErdpX, Y qps1{p. The Wasserstein space PppX q is the set of Borel prob-

ability measures on the metric space pX , dq such that for any µ P PppX q,
³
X dpx0, xqpµpdxq   8

for some x0 P X . Total variation distance is defined as ||π � ν||TV � infX�π,Y�ν P pX � Y q �
supAPF |πpAq � νpAq|. The total variation distance can be written as a special case of the Wasser-

stein distance, ||π � ν||TV � WdI ,1pπ, νq where dIpX, Y q � IX�Y . If X � Rq, q P N, define the

norm over a vector as ||x||p � p°q
i�1 |xi|pq1{p where p P r1,8q. Define the p-norm over a function

ϕ : X Ñ R as ∥ϕ∥p �
�³

X ϕpxqpdx� 1
p . If X KK Y , then X and Y are independent. If π ! ν, then

π is absolutely continuous with respect to ν.

CRN and Markov chains Define a Markov chain tXnun¥1 in X such that Xn � kθnpXn�1q,
where tθnun¥1 are i.i.d. random variables on some measurable space Θ and random measurable

mappings kθn : X ÞÑ X . The set of random functions kθ1 , kθ2 , . . . is called an iterated function
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system. Any time-homogeneous Markov chain can be represented as an iterated function system

[59]. We can also write Xn � kθnpkθn�1pkθn�2 . . . kθ1px0qqq � kΘnpx0q where Θn � pθ1, . . . , θnq
and θi KK θj , i � j. CRN simulation in this context occurs when we simulate two Markov chains

tXnun¥1 and tYnun¥1 with different initial values x0 � y0, but with the same transition functions.

That is, θn are the same in Xn � kθnpXn�1q and Yn � kθnpYn�1q, n ¥ 1. In different notation,

the Θn is the same in Xn � kΘnpx0q and Yn � kΘnpy0q. See Algorithm 1 for more details. The

stationary distribution of Xn is defined as LpX8q � π.

Distribution functions IGpα, βq represents the inverse gamma distribution with density func-

tion fIGpx | α, βq � βα

Γpαqx
�α�1e�β{x. Npµ, σ2q represents the normal distribution with density

function fNpx | µ, σ2q � 1?
2πσ2

e�
px�µq2

2σ2 . For a distribution ν, the density function is denoted as fν .

3 Estimating Markov chain convergence rates using CRN sim-

ulation

We propose bounding the Lp�Wasserstein distance between the nth iteration of a Markov chain

tXnun¥1 and the corresponding stationary distribution π through CRN simulation. Our main result

is Theorem 3.2. Using CRN simulation as a convergence diagnostic tool was first discussed in [31]

for bounding total variation distance.

We first provide a method for bounding the Wasserstein distance between LpXnq and the corre-

sponding stationary distribution π, Wd,ppLpXnq, πq by proposing an auxiliary random variable Yn.

That is Wd,ppLpXnq, πq is bounded above by the product of the ‘distance’ between π and LpYnq
(K) and ErdpXn, Ynqs.

Theorem 3.1. Let tXnun¥1 and tYnun¥1 be two copies of a Markov chain with stationary distri-

bution π and initial distributions LpY0q � ν, LpX0q � µ where X0 KK Y0. Assume π    ν. Then
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for r ¥ p ¥ 1 and s ¡ 1, the following holds where K � E

��
fπpY0q
fνpY0q

	 s
s�1

� s�1
s

Wd,ppLpXnq, πq ¤ K1{rE rdpXn, Ynqrss
1
rs (1)

See Section 8.2 for a proof.

Remark 1. If we take K � limsÓ1E
��

fπpY0q
fνpY0q

	 s
s�1

� s�1
s

, then from Theorem 3.1 we get that K �
ess supxPX fπpxq{fνpxq and

Wd,ppLpXnq, πq ¤ K1{rE rdpXn, Ynqrs1{r

The case of s Ó 1 can be proven using the rejection sampler or the separation distance (see the

proof of this special case in Section 8.3.1). The use of rejection sampling to generate an upper

bound on the expected distance between a proposal density function ν and a stationary density

function π was motivated by [31], which used rejection sampling to generate similar upper bounds

in total variation distance. This case is used in Lemmas 4.1 and 6.2

Remark 2. Applying dIpX, Y q � IX�Y to Remark 1, and setting p, r � 1, the total variation

distance between a Markov chain and the corresponding stationary distribution is bounded above

as follows,

||LpXnq � π||TV ¤ KP pXn � Ynq (2)

And so, for stopping time τ � mintn : dpXn, Ynq � 0u, ||LpXnq � π||TV ¤ KP pτ ¡ nq.

In many cases, the normalizing constant for fπ is unknown. That is, we only know of a function

gpxq such that 1
L
gpxq � fπpxq where L is unknown. For cases like this, we note that for all x P X

and any B � X ,

fπpxq � gpxq³
X gpxqdx ¤

gpxq³
B
gpxqdx (3)

This upper bound on fπ is used to upper bound K in all of the examples.
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Next we define Algorithm 1, which generates an estimate of ErdpXn, Ynqrss using CRN simu-

lation.

Algorithm 1 An estimate using CRN of ErdpXN , YNqrss � 1
M

°M
i�1 dpxN,i, yN,iqrs

for i � 1, . . . ,M do
x0,i � µ, y0,i � ν where x0,i KK y0,i
for n � 1, . . . , N do

θn � LpΘq
xn,i Ð kθnpxn�1,iq
yn,i Ð kθnpyn�1,iq

end for
end for
return 1

M

°M
i�1 dpxN,i � yN,iqrs

Combining Algorithm 1 with Theorem 3.1, we can simulate an upper bound on the Wasser-

stein distance between the law of a Markov chain at iteration N , LpXNq, and the corresponding

stationary distribution, π, as follows,

Theorem 3.2. Let tXnun¥1 and tYnun¥1 be two copies of a Markov chain with stationary dis-

tribution π, initial distributions LpY0q � ν, LpX0q � µ (X0 KK Y0) and simulated according to

Algorithm 1. Assume π    ν. Then for r ¥ p ¥ 1 and s ¥ 1, the following holds almost surely

for N ¥ 1, where K � E

��
fπpY0q
fνpY0q

	 s
s�1

� s�1
s

and LpXNq,LpYNq P PrspX q.

Wd,ppLpXNq, πq ¤ K1{r
�

lim
MÑ8

1

M

M̧

i�1

dpXN,i, YN,iqrs
� 1

rs

(4)

Proof. Since LpXNq,LpYNq P PrspX q, ErdpXN , YNqrss   8 and so by the strong law of large

numbers, limMÑ8 1
M

°M
i�1 dpXN,i, YN,iqrs a.s.� ErdpXN , YNqrss. By Theorem 3.1, Wd,ppLpXNq, πq ¤

K1{rErdpXN , YNqrss 1
rs

a.s.� K1{r
�
limMÑ8 1

M

°M
i�1 dpXN,i, YN,iqrs

	 1
rs

To optimize this bound we can choose ν that is close to π. If K is very large, we can choose an

r ¥ p such that K1{r is a reasonable value.

Next we state the confidence interval on our bound. We use this confidence interval in figures

1, 4, 5 and 6 and Table 6.
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Lemma 3.3. The 1� α confidence interval on K1{r
�

1
M

°M
i�1 dpXN,i, YN,iqrs

	 1
rs

is

�
K

1
r

�
m� zα{2σm{

?
M
	 1

rs
, K

1
r

�
m� zα{2σm{

?
M
	 1

rs

�

Where m � 1
M

°M
i�1 dpXN,i, YN,iqrs, σ2

m is the sample variance of m and LpXNq,LpYNq P
P2rspX q.

Proof. Since LpXNq,LpYNq P P2rspX q, the variances are finite and we can apply the Central

Limit Theorem. That is, P
�
m� zα{2σm?

M
¤ ErdpXn, Ynqrss ¤ m� zα{2σm?

M

	
� 1 � α. And so,

P

�
K

1
r

�
m� zα{2σm?

M

	 1
rs ¤ K

1
rErdpXn, Ynqrss 1

rs ¤ K
1
r

�
m� zα{2σm?

M

	 1
rs



� 1� α.

The approach of Biswas and Mackey [6] Algorithm 1 closely resembles Algorithm 1 of [6].

Biswas and Mackey show in [6] how CRN simulation can be used to estimate the CUB estimator,

which is defined as follows for a given p P r1,8q,

CUBM,N,T �
�

1

MpT �Nq
M̧

i�1

Ţ

n�N�1

dpXn,i, Yn,iqp
�1{p

(5)

By Corollary 3.2 of [6], under certain regularity conditions, the CUB estimator bounds the

Wasserstein distance between the sample means,

Wd,p

�
L

�
1

pT �Nq
Ţ

n�N�1

Xn,i

�
,L

�
1

pT �Nq
Ţ

n�N�1

Yn,i

��
¤ lim

MÑ8
CUBM,N,T

If we set N, T �N Ñ 8 we obtain a bound on the stationary distributions,

Wd,ppLpX8q,LpY8qq ¤ lim
M,NÑ8,T�NÑ8

CUBM,N,T

In [6], the CUB estimator eventually bounds the Wasserstein distance between the correspond-

ing stationary distributions, but does not tell us precisely when it will happen or by how much. That

is, if the starting points of the two Markov chains are close in distance but are far from stationarity,
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the results from [6] would conclude, for some fixed iteration N , that the distance between the two

chains is close (true), but it would be incorrect to state that the distance to stationarity is close. In

comparison, Theorem 3.2 measures distance to stationarity for any initial distribution on X0 and

iteration N P N.

The approach of Johnson [31] The motivation of Theorem 3.2 comes from [31], which pro-

vides a bound in total variation distance between a Markov chain and its corresponding stationary

distribution using CRN simulation. The following is a simplification of the results with altered

notation to match this paper. For complete details, refer to [31]. For a discussion on when CRN is

applicable within the setting of [31], see [12].

Let τ be a ‘stopping’ time, τ � mintn : dpXn, Ynq ¤ ϵu. Theorem 2 of [31] states that the

total variation between two Markov chains tXnun¥1, tYnun¥1 both with initial distribution ν and

stationary distribution π is as follows,

||π � LpXnq||TV ¤ 2KP pτ ¥ nq �Opϵq

Where K � ess supz
fπpzq
fνpzq . The notation Opϵq means that for some fixed ϵ0 ¡ 0, there exists

an M P N such that for any ϵ P p0, ϵ0q, ||π � LpXnq||TV ¤ 2P pτ¥nq
1�rpπ,νq �Mϵ.

In [31], K � 1
1�rpπ,νq where rpπ, νq is the rejection rate in a rejection sampler with station-

ary distribution π and proposal distribution ν (See Definition 8.2). By Equation 8.2, 1
1�rpπ,νq �

ess supz
fπpzq
fνpzq . Thus, both Theorem 3.2 (with s1 � 1, s2 � 8) and Theorem 2 of [31] require

calculating upper bounds on rpπ, νq. However, Theorem 3.2 estimates an exact upper bound on

the Wasserstein distance while Theorem 2 of [31] estimates an upper bound on the total variation

distance with an unknown component that converges to 0 as ϵÑ 0.

Applying total variation distance to the bound generated by Theorem 3.2 and taking ϵ � 0, we

get a similar result to [31], ||π � LpXnq||TV ¤ KP pτ ¥ nq. See Remark 2 for more details. In

our simulations, exact simulation of dpXn, Ynq � 0 was not realistically attainable, however. This

is why [31] introduces the error ϵ. This points to CRN simulation being a better fit for bounding
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Wasserstein distance compared to total variation distance.

4 Gibbs sampler for a model related to James-Stein estimators

Consider a Gibbs sampler for a model related to the James-Stein estimator, which we will ap-

ply Theorem 3.2 to simulate convergence bounds on the Wasserstein distance. The James-Stein

estimator is similar to a variance component model (Example 5.1), but each θi has only one obser-

vation, Yi. Its significance in the frequentist statistics literature comes from Stein’s paradox, which

proves that for θi the estimator,
�
1� I�2°I

j�1 Y
2
j



�
Yi, has smaller risk than the intuitive estimator,

Yi, when I ¥ 3 [57]. Here, we look at the same model setup, but through a Bayesian statistics

lense. See [48] for more details on this example.

Example 4.1 (A model related to James-Stein estimators). Suppose that we have the following

observed data Y P Rq where

Yi|θi � Npθi, V q

for known V ¡ 0 and unknown θi � Npµ,Aq (θi’s are i.i.d.), where µ has a flat prior and A �
IGpα, βq.

The joint posterior density function of θ⃗, µ, A | Y is proportional to the following equation,

gpθ⃗, µ, A | Y q � fIGpA | α, βq �
q¹

i�1

fNpYi | θi, V q �
q¹

i�1

fNpθi | µ,Aq (6)

The Gibbs sampler for a model related to James-Stein estimators. Algorithm 2 shows how

to apply a Gibbs sampler on this example.

We will bound the Wasserstein distance between a Markov chain and its corresponding station-

ary distribution using Lemma 4.1.

Lemma 4.1. Let tXnun¥1 � pθ⃗n, µn, Anqn¥1 and tX 1
nun¥1 � pθ⃗1n, µ1n, A1

nqn¥1 be two copies of the

Markov chain initialized with θ⃗10 � NqpY⃗ , V Iqq, A1
0 � IGpα�pq� 1q{2, βq, µ10 � Npθ̄10, A1

0q, and
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Algorithm 2 The Gibbs sampler algorithm for a model related to James-Stein estimators.

Initialize pθ⃗0, µ0, A0q
for n � 1, . . . , N do

For each i P 1, . . . , q, generate θn,i|µn�1, An�1, Y � NpYiAn�1�µn�1V
An�1�V

, V An�1

V�An�1
q

Generate µn|θ⃗n, An�1, Y � Npθ̄n, An�1{qq where θ̄n � 1
q

°q
i�1 θn,i

Generate An|θ⃗n, µn, Y � IG
�
α � q�1

2
,
°q

i�1pθn,i�µnq2
2

� β
	

end for

X0 KK X 1
0. Fix p P p1,8s and let π be the corresponding stationary distribution. Then for r ¥ p

Wd,ppLpXnq, πq ¤
�
Γpα � pq � 1q{2qp2πq1{2

βα�pq�1q{2
1

L
ErdpXn, X

1
nqrs


1{r

Where L � ³
B

A�α�1e�β{A

pA�V qq{2 e
1
2

°q
i�1

�
p
Yi
V
�

µ
A
q2

1
V
� 1

A

�Y 2
i
V
�µ2

A

�
dpµ,Aq and B � R� R� is a bounded set.

The proof is in section 8.4.

Real Data Example 4.1. We apply our results to the batting averages (Y ) for 18 (q � 18) major

league baseball players in 1970 [8, 27]. We want to find the estimated upper bound on the Wasser-

stein and total variation distance for a Gibbs sampler applied to the James-Stein estimator using

the baseball data. We set the priors to α � 0.01, β � 2 and V � V arpY q � 0.00485. The initial

value of our Markov chains are independently drawn; X0 � pθ⃗0, µ0, A0q � p100qq�2 and X 1
0 is

distributed according to Lemma 4.1. Using Lemma 4.1, K � 5.9535 and

W||�||1,1pLpXnq, πq ¤ 5.9535Er||Xn �X 1
n||1s

holds almost surely.

Using the CRN technique, we simulated ||Xn � X 1
n||1 one thousand times (M � 1000) over

20 iterations (N � 20). At iteration 1, 1
1000

°1000
i�1 ||X1,i � X 1

1,i||1 � 1994.712. By iteration 9,

1
1000

°1000
i�1 ||X9,i�X 1

9,i||1 � 0.00012. Figure 1 graphs the upper bound of the Wasserstein distance

between LpXnq and π on a log scale. At iteration 9, the bound on the Wasserstein distance first

hits below 0.01 and W||�||1,1pLpX9q, πq ¤ 0.00073.
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Upper bound on W||�||1,1pLpXnq, πq

Figure 1: The upper bound on the Wasserstein distance for the Gibbs sampler model related
to James-Stein estimators. The estimate uses the mean of 1000 simulations and initial value
pθ⃗0, µ0, A0q � p100qq�2. The vertical axis is log scaled. r � 1.

Before we bound the Markov chain and the corresponding stationary distribution in total varia-

tion we introduce Theorem 4.8 of [51], which provides an upper bound in total variation based on

the expected differences between the Markov chains through the constant KTV . This theorem will

also be used to generate the one-shot coupling bound.

Proposition 4.2 (Theorem 4.8 of [51]). For two copies of a Gibbs sampler on a model related to

the James-Stein estimators with flat priors on µ and A, the following holds for q ¥ 3,

}LpXnq � LpX 1
nq}TV ¤ KTVEr|A0 � A1

0|s
�
1

q


n�1

(7)

where KTV � pS{2q q�1
2

Γp q�1
2
q

�
S

q�1

	� q�3
2
e�

q�1
2 and S � °q

i�1pYi � Ȳ q2.

Using Proposition 4.2, we get KTV � 0.0047. Therefore by Lemma 4.11 of [51],

}LpXnq � π}TV ¤ 0.0282Er||Xn �X 1
n||1s

So, by iteration 6, }LpX6q � π}TV ¤ 0.00866.
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We compare our bound to Proposition 4.2 and Theorem 4 of [48], which use one-shot cou-

pling and DnM arguments, respectively, to generate a theoretical bound in total variation. The

methodologies and assumptions are outlined in Table 2.

Method Common random number Drift and minorization One shot coupling

Source Lemma 4.1 Theorem 4 of [48] Proposition 4.2 and

Proposition 6 of [40]

Prior A � IGp0.01, 2q and

fµ91
A � IGp�1, 2q and fµ91 fA91 and fµ91

Bound

}LpXnq � π}TV ¤
0.0282Er|Xn �X 1

n|s
where Xn, X

1
n are

simulated using CRN.

}LpXnq � π}TV ¤
0.967n � p0.935qn�
p1.17�°q

i�1pθi � Ȳ q2q

}LpXnq � π}TV ¤
0.0282
17

Er|A0 � A1|s
�

1
18

�n

Table 2: Theoretical bounds that are benchmarked against the CRN simulated bound. All bounds

have initial value X0 � pθ⃗0, µ0, A0q � p100qq�2. f denotes the density function.

Note the minor variations in the examples, Proposition 4.2 assumes that the prior on A is flat.

In Theorem 4 of [48], the prior on A � IGp�1, 2q with the intent of generating a flat distribution.

In our real data example we set the prior to A � IGp0.01, 2q, which could approximate a flat

distribution. We will assume the minor variations are comparable.

Table 3 and Figure 2 compare the bounds on total variation distance using three different meth-

ods: CRN, DnM, and one-shot coupling. The one-shot coupling bound indicates total variation

distance of less than 0.01 by iteration 5. The DnM bound indicates total variation distance of less

than 0.01 by iteration 249. Thus, the one-shot coupling bounds performs the best closely followed

by the CRN bound and significantly better than the DnM bound.

The bound generated from CRN simulation and one-shot coupling are expected to be very

similar since to generate the geometric convergence rate of the one-shot coupling bound (the 1{18
in table 2) we use CRN (see [28, 51, 52, 59]). This is confirmed by Figure 2 where the CRN bound
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Iteration CRN DnM One-Shot Coupling
1 56.2430 167,409.95 58.6595
2 336.0368 156,528.33 3.2589
3 20.0791 146,354.02 0.1811
4 1.4003 136,841.04 0.0101
5 0.0898 127,946.40 0.0005
6 0.0087 119,629.91 3.1049e-05
7 0.0007 111,853.99 1.7247e-06
8 6.0301e-05 104,583.51 9.5814e-08
9 3.4421e-06 97,785.60 5.3230e-09
10 2.6439e-07 91,429.56 2.9572e-10
. . . . . . . . . . . .
249 1.6957e-307 0.0099 2.7286e-310

Table 3: Comparison of total variation bounds to stationarity for methods outlined in Table 2 of
the Gibbs sampler for a model related to James-Stein estimators. The values for each method that
first reach less than 0.01 are in bold.

Comparison of bounds on ||Lpθ⃗n, µn, Anq � π||TV

Figure 2: Comparison of an upper bound on the total variation distance on the Gibbs sampler for a
model related to James-Stein estimators (Real Data Example 4.1) using a CRN simulated bound, a
DnM bound and a one-shot coupling bound. The CRN estimate uses the mean of 1000 simulations.
For all of the bounds, pθ⃗0, µ0, A0q � p100qq�2.

14



µ

θ1

Y1,1, . . . Y1,J1

θ2

Y2,1, . . . Y2,J2

. . . θI

YI,1, . . . YI,JI

Figure 3: Schema of the variance component model where θi � Npµ, V q, Yij � Npθi,W q. The
parameters W,V, µ are unknown. θi|µ, V KK θj|µ, V and Yi1,j1 |θ⃗,W KK Yi2,j2 |θ⃗,W .

and the one-shot bound are approximately parallel.

Finally, we compare our convergence rates with informal methods in Section 8.1.1. The

Gelman-Rubin statistic is evaluated for each parameter. By iteration 5, the Gelman-Rubin statistic

for all of the parameters graphed is less than 1.05. The traceplot paints a similar picture suggesting

that all parameters have converged by iteration 6. Thus, the CRN bound indicating total variation

distance convergence by iteration 6, is tight.

5 Gibbs sampler for a variance component model

Consider a Gibbs sampler on the variance component model (see [47]), which we will apply The-

orem 3.2 to simulate convergence bounds on the Wasserstein distance. Convergence rate bounds

on the total variation metric for the variance component model have already been discussed in

Theorems 1 of [47, 32, 11].

Example 5.1 (Variance component model a.k.a. random effects model a.k.a. hierarchical model).

Suppose that we have a population that has overall mean µ, which consists of I groups of mean θi �
Npµ, V q and where each group has Ji observations with distribution Yij � Npθi,W q. Conditional

on θ⃗ and W , the Yij’s are independent. Conditional on µ and V , the θi’s are independent. The

parameters µ, θ⃗, V,W are unknown. See Figure 3 for a graphical representation.

Propose the following priors on the unknown parameters where a1, b1, a2, b2, b3 ¡ 0.
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V � IGpa1, b1q W � IGpa2, b2q µ � Npa3, b3q (8)

The unnormalized posterior distribution of pθ⃗, V,W, µq is written as follows,

gpθ⃗, v, w, µq

� fIGpV | a1, b1qfIGpW | a2, b2qfNpµ | a3, b3q
�

I¹
i�1

fNpθi | µ, V q
��

I¹
i�1

Ji¹
j�1

fNpYij | θi,W q
�

We would like to sample from the normalized posterior distribution.

The Gibbs sampler for the variance component model. Algorithm 3 shows how to apply a

Gibbs sampler on this example.

Algorithm 3 A Gibbs sampler algorithm for the variance component model

Initialize pθ⃗0, V0,W0, µ0q � pθ⃗0, v0, w0, µ0q
for n � 1, . . . , N do

Generate Wn|θ⃗n�1 � IG

�
a2 � JI{2, b2 �

°I
i�1

°J
j�1pYij�θn�1,iq2

2



Generate Vn|µn�1, θ⃗n�1 � IG

�
a1 � I{2, b1 �

°I
i�1pθn�1,i�µn�1q2

2

	
Generate µn|Vn, θ⃗n�1 � N

�
a3Vn�b3

°I
i�1 θn�1,i

Vn�Ib3
, Vnb3
Vn�Ib3

	
For each i P I , generate θn,i|Vn,Wn, µn � N

�
µnWn�Vn

°J
j�1 Yij

Wn�JVn
, VnWn

Wn�JVn



end for

Suppose that we have the following proposal density,

fνpθ⃗, V,W, µq �fIGpV | 2a1 � 1, 2b1 � 1qfIGpW | 2a2 � 1, 2b2qfNpµ | a3, b3q
I¹

i�1

fN

�
θi | Ȳi,

W

2Ji




(9)

The following lemma bounds the Wasserstein distance between the variance component model

Gibbs sampler and the stationary distribution using the above proposal distribution.

Lemma 5.1. Let Xn � pθ⃗n, Vn,Wn, µnq and X 1
n � pθ⃗1n, V 1

n,W
1
n, µ

1
nq be two copies of the variance
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component Gibbs sampler initialized with X 1
0 � ν where fν is defined in Equation 9 and X0 KK X 1

0.

Fix p P r1,8q and let π be the corresponding stationary distribution. Then for r ¥ p, b1 ¡ 1{2,

Wd,ppLpXnq, πq ¤ K1{rErdpXn, X
1
nq2rs

1
2r (10)

Where

• K � 1
L
C1C

1{2
2

• L � ³
B
pb�1q�a�1 e

� pµ�a3q
2

2b3 pb�2q�pa
�
2 q dpθ⃗, µq where B � RI�1

• C1 � Γpa1q
Γpa�1 qb

a1
1

Γpa2q
Γpa�2 qb

a2
2
p2πq°I

i�1 Ji{2�pI�1q{2b1{23

• C2 � b
2a1
1

Γpa1q2
Γp2a1�1q

p2b1�1q2a1�1

b
2a2
2

Γpa2q2
Γp2a2�1q
p2b2q2a2�1

ΓpI{2�1q
p±I

i�1 Jiq1{22I�
°I
i�1

JiπT�I{2

ΓpT�1q
ST�1

• a�1 � a1 � I{2 and b�1 � b1 �
°I

i�1pθi�µq2
2

• a�2 � a2 �
°I

i�1 Ji{2 and b�2 � b2 �
°I

i�1

°Ji
j�1

pYij�θiq2
2

• S � °I
i�1p

°Ji
j�1 Y

2
ij � JipȲiq2q and T � °I

i�1 Ji � I{2

The proof is in section 8.5

Note that in Lemma 5.1 the value of K still has an integral, which must be bounded from below,

L � ³
B
gpθ⃗, v, w, µqdpθ⃗, V,W, µq. To address this, we use the adaptIntegrate function in R.

For this variance component model, upper bounds in total variation distance have been estab-

lished. In Real Data Example 5.1, we compare our bounds in Wasserstein distance to the total

variation bounds generated in [32].

[47] also provides an upper bound on the total variation distance between the variance compo-

nent Gibbs sampler model and its corresponding stationary distribution (See Theorem 1 of [47]).

However the constants required to obtain an explicit upper bound are difficult to calculate (see

Remark 6 of [47]). An upper bound in total variation distance for this example is also established
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Cell 1 2 3 4 5
Ȳi -0.80247 -1.0014 -0.69090 -1.1413 -1.0125

Table 4: Summary of simulated data used in [32] (see their Table 1) and in Numerical Example
5.1. I � 5, J � 10,

°5
i�1

°10
j�1pyij � ȳiq2 � 32.990

Hyperparameter a1 b1 a2 b2 a3 b3
From [32] and this paper 2.5 1 1 1 Ȳ 1

Table 5: Hyperparameters used in Numerical Example 5.1 and Table 2 of [32]. Ȳ �
1
IJ

°I
i�1

°J
j�1 Yij

in [11]. Discussions of convergence diagnostics on total variation distance for variations of this

example can be found in [30, 1, 45, 53, 23].

Upper bounds in Wasserstein distance of the variance component model have also already

been discussed. [40] analyzes the variance component model when the prior on µ is µ91 instead

of µ � Npa3, b3q. In particular Proposition 25 of [40] states that if limIÑ8 J2{pI3�δq � 8 for

some δ ¡ 0 and the model is properly specified (condition (E2) in [40]), then the geometric rate

of convergence for this model goes to 0. Proposition 24 of [40] also bounds the total variation

distance in terms of the Wasserstein distance. Discussions of convergence rates for the variance

component model in Wasserstein distance are also presented in [14, 58].

Numerical Example 5.1. We are going to compare our convergence bounds to the bounds from

[32]. The data for this example is simulated in [32] and summarised in Table 4. [32] generates

an upper bound on the total variation distance between a Markov chain and its corresponding

stationary distribution using a DnM bound stated in [46] (see Theorem 12 of [46] and Theorem 3.1

of [32]). The hyperparameters for the DnM bound are defined in Table 5.

Applying Lemma 5.1, K � 48.7818 and the following holds for r � 1,

W||�||1,1pLpXnq, πq ¤ 48.7818E
�p||Xn �X 1

n||1q2
� 1

2

The initial value of X0 � pθ⃗0, V0,W0, µ0q is V0 � IGpa1, b1q, W0 � IGpa2, b2q and pθ⃗0, µ0q �
the initial value defined in [32], Remark 4.1 of [32]. The initial value of X 1

0 satisfies Equation 9.
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Upper bound on W||�||1,1pLpXnq, πq

Figure 4: A Wasserstein distance upper bound on the Gibbs sampler for a variance component
model (Numerical Example 5.1) using CRN. The estimate uses the mean of 1000 simulations with
initial values of µ0, θ⃗0 satisfying the initial values defined in [32] (see their Remark 4.1). The
vertical axis is a log scale.

We simulated p||Xn � X 1
n||1q2 1000 times (M � 1000) using CRN. Figure 4 graphs the esti-

mated upper bound on the Wasserstein distance between the Markov chain and its corresponding

stationary distribution while Table 6 provides the bound estimates and the 99% confidence intervals

using Lemma 3.3.

The CRN bound indicates Wasserstein distance of less than 0.0099 by iteration 9 (W||�||1,1pLpX9q, πq
¤ 0.00359). The bound for [32] indicates total variation distance of less than 0.00999 by iteration

3415 (||LpX3415q�π||TV ¤ 0.00999) (See Table 3 of [32]). Note that the CRN bound is measured

in Wasserstein distance while the bound in [32] is measured in total variation distance. The large

disparity between the DnM and the CRN bound is consistent with the conclusions of [38] that say

that the convergence rate bounds based on single-step DnM tend to be overly conservative.

Finally we compare our convergence rates with informal methods in Section 8.1.2. The trace-

plot (Figure 8) suggests that convergence of µ, V , and W is nearly immediate. The Gelman-Rubin

statistic is evaluated at different iterations in Table 10. By iteration 10, the Gelman-Rubin statistic

is close to or less than 1.05 for V,W , and µ.
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n 1
1000

°1000
m�1p||Xn,m �X 1

n,m||1q2 99% lower C.I. Estimated bound 99% upper C.I.
1 397506.3 0 3075.601 55941.57
2 6.0002 112.7212 119.4924 125.8998
3 0.1835 17.3169 20.8980 23.9495
4 0.0076 3.2230 4.2734 5.1123
5 0.0004 0.7855 0.9132 1.0251
6 2.4539e-05 0.1837 0.2417 0.2881
7 1.4015e-06 0.0441 0.0578 0.0687
8 1.0485e-07 0.0114 0.0158 0.0192
9 5.4138e-09 0.0027 0.0036 0.0043

Table 6: Wasserstein bound estimates and confidence intervals for the variance component model,
Numerical Example 5.1.

Hyperparameter a1 b1 a2 b2 a3 b3
From [11] 0.5 1 1 0 0 1012

This paper 0.5 1 1 1 0 1012

Table 7: Hyperparameters used in Real Data Example 5.1 and [11] (See their Section 4). The
hyperparameters follow the same notation as in Equation 8.

Real Data Example 5.1. We are given the yield of dyestuff from 6 batches of 5 yield measure-

ments in grams (ie. I � 6 and J � 5). This data was published in Davies [13]. The data can be

structured as a variance component model where θi represents the mean yield for batch i.

We are going to compare our Wasserstein bound to the total variation bound from [11]. [11]

generates an upper bound on the total variation distance between a Markov chain and its corre-

sponding stationary distribution using a modified version of the popular DnM condition stated in

[46] (see Theorem 12 of [46] and Proposition 1 of [11]) and estimates the required DnM param-

eters (Λ, λ, ϵ) using simulation. The hyperparameters for the DnM bound are defined in Table

7.

In our comparison, we will first generate an upper bound on the Wasserstein distance between

the Markov chain and the corresponding stationary distribution. Next, we will generate an upper

bound on the total variation distance based on the Wasserstein distance using Proposition 24 of

[40].

Proposition 24 of [40] will be used to bound the total variation distance given the Wasserstein

distance. Note that in [40], the prior on µ � 1 is flat. Since in this example µ � Np0, 1012q, we
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assume that they are the same.

Proposition 5.2 (Proposition 24 of [40]). Let Xn be a variance component Gibbs sampler gener-

ated according to the priors of V � IGpa1, b1q,W � IGpa2, b2q, and µ91. Assume that I ¥ 2.

Then for each n ¥ 1 and X0 � pθ⃗0, V0,W0, µ0q P RI � R� � R� � R,

||LpXnq � π||TV ¤ KTVW||�||1,1pLpXn�1q, πq (11)

where KTV � pc1 � c2qJ3{2I and

• c1 � 2
I

�
I
2
� a1

� �
1�

b
2
b1

1
I
� 1

2b1I2

	I{2�a1�1 �b
2
b1
� 1

b1I

	

• c2 � 2
IJ3{2

�
IJ
2
� a2

� �
1� 2?

b2IJ
� 1

b2I2J2

	IJ{2�a2�1 �
2
b

J
b2
� 2

b2
?
JI

	

We bound the whole chain in Proposition 5.2 pθ⃗n, Vn,Wn, µnq rather than the marginal chain

pθ⃗n, µnq as presented in Proposition 24 of [40] due to de-initialization properties [43]. See section

5.1 of [40] for more details.

Applying R simulation to Lemma 5.1, we calculate K � 0.00198. The following holds,

W||�||1,1pLpXnq, πq ¤ 0.00198E
�p||Xn �X 1

n||1q2
� 1

2

Applying Proposition 5.2, KTV � 611.4339 and so,

||LpXnq � π||TV ¤ 1.21338E
�p||Xn �X 1

n||1q2
� 1

2

The initial value of X0 is θ⃗0 � the initial values defined in Equation 9 of [11], V0 � IGpa1, b1q,
W0 � IGpa2, b2q and µ0 � Ȳ . The initial value of X 1

0 is distributed according to Equation 9.

We simulated Xn and X 1
n 500 times (M � 500) using CRN. Figure 5 graphs the estimated

upper bound on the total variation distance between the Markov chain and its corresponding sta-

tionary distribution. Table 8 provides the total variation bound estimates and the 99% confidence

intervals using Lemma 3.3.
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Comparison of bounds on ||LpXnq � π||TV

Figure 5: Comparison of total variation distance upper bounds on the Gibbs sampler for a variance
component model (Real Data Example 5.1) using CRN simulation and a DnM bound. The CRN
estimate uses the mean of 500 simulations. The initial values of X0 satisfy Equation 9 in [11].

n 1
500

°500
m�1p||Xn,m �X 1

n,m||1q2 99% lower C.I. CRN 99% upper C.I. DnM
10 3.1983e+11 0 686202.5 1210249 1.7888
50 574231.3 413.0225 919.4749 1232.997 1.7821

100 61787.44 0 301.6105 483.7103 1.7737
250 10979.74 0 127.1430 231.2048 1.7490
461 9.0992e-06 0 0.0037 0.0067 1.7149

Table 8: Total variation bound estimates and confidence intervals for the variance component
model, Real Data Example 5.1. Comparison of the estimated total variation bound using CRN
with the total variation bound generated from [11], which was calculated using DnM.

The CRN bound indicates total variation distance of less than 0.01 by iteration 461 (||LpX461q�
π||TV ¤ 0.0037). The DnM bound indicates total variation distance of less than 0.01 by iteration

98, 750 (||LpX98,750q � π||TV ¤ 0.0072). The two bounds are compared in Figure 5 and Table 8.

The large disparity between the DnM and the CRN bound is consistent with the conclusions of [38]

that say that the convergence rate bounds based on single-step DnM tend to be overly conservative.

See Figure 5 for a graphical comparison between the two bounds.

Finally we compare our convergence rates with informal methods in Section 8.1.3. The tra-

ceplot (Figure 9) suggests that convergence of µ, V , and W to stationarity occurs after the first
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few iterations (the variance of µ seems to slightly increase with n, however). The Gelman-Rubin

statistic is evaluated at different iterations in Table 12. By iteration 250, the Gelman-Rubin statistic

is close to or less than 1.05 for V,W , µ, and θ1.

6 Gibbs sampler for a Bayesian linear regression model

Consider a Gibbs sampler for the Bayesian linear regression model with semi-conjugate priors (see

Chapter 5 of [41]) for which we will apply Theorem 3.2 to simulate convergence bounds on the

Wasserstein distance. For this particular example, we can also provide an upper bound on the total

variation distance given the Wasserstein distance using similar calculations as [51].

Example 6.1 (Bayesian linear regression model). Suppose that we have the following observed

data Y P Rk and X P Rk�q where

Y |β, σ2 � NkpXβ, σ2Ikq

for unknown parameters β P Rq, σ2 P R�. Suppose that we apply the prior distributions on the

unknown parameters,

β � Nqpβ0,Σβq σ2 � IG

�
υ0
2
,
υ0c

2
0

2



.

The joint posterior density function of β, σ2|Y,X is proportional to the following equation,

gpβ, σ2q (12)

� 1

pσ2qpk�υ0q{2�1
exp

�
� 1

2σ2
pY �XβqT pY �Xβq � 1

2
pβ � β0qTΣ�1

β pβ � β0q � υ0c
2
0

2σ2



.

(13)

The Gibbs sampler on the Bayesian linear regression model is based on the conditional poste-

rior distributions of βn, σ
2
n and is defined as follows initialized at β0, σ

2
0:
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1. βn|σ2
n�1, Y,X � Nqpβ̃σ2

n�1
, Vβ,σ2

n�1
q

2. σ2
n|βn, Y,X � IG

�
k�υ0
2

, 1
2

�
υ0c

2
0 � pY �XβnqT pY �Xβnq

��
where

Vβ,σ2
n�1

�
�

1

σ2
n�1

XTX � Σ�1
β


�1

, β̃σ2
n�1

� Vβ,σ2
n�1

�
1

σ2
n�1

XTY � Σ�1
β β0



.

Replacing βn � β̃σ2
n�1

� V
1{2
β,σ2

n�1
Zn, where Zn � Nqp0, Iqq into the equation for σ2

n and with

IGn � IGpk�υ0
2

, 1q, we get that

σ2
n|σ2

n�1, Y,X �
�
�υ0c

2
0

2
�
pXβ̃σ2

n�1
� Y �XV

1{2
β,σ2

n�1
ZnqT pXβ̃σ2

n�1
� Y �XV

1{2
β,σ2

n�1
Znq

2

�
� IGn

(14)

where pZn, IGnqn are independent for all n.

Although the Markov chain may be high-dimensional in βn, special properties of this Gibbs

sampler allow us to upper bound the total variation distance between the law of two joint Markov

chains, Lpσ2
n, βnq and Lpσ2

8, β8q � π, in terms of the L1 distance between σ2
n and σ2

8 only.

Lemma 6.1. The total variation distance between Lpβn, σ
2
nq and the corresponding stationary

distribution, π, can be bounded by the expected distance as follows,

∥∥Lpβn, σ
2
nq � π

∥∥
TV ¤

pk � υ0q2
2υ0c20

Er|σ2
n�1 � σ2

8|s

The proof is in section 8.6.

Lemma 6.1 shows that total variation distance can ignore the difference between βn and β1n.

The Wasserstein distance, on the other hand, must take into account the distances between both

βn, β
1
n and σ2

n, σ
21

n as shown below.

Lemma 6.2. Let pβn, σ
2
nqn¥1 and pβ1n, σ12

n qn¥1 be two copies of the Markov chain with σ
12
0 �

IGpα1, β1q and β10 � Nqpβ0,Σβq where α1 � pk � υ0q{2 � 2 and β1 � υ0c
2
0{2. Fix p P r1,8q and
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let π be the corresponding stationary distribution. Then for r ¡ p

Wd,ppLpβn, σ
2
nq, πq ¤

�
C

L
Erdppβn, σ

2
nq, pβ1n, σ12n qqrs


1{r

Where

• C � 16Γppk�υ0q{2�2qp2πqq{2 detpΣβq1{2
Γppk�υ0q{2qppY�Xβ̂qT pY�Xβ̂qq2pυ0c20{2qpk�υ0q{2�2

e2

• L � ³
B

e
� 1

2 pβ�β0q
TΣ�1

β
pβ�β0q

pυ0c20{2�pY�XβqT pY�Xβq{2qpk�υ0q{2
dpβq and B � Rq � R� is a bounded set.

The proof is in Section 8.6

Convergence diagnostics for variations of the Bayesian linear regression Gibbs sampler can

be found in [51, 42, 55, 4, 25, 18, 5]. However, we could not find any explicit bounds on this

version of the Gibbs sampler for a Bayesian linear regression (ie. the bounds were applied to more

simpler examples or the analysis did not provide an explicit bound). Using example 6.1 notation,

the papers [51, 42, 55] assume that Σβ � σ2Σ where Σ is known. That is, the variance of Y

and the variance of β are proportionally the same. Putting the results of [51] and [42] together,

it is shown that the geometric convergence rate that is generated when using one-shot coupling

is the actual geometric convergence rate (see Theorem 3.1 of [42] compared with Theorem 4.4

of [51]). The actual geometric convergence rate is calculated using the spectral gap in [42]. The

papers ([4, 25]) assume that the error of Y |β, σ2 are non-Gaussian (to take into account outliers)

and provide sufficient conditions for geometric ergodicity with respect to k (dimension of Y ) and

q (dimension of β). [18] tells us that the Bayesian regression Gibbs sampler with semi-conjugate

priors is geometrically ergodic regardless of the size of k compared to q. Finally, [5] generates

upper bounds in total variation between two copies of a linear regression Gibbs sampler model.

The model in [5] adds slightly more complexity to example 6.1 by taking Σβ as random. Similar

to our results, the chains converge quickly.

Using Lemma 6.2 we show how an upper bound on the convergence rate in Wasserstein dis-

tance can be simulated in Real Data Example 6.1. We further provide an estimate of the upper
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bound in total variation using Lemma 6.1.

Real Data Example 6.1. Suppose that we are interested in evaluating the carbohydrate consump-

tion (Y) by age, relative weight, and protein consumption (X) for twenty male insulin-dependent

diabetics. For more information on this example, see Section 6.3.1 of [16].

We want to find the estimated upper bound on the Wasserstein and total variation distance to

stationarity for a Bayesian linear regression Gibbs sampler. In this case, there are 20 observed

values and 4 parameters (k � 20, q � 4). We set the priors to β0 � 0⃗, Σβ � I4, υ0 � 6, c20 � 140.

The initial values of our Markov chains are σ2
0 � 100, β0 � N4p0, I4q, σ12

0 � IGp11, 420q and

β10 � N4p0, I4q. We can apply Lemma 6.2 as follows, where K � 1025971 and r � 5.

W||�||1,1pLpσ2
n, βnq, πq ¤ 15.93Er||pσ2

n, βnq � pσ21

n , βnq||51s1{5

holds almost surely.

By Lemma 6.1 the total variation distance is bounded above by pk�υ0q2
2υ0c20

� 0.40238 times the

expected distance between σ2
n and σ2

8 and so,

||Lpσ2
n, βnq � π||TV ¤ 6.41E

�
||pσ2

n, βnq � pσ21

n , βnq||51
�1{5

Using CRN simulation, we simulated ||pσ2
n, βnq�pσ21

n , βnq||1 ten thousand times (M � 10000)

over 100 iterations (N � 100). Figure 6 graphs the upper bound on the total variation distance.

By iteration 58, the total variation distance first hits below 0.01, ||Lpσ2
58, β58q�π||TV ¤ 0.0016.

In comparison, the Gelman-Rubin statistic first hits below 1.05 at iteration 49 (see Figure 10) and

the traceplot suggests convergence after the first few iterations (see Figure 11).

7 Acknowledgement

We thank the referees for their many excellent comments and suggestions. This research was

partially funded by the National Science and Engineering Research Council of Canada (NSERC).

26



Upper bound on ||Lpσ2
n, βnq � π||TV

Figure 6: Total variation distance upper bound on the Gibbs sampler for a linear regression model
(Real Data Example 6.1) using CRN. The estimate uses the mean of 10000 simulations with initial
values σ2

0 � 100 and β0 � Np0, Iqq. The vertical axis is log-scaled and r � 5.
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8 Appendix

8.1 Convergence diagnostics

8.1.1 Real Data Example 4.1

Gelman-Rubin statistic

Traceplot for iterations 1 ¤ n ¤ 10

Figure 7: Gelman-Rubin statistic and traceplot for Real Data Example 4.1
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8.1.2 Numerical Example 5.1

Iteration V W µ

10 1.064556 1.046249 1.062693

20 1.026606 1.021977 1.034042

30 1.017409 1.013104 1.021825

40 1.013610 1.011070 1.014756

50 1.010736 1.008834 1.011396

60 1.009296 1.007351 1.010150

Table 10: Gelman-Rubin statistic at various iterations for Real Data Example 5.1. The range of µ

is -2 to 0.

Traceplot

Figure 8: Traceplot for µ, V , and W for Real Data Example 5.1
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8.1.3 Real Data Example 5.1

n V W µ θ1

50 1.186270 2.052273 2.984139 2.792903

100 1.095662 1.591515 1.597947 1.587649

150 1.083923 1.454056 1.241374 1.215334

200 1.062822 1.208700 1.086050 1.097018

250 1.054723 1.074812 1.038007 1.056482

Table 12: Gelman-Rubin statistic at various iterations for Real Data Example 5.1. The range of

V is p0.5, 3.5q, W is 1000, 20000, and µ, θ1 is p1400, 1600q. Note that because the range of initial

values to calculate the Gelman-Rubin statistic is larger than the initial values in our bound, the

convergence rates cannot be blindly compared. Rather, the Gelman-Rubin statistic indicates that

the chains move relatively slowly.

Traceplot

Figure 9: Traceplot for µ, V , and W for Real Data Example 5.1
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8.1.4 Real Data Example 6.1

Gelman-Rubin statistic

Figure 10: Gelman-Rubin statistic of σ2
n.

Figure 11: Traceplot of 10 simulations of σ2
n where σ2

0 � 100.
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8.2 Proof of Theorem 3.1

Proof of Theorem 3.1. Let Xn, Yn be two copies of the Markov chain such that Xn � kΘnpX0q and

Yn � kΘ1
n
pY0q (see Section 2 for more details on the notation). If X8 � π, then kΘ1

n
pX8q � π.

First we show that ErdpXn, X8qrs � E
�
dpXn, Ynqr dπpY0q

dνpY0q

�
where dπpY0q{dνpY0q � fπpY0q{fνpY0q

and dπ{dν is the Radon-Nikodym derivative.

ErdpXn, X8qrs (15)

� ErErdpkΘnpX0q, kΘ1
n
pX8qqr | X0,Θn,Θ

1
nss (16)

� E

�»
X
dpkΘnpX0q, kΘ1

n
pyqqrdπpyq

�
(17)

� E

�»
X
dpkΘnpX0q, kΘ1

n
pyqqrdπpyq

dνpyqdνpyq
�

(18)

� E

�
E

�
dpkΘnpX0q, kΘ1

n
pY0qqrdπpY0q

dνpY0q
�� X0,Θn,Θ

1
n

��
(19)

� E

�
dpXn, YnqrdπpY0q

dνpY0q
�

(20)

By Holder’s inequality, for s ¡ 1 and K � E

��
dπpY0q
dνpY0q

	 s
s�1

� s�1
s

.

ErdpXn, X8qrs � E

�
dpXn, YnqrdπpY0q

dνpY0q
�
¤ KE rdpXn, Ynqrss

1
s (21)

Thus, the Lr-Wasserstein distance is bounded above as follows,

Wd,rpLpXnq, πq ¤ ErdpXn, X8qrs 1r ¤ K
1
rE rdpXn, Ynqrss

1
rs (22)

Finally by Remark 6.6 of [56], for p ¤ r, Wd,ppLpXnq, πq ¤ Wd,rpLpXnq, πq and so, by Equation

22,

Wd,ppLpXnq, πq ¤ Wd,rpLpXnq, πq ¤ K
1
rE rdpXn, Ynqrss

1
rs
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8.3 Alternative proof of Theorem 3.1 when s � 1

First we define essential supremum and infimum.

Let f : X Ñ R be a function and λ be the Lebesgue measure. The essential supremum is the

smallest value a P R such that λpx | fpxq   aq � 1. More formally, ess supx fpxq � infaPRta |
λpx | fpxq ¡ aq � 0u. The essential infimum is likewise the largest value a P R such that

λpx | fpxq ¡ aq � 1. Or, ess infx fpxq � supaPRta | λpx | fpxq   aq � 0u [36].

8.3.1 Rejection rate and separation distance

We will define rejection sampling and separation distance and show how they are related.

Definition 8.1 (Rejection sampling). Suppose that we have a target distribution π, which we want

to sample from, but is difficult to do, and we have a proposal distribution ν that is easier to sample

from. Suppose also that for the corresponding density functions fπpxq and fνpxq, fνpxq � 0 ùñ
fπpxq � 0, where x P X and that K � ess supxPX fπpxq{fνpxq. To generate a random variable

X8,LpX8q � π we do the following,

1. Sample X � ν and U � Unifp0, 1q independently.

2. If U ¤ 1
K

fπpXq
fνpXq then accept X as a draw from π. Otherwise reject X and restart from step 1.

Definition 8.2 (Rejection sampler rejection rate). For the rejection sampler algorithm defined

above, denote the event A � tX is accepted as a draw from πu. The rejection rate is rpπ, νq �
1� P pAq � 1� 1{K where K � ess supxPX fπpxq{fνpxq.

Proof. See Section 11.2.2 of [49].

We further define the separation distance on the continuous state space X as follows. Separa-

tion distance was first defined in [2] for discrete state spaces. We use the definition of separation

distance defined in [10] where the density functions are known.
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Definition 8.3 (Separation distance (Remark 5 of [10])). Let ν and π be two probability distribu-

tions defined on the same measurable space pX ,Fq with densities fν and fπ such that for x P X ,

fπpxq � 0 ùñ fνpxq � 0. The separation distance is spπ, νq � ess supx

�
1� fνpxq

fπpxq

	
.

It turns out that the separation distance and the rejection rate of the rejection sampler are the

same.

Lemma 8.1. Let ν and π be two distributions defined on the same measurable space pX ,Fq. If fν

is the proposal density and fπ is the target density in a rejection sampler, then the rejection rate

equals the separation distance,

spπ, νq � rpπ, νq

Proof.

spπ, νq � ess sup
xPX

�
1� fνpxq

fπpxq


� 1� ess inf

xPX
fνpxq
fπpxq

� 1� 1

ess supxPX
fπpxq
fνpxq

� 1� 1

K
� rpπ, νq

Alternative proof of Theorem 3.1 for when s1 � 1, s2 � 8. In this proof, we use rejection sam-

pling, which is similar to the proof method presented in [31]. Let Xn, Yn be two copies of the

Markov chain and A � tAccept Y0 as a draw from πu. Recall from Definition 8.2 that 1� 1{K �
rpπ, νq � 1� P pAq and so P pAq � 1{K. Note that LpY0|Aq � π and so, LpYn|Aq � π.

ErdpXn, Ynqps � ErdpXn, Ynqp | AsP pAq � ErdpXn, Ynqp | AcsP pAcq

¥ ErdpXn, X8qpsP pAq

¥ ErdpXn, X8qps 1
K
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Thus for K � ess supxPX fπpxq{fνpxq,

Wd,ppLpXnq, πq ¤ ErdpXn, X8qps ¤ KErdpXn, Ynqps

Further note that by combining Definition 8.2 and Lemma 8.1 we can write K as follows

K � 1

1� spπ, νq �
1

1� rpπ, νq

8.4 Proof of lemma related to the Gibbs sampler for a James-Stein estimator

Proof of Lemma 4.1. First note that the density function of ν is as follows,

fνpθ⃗, µ, Aq

�
�

q¹
i�1

1?
2πV

e�pYi�θiq2{p2V q
��

βα�pq�1q{2

Γpα � pq � 1q{2qA
�α�pq�1q{2�1e�β{A


�
1?
2πA

e�pµ�θ̄q{p2Aq



Next, we want to calculate the supremum of the ratios where the function g is defined as in

Equation 6.

sup
pθ⃗,µ,AqPRq�1�R�

gpθ⃗, µ, Aq
fνpθ⃗, µ, Aq

� sup
pθ⃗,µ,AqPRq�1�R�

�±q
i�1

1?
2πA

e�pθi�µq2{p2Aq
	

βα

ΓpαqA
�α�1e�β{A�

1?
2πA

e�pµ�θ̄q2{p2Aq
	

βα�pq�1q{2

Γpα�pq�1q{2qA
�α�q{2�1{2�1e�β{A

� Γpα � pq � 1q{2q
Γpαq

1

p2πβqpq�1q{2 sup
pθ⃗,µ,AqPRq�1�R�

erpθ̄�µq2�°q
i�1pθi�µq2s{p2Aq

� Γpα � pq � 1q{2q
Γpαqp2πβqpq�1q{2

The last equality follows since pθ̄ � µq2 ¤ °q
i�1pθi � µq2 by Jensen’s inequality.
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Next we partially calculate
³
Rq�1�R� gpθ⃗, µ, A | Y qdpθ⃗, µ, Aq.

»
Rq�1�R�

gpθ⃗, µ, A | Y qdpθ⃗, µ, Aq

�
»
Rq�1�R�

βα

ΓpαqA
�α�1e�β{A 1

p2πV qq{2p2πAqq{2
�

q¹
i�1

e�pθi�Yiq2{p2V q�pθi�µq2{p2Aq
�
dpθ⃗, µ, Aq

�
»
Rq�1�R�

βα

ΓpαqA
�α�1e�β{A 1

p2πqqpAV qq{2
�

q¹
i�1

e�0.5rpθ2i�2θiYi�Y 2
i q{V�pθ2i�2θiµ�µ2q{As

�
dpθ⃗, µ, Aq

�
»
Rq�1�R�

βα

ΓpαqA
�α�1e�β{A 1

p2πqqpAV qq{2
�

q¹
i�1

e
�0.5

�
θ2i p 1

V
� 1

A
q�2θipYiV � µ

A
q�pY

2
i
V
�µ2

A
q
��

dpθ⃗, µ, Aq

�
»
Rq�1�R�

βα

ΓpαqA
�α�1e�β{A e

� 1
2

°q
i�1p

Y 2
i
V
�µ2

A
q

p2πqqpAV qq{2

�
� q¹

i�1

e
�0.5p 1

V
� 1

A
q
�
θ2i�2θi

Yi
V
�

µ
A

1
V
� 1

A

��

dpθ⃗, µ, Aq

�
»
R�R�

βα

ΓpαqA
�α�1e�β{A 1

p2πqqpAV qq{2 e
� 1

2

°q
i�1p

Y 2
i
V
�µ2

A
qe

1
2

°q
i�1

p
Yi
V
�

µ
A
q2

1
V
� 1

A

�
2π

1

p 1
V
� 1

A
q

q{2

dpµ,Aq

�
»
R�R�

βα

ΓpαqA
�α�1e�β{A 1

p2πqqpAV qq{2 e
� 1

2

°q
i�1p

Y 2
i
V
�µ2

A
qe

1
2

°q
i�1

p
Yi
V
�

µ
A
q2

1
V
� 1

A

�
2π

AV

A� V


q{2
dpµ,Aq

�
»
R�R�

βα

ΓpαqA
�α�1e�β{A 1

p2πqq{2pA� V qq{2 e
� 1

2

°q
i�1p

Y 2
i
V
�µ2

A
qe

1
2

°q
i�1

p
Yi
V
�

µ
A
q2

1
V
� 1

A dpµ,Aq

�
»
R�R�

βα

ΓpαqA
�α�1e�β{A 1

p2πqq{2pA� V qq{2 e
1
2

°q
i�1

�
p
Yi
V
�

µ
A
q2

1
V
� 1

A

�Y 2
i
V
�µ2

A

�
dpµ,Aq

Thus we get that

1³
Rq�1�R� gpθ⃗, µ, A | Y q

dpθ⃗, µ, Aq

� Γpαqp2πqq{2
βα

1

³
R�R�

A�α�1e�β{A

pA�V qq{2 e
1
2

°q
i�1

�
p
Yi
V
�

µ
A
q2

1
V
� 1

A

�Y 2
i
V
�µ2

A

�
dpµ,Aq
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So

K � 1³
B
gpθ⃗, µ, Aqdpθ⃗, µ, Aq

sup
pθ⃗,µ,AqPRq�1�R�

gpθ⃗, µ, Aq
fνpθ⃗, µ, Aq

¤ Γpαqp2πqq{2
βα

1

³
R�R�

A�α�1e�β{A

pA�V qq{2 e
1
2

°q
i�1

�
p
Yi
V
�

µ
A
q2

1
V
� 1

A

�Y 2
i
V
�µ2

A

�
dpµ,Aq

Γpα � pq � 1q{2q
Γpαqp2πβqpq�1q{2

� Γpα � pq � 1q{2qp2πq1{2
βα�pq�1q{2

1

³
R�R�

A�α�1e�β{A

pA�V qq{2 e
1
2

°q
i�1

�
p
Yi
V
�

µ
A
q2

1
V
� 1

A

�Y 2
i
V
�µ2

A

�
dpµ,Aq

Let L � ³
R�R�

A�α�1e�β{A

pA�V qq{2 e
1
2

°q
i�1

�
p
Yi
V
�

µ
A
q2

1
V
� 1

A

�Y 2
i
V
�µ2

A

�
dpµ,Aq. Then by Equation 3 coupled with

Remark 1, for r ¥ p

Wd,ppLpXnq, πq ¤
�
Γpα � pq � 1q{2qp2πq1{2

βα�pq�1q{2
1

L
ErdpXn, Ynqrs


1{r
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8.5 Proof of lemma related to the Gibbs sampler for a the variance compo-

nent model

Proof of Lemma 5.1. First note that the unnormalized joint density function of pθ⃗, V,W, µq is writ-

ten as follows (fπpθ⃗, V,W, µq � 1
L
gpθ⃗, V,W, µq where L is unknown),

gpθ⃗, V,W, µq �
�

ba11
Γpa1qe

�b1{V V �a1�1


�
ba22

Γpa2qe
�b2{WW�a2�1


�
1?
2πb3

e
� pµ�a3q

2

2b3



�

I¹
i�1

1?
2πV

e�
pθi�µq2

2V

��
I¹

i�1

Ji¹
j�1

1?
2πW

e�
pYij�θiq

2

2W

�

� fIGpV | a1, b1qfIGpW | a2, b2qfNpµ | a3, b3q
�

I¹
i�1

fNpθi|µ, V q
�

�
I¹

i�1

Ji¹
j�1

fNpYij|θi,W q
�

For the variance component model, we will use Theorem 3.1 and set s � 2 (so, s
s�1

� 2).

Denote L as a lower bound on
³
RI�R��R��R gpθ⃗, V,W, µqdpθ⃗, V,W, µq. We want to find

K �
�
�»

RI�1�R2
�

�
fπpθ⃗, V,W, µq
fνpθ⃗, V,W, µq

�2

fνpθ⃗, V,W, µqdpθ⃗, V,W, µq
�



1{2

�
�
�»

RI�1�R2
�

�
1

L

gpθ⃗, V,W, µq
fνpθ⃗, V,W, µq

�2

fνpθ⃗, V,W, µqdpθ⃗, V,W, µq
�



1{2

� 1

L

�»
RI�1�R2

�

gpθ⃗, V,W, µq2
fνpθ⃗, V,W, µq

dpθ⃗, V,W, µq
�1{2

Step 1: Find an upper bound on
³
RI�1�R2

�

gpθ⃗,V,W,µq2
fνpθ⃗,V,W,µqdpθ⃗, V,W, µq

To find an upper bound on the integral of the ratio, note the following ratios,
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fIGpV | a1, b1q2
fIGpV | 2a1 � 1, 2b1 � 1q �

�
b
a1
1

Γpa1qe
�b1{V V �a1�1

	2

p2b1�1q2a1�1

Γp2a1�1q e�p2b1�1q{V V �p2a1�1q�1

�
b
2a1
1

Γpa1q2 e
�2b1{V V �2a1�2

p2b1�1q2a1�1

Γp2a1�1q e�p2b1�1q{V V �2a1�2

� b2a11

Γpa1q2
Γp2a1 � 1q
p2b1 � 1q2a1�1

e�1{V

fIGpW | a2, b2q2
fIGpW | 2a2 � 1, 2b2q �

�
b
a2
2

Γpa2qe
�b2{WW�a2�1

	2

p2b2q2a2�1

Γp2a2�1q e
�2b2{WW�2a2�1�1

�
b
2a2
2

Γpa2q2 e
�2b2{WW�2a2�2

p2b2q2a2�1

Γp2a2�1q e
�2b2{WW�2a2�2

� b2a22

Γpa2q2
Γp2a2 � 1q
p2b2q2a2�1
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±I
i�1

±Ji
j�1 fNpYij | θi,W q2±I

i�1 fNpθi | Ȳi,
W
2Ji
q �

±I
i�1

±Ji
j�1

1
2πW

e�
2pYij�θiq

2

2W±I
i�1

1b
2π W

2Ji

e�
2JipȲi�θiq

2

2W

�
±I

i�1
1

p2πW qJi e
�
°Ji
j�1

pYij�θiq
2

W±I
i�1

1?
πW {Ji

e�
JipȲi�θiq

2

W

�
I¹

i�1

1
p2πW qJi e

�
°Ji
j�1

Y 2
ij�2Yijθi�θ2i

W

1
pπW {Jiq1{2 e

�JipȲiq
2�2JiȲiθi�Jiθ

2
i

W

�
I¹

i�1

1

pJiq1{22JipπW qJi�1{2 e
JipȲiq

2�
°Ji
j�1

Y 2
ij

W

� 1

p±I
i�1 Jiq1{22

°I
i�1 JipπW q°I

i�1 Ji�I{2 e
°I
i�1pJipȲiq

2�
°Ji
j�1

Y 2
ijq

W

� 1

p±I
i�1 Jiq1{22

°I
i�1 JipπW qT e

�S
W

where S � °I
i�1p

°Ji
j�1 Y

2
ij � JipȲiq2q and T � °I

i�1 Ji � I{2.

We evaluate the following integral, which will be used evaluating the integral of gpθ⃗,V,W,µq2
fνpθ⃗,V,W,µq
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»
RI

I¹
i�1

fNpθi | µ, V q2dθ⃗ �
I¹

i�1

»
R

�
1?
2πV

e�
pθi�µq2

2V


2

dθi

� 1

p2πV qI
I¹

i�1

»
R
e�

pθi�µq2

V dθi

� 1

p2πV qI
I¹

i�1

»
R
e�

pθi�µq2

2pV {2q dθi

� 1

p2πV qI
I¹

i�1

a
2πpV {2q

� 1

p2πV qI pπV q
I{2

� 1

2IpπV qI{2

Next, we put all of the ratios together.

We first integrate with respect to θ⃗.

41



»
RI�1�R2

�

gpθ⃗, V,W, µq2
fνpθ⃗, V,W, µq

dpθ⃗, V,W, µq

�
»
RI�1�R2

�

�
fIGpV | a1, b1qfIGpW | a2, b2qfNpµ | a3, b3q

�±I
i�1 fNpθi | µ, V q

		2

fIGpV | 2a1 � 1, 2b1 � 1qfIGpW | 2a2 � 1, 2b2qfNpµ | a3, b3q±I
i�1

±Ji
j�1 fNpYij | θi,W q2±I

i�1 fNpθi | Ȳi,W {2Jiq
dpθ⃗, V,W, µq

�
»
RI�1�R2

�

b2a11

Γpa1q2
Γp2a1 � 1q
p2b1 � 1q2a1�1

e�1{V b2a22

Γpa2q2
Γp2a2 � 1q
p2b2q2a2�1

fNpµ | a3, b3q
I¹

i�1

fNpθi | µ, V q2

1

p±I
i�1 Jiq1{22

°I
i�1 JipπW qT e

�S
W dpθ⃗, V,W, µq

� b2a11

Γpa1q2
Γp2a1 � 1q
p2b1 � 1q2a1�1

b2a22

Γpa2q2
Γp2a2 � 1q
p2b2q2a2�1

»
R1�R2

�

�»
RI

I¹
i�1

fNpθi | µ, V q2dθ⃗
�
e�1{V fNpµ | a3, b3q

1

p±I
i�1 Jiq1{22

°I
i�1 JipπW qT e

�S
W dpV,W, µq

Next we integrate with respect to V,W, µ

� b2a11

Γpa1q2
Γp2a1 � 1q
p2b1 � 1q2a1�1

b2a22

Γpa2q2
Γp2a2 � 1q
p2b2q2a2�1

»
R1�R2

�

1

2IpπV qI{2 e
�1{V fNpµ | a3, b3q

1

p±I
i�1 Jiq1{22

°I
i�1 JipπW qT e

�S
W dpV,W, µq

� b2a11

Γpa1q2
Γp2a1 � 1q
p2b1 � 1q2a1�1

b2a22

Γpa2q2
Γp2a2 � 1q
p2b2q2a2�1

1

p±I
i�1 Jiq1{22I�

°I
i�1 JiπT�I{2»

R1�R2
�

1

V I{2 e
�1{V fNpµ | a3, b3q 1

W T
e
�S
W dpV,W, µq

� b2a11

Γpa1q2
Γp2a1 � 1q
p2b1 � 1q2a1�1

b2a22

Γpa2q2
Γp2a2 � 1q
p2b2q2a2�1

1

p±I
i�1 Jiq1{22I�

°I
i�1 JiπT�I{2

ΓpI{2� 1qΓpT � 1q
ST�1
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To summarise, we get,

C2 �
»
RI�1�R2

�

gpθ⃗, V,W, µq2
fνpθ⃗, V,W, µq

dpθ⃗, v, w, µq

� b2a11

Γpa1q2
Γp2a1 � 1q
p2b1 � 1q2a1�1

b2a22

Γpa2q2
Γp2a2 � 1q
p2b2q2a2�1

ΓpI{2� 1q
p±I

i�1 Jiq1{22I�
°I

i�1 JiπT�I{2
ΓpT � 1q
ST�1

Step 2: Find a lower bound on
³
RI�R��R��R gpθ⃗, v, w, µqdpθ⃗, v, w, µq

To find a lower bound over the integral we estimate the above integral over a closed set B �
RI � R� � R� � R.

gpθ⃗, V,W, µq �
�

ba11
Γpa1qe

�b1{V V �a1�1


�
ba22

Γpa2qe
�b2{WW�a2�1


�
1?
2πb3

e
� pµ�a3q

2

2b3



�

I¹
i�1

1?
2πV

e�
pθi�µq2

2V

��
I¹

i�1

Ji¹
j�1

1?
2πW

e�
pYij�θiq

2

2W

�

�
�

ba11
Γpa1qe

�b1{V V �a1�1


�
ba22

Γpa2qe
�b2{WW�a2�1


�
1?
2πb3

e
� pµ�a3q

2

2b3



�

1

p2πV qI{2 e
�
°I
i�1pθi�µq2

2V


�
1

p2πq°I
i�1 Ji{2W

°I
i�1 Ji{2

e
�
�°I

i�1

°Ji
j�1

pYij�θiq
2

2



{W
�

�
�

ba11
Γpa1qp2πqI{2 e

�
�
b1�

°I
i�1pθi�µq2

2



{V
V �pa1�I{2q�1

��
1?
2πb3

e
� pµ�a3q

2

2b3



�

ba22

Γpa2qp2πq
°I

i�1 Ji{2
W�pa2�

°I
i�1 Ji{2q�1e

�
�
b2�

°I
i�1

°Ji
j�1

pYij�θiq
2

2



{W
�

Define

a�1 � a1 � I{2 b�1 � b1 �
°I

i�1pθi � µq2
2

a�2 � a2 �
I̧

i�1

Ji{2 b�2 � b2 �
I̧

i�1

Ji̧

j�1

pYij � θiq2
2
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Taking the integral of g with respect to V and W , we get,

»
RI�R��R��R

gpθ⃗, v, w, µqdpθ⃗, v, w, µq

�
»
RI�R��R��R

�
ba11

Γpa1qp2πqI{2 e
�b�1 {V V �a�1�1


�
1?
2πb3

e
� pµ�a3q

2

2b3



�

ba22

Γpa2qp2πq
°I

i�1 Ji{2
W�a�2�1e�b�2 {W

�
dpθ⃗, v, w, µq

�
»
RI�1

�
Γpa�1qba11

Γpa1qp2πqI{2 pb
�
1q�a�1


�
1?
2πb3

e
� pµ�a3q

2

2b3



�

Γpa�2qba22
Γpa2qp2πq

°I
i�1 Ji{2

pb�2q�a�2

�
dpθ⃗, µq

The integral can then be defined as follows,

»
RI�R��R��R

gpθ⃗, v, w, µqdpθ⃗, v, w, µq

� Γpa�1qba11
Γpa1q

Γpa�2qba22
Γpa2q

1

p2πq°I
i�1 Ji{2�pI�1q{2b1{23

»
RI�1

pb�1q�a�1 e
� pµ�a3q

2

2b3 pb�2q�pa
�
2 q dpθ⃗, µq

� C�1
1

»
RI�1

pb�1q�a�1 e
� pµ�a3q

2

2b3 pb�2q�pa
�
2 q dpθ⃗, µq

Where C�1
1 � Γpa�1 qb

a1
1

Γpa1q
Γpa�2 qb

a2
2

Γpa2q
1

p2πq
°I
i�1

Ji{2�pI�1q{2b
1{2
3

Combining step 1 and step 2, we get,

1³
B
gpθ⃗, V,W, µqdpθ⃗, V,W, µq

�»
RI�1�R2

�

gpθ⃗, V,W, µq2
fνpθ⃗, V,W, µq

dpθ⃗, v, w, µq
�1{2

� 1

L
C1C

1{2
2

Where L � ³RI�1pb�1q�a�1 e
� pµ�a3q

2

2b3 pb�2q�pa
�
2 q dpθ⃗, µq

C1 � Γpa1q
Γpa�1 qb

a1
1

Γpa2q
Γpa�2 qb

a2
2
p2πq°I

i�1 Ji{2�pI�1q{2b1{23

C2 � b
2a1
1

Γpa1q2
Γp2a1�1q

p2b1�1q2a1�1

b
2a2
2

Γpa2q2
Γp2a2�1q
p2b2q2a2�1

ΓpI{2�1q
p±I

i�1 Jiq1{22I�
°I
i�1

JiπT�I{2

ΓpT�1q
ST�1
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8.6 Proof of lemmas related to the Gibbs sampler of a Bayesian linear re-

gression model

Proof of Lemma 6.1. It follows from the de-initializing property of the Markov chain [43, Example

3] that ∥∥∥Lpβn�1, σ
2
n�1q � Lpβ1n�1, σ

12
n�1q

∥∥∥
TV
¤

∥∥∥Lpσ2
nq � Lpσ12

n q
∥∥∥

TV
.

Using CRN, let Gn � G1
n where Gn � Gammapα, 1q Zn � Np0, Iqq are independent and denote

Wn � υ0c
2
0

2
�

∥∥∥Xβ̃σ2
n�1

� Y �XV
1{2
σ2
n�1

Zn

∥∥∥2

2

W 1
n �

υ0c
2
0

2
�

∥∥∥∥Xβ̃σ
12
n�1

� Y �XV
1{2
σ
12
n�1

Zn

∥∥∥∥2

2
,

so that σ2
n|σ2

n�1 � Wn
1
Gn

and σ
12
n |σ12

n�1 � W 1
n

1
G1

n
. Denote ∆ � W 1

n � Wn and without loss of

generality, assume W 1
n ¡ Wn. Since Gn � Gammapα, 1q where α � k�υ0

2
, let π1{Gn denote the

density of 1{Gn and similarly denote the density πp1�∆{Wnq{Gn for p1�∆{Wnq{Gn. So we have

π1{Gnpxq9x�α�1e�1{x

πp1�∆{Wnq{Gnpxq9
1

1�∆{Wn

�
x

1�∆{Wn


�α�1

e�p1�∆{Wnq{x

9p1�∆{Wnqαx�α�1e�p1�∆{Wnq{x.
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Using the coupling characterization of total variation

||Lpσ2
nq � Lpσ12

n q||TV

¤ E
�
||LpWn{Gn | Zn, σ

2
n�1, σ

12
n�1q � LpW 1

n{Gn | Zn, σ
2
n�1, σ

12
n�1q||TV

�
By Proposition 2.2 of [51]

� E
�
||LpWn{Gn | Zn, σ

2
n�1, σ

12
n�1q � LppWn �∆q{Gn | Zn, σ

2
n�1, σ

12
n�1q||TV

�
� E

�
||L
�

1

Gn

| Zn, σ
2
n�1, σ

12
n�1



� L

��
1� ∆

Wn



1

Gn

| Zn, σ
2
n�1, σ

12
n�1



||TV

�

By Proposition 2.1 of [51]

¤ E

�
E

�
sup
x¡0

"
1� π1{Gnpxq

πp1�∆{Wnq{Gnpxq
* �� Zn, σ

2
n�1, σ

12
n�1

��

By Lemma 6.16 of of [33]

This implies that,

||Lpσ2
nq � Lpσ12

n q||TV ¤ E

�
sup
x¡0

"
1� x�α�1e�1{x

p1�∆{Wnqαx�α�1e�p1�∆{Wnq{x

*�

� E

�
sup
x¡0

"
1� e∆{Wn{x

p1�∆{Wnqα
*�

� E

�
1� 1

p1�∆{Wnqα
�
.
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Define fpxq � 1
xα , f

1pxq � �α 1
xα�1 . By the mean value theorem, fp1 � ∆{Wnq � fp1q �

∆
Wn

α
ξα�1 , ξ P p1, 1�∆{Wnq. So, fp1�∆{Wnq ¥ 1� α ∆

Wn
. Now,

||Lpσ2
nq � Lpσ12

n q||TV

¤ E

�
fp1q � fp1� ∆

Wn

q
�

¤ E

�
1� p1� α

∆

Wn

q
�
� E

�
α

∆

Wn

�

¤ E

�
k � υ0

2
∆

2

υ0c20

�
since α � k � υ0

2
and Wn ¥ υ0c

2
0

2

� k � υ0
υ0c20

Er|Wn �W 1
n|s

� k � υ0
υ0c20

Er|Wn �W 1
n|sErG�1

n sErG�1
n s�1

� k � υ0
υ0c20

Er|Wn{Gn �W 1
n{Gn|sErG�1

n s�1 by independence

¤ pk � υ0q2
2υ0c20

Er|Wn{Gn �W 1
n{Gn|s

� pk � υ0q2
2υ0c20

Er|σ2
n � σ

12
n |s.

Proof of Lemma 6.2. Define α1 � pk � υq{2� 2 and β1 � υ0c
2
0{2. Note that

fνpβ, σ2q � β1α
1

Γpα1q
1

pσ2qα1�1
e�β1{σ2 � p2πq�q{2 detpΣβq�1{2e�

1
2
pβ�β0qTΣ�1

β pβ�β0q

This implies that,

sup
pβ,σ2qPR�R�

gpβ, σ2q
fνpβ, σ2q

�
1

pσ2qpk�υ0q{2�1 exp
�
� 1

2σ2 pY �XβqT pY �Xβq � 1
2
pβ � β0qTΣ�1

β pβ � β0q � υ0c20
2σ2

	
β1α1

Γpα1q
1

pσ2qpk�υq{2�2�1 e
�υ0c20{2σ2p2πq�q{2 detpΣβq�1{2e�

1
2
pβ�β0qTΣ�1

β pβ�β0q

� pσ2q�2 exp
�� 1

2σ2 pY �XβqT pY �Xβq�
β1α1

Γpα1qp2πq�q{2 detpΣβq�1{2
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The numerator of the last equality is proportional to an inverse gamma density function with α� �
1 and β� � 1

2
pY �XβqT pY �Xβq. Thus, the mode occurs when σ2� � β�

α��1
� pY�XβqT pY�Xβq

4

and so,

sup
pβ,σ2qPR�R�

gpβ, σ2q
fνpβ, σ2q

¤ 16

ppY �XβqT pY �Xβqq2
exp

�
� 4

2pY�XβqT pY�XβqpY �XβqT pY �Xβq
	

β1α1

Γpα1qp2πq�q{2 detpΣβq�1{2

� 16

ppY �XβqT pY �Xβqq2
Γpα1qp2πqq{2 detpΣβq1{2

β1α1e2

¤ 16

ppY �Xβ̂qT pY �Xβ̂qq2
Γpα1qp2πqq{2 detpΣβq1{2

β1α1e2

Where β̂ � pXTXq�1XTY is the maximum likelihood estimator. Next we find a lower bound

on
³
B
gpβ, σ2qdpβ, σ2q
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»
Rq�R�

gpβ, σ2qdpβ, σ2q

�
»
Rq�R�

1

pσ2qpk�υ0q{2�1

exp

�
� 1

2σ2
pY �XβqT pY �Xβq � 1

2
pβ � β0qTΣ�1

β pβ � β0q � υ0c
2
0

2σ2



dpβ, σ2q

�
»
Rq

�»
R�

1

pσ2qpk�υ0q{2�1
e�pυ0c

2
0{2�pY�XβqT pY�Xβq{2q{σ2

dpσ2q


e�

1
2
pβ�β0qTΣ�1

β pβ�β0qdpβq

�
»
Rq

Γppk � υ0q{2q
pυ0c20{2� pY �XβqT pY �Xβq{2qpk�υ0q{2 e

� 1
2
pβ�β0qTΣ�1

β pβ�β0qdpβq

� Γppk � υ0q{2q
»
Rq

e�
1
2
pβ�β0qTΣ�1

β pβ�β0q

pυ0c20{2� pY �XβqT pY �Xβq{2qpk�υ0q{2dpβq

¤ Γppk � υ0q{2q
»
B

e�
1
2
pβ�β0qTΣ�1

β pβ�β0q

pυ0c20{2� pY �XβqT pY �Xβq{2qpk�υ0q{2dpβq

where B � Rq � R� is a bounded set.

Thus we get that

K � 1³
Rq�R� gpβ, σ2qdpβ, σ2q sup

pβ,σ2qPR�R�

gpβ, σ2q
fνpβ, σ2q

¤ 1

Γppk � υ0q{2q
³
B

e
� 1

2 pβ�β0q
TΣ�1

β
pβ�β0q

pυ0c20{2�pY�XβqT pY�Xβq{2qpk�υ0q{2
dpβq

16Γppk � υ0q{2� 2qp2πqq{2 detpΣβq1{2
ppY �Xβ̂qT pY �Xβ̂qq2 pυ0c20{2qpk�υ0q{2�2

e2

� 1³
B

e
� 1

2 pβ�β0q
TΣ�1

β
pβ�β0q

pυ0c20{2�pY�XβqT pY�Xβq{2qpk�υ0q{2
dpβq

16Γppk � υ0q{2� 2qp2πqq{2 detpΣβq1{2
Γppk � υ0q{2qppY �Xβ̂qT pY �Xβ̂qq2 pυ0c20{2qpk�υ0q{2�2

e2
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So by Equation 3 combined with Theorem 3.2, for r ¥ p

Wd,ppLpXnq, πq ¤
�
C

L
ErdpXn, Ynqrs


1{r

Where C � 16Γppk�υ0q{2�2qp2πqq{2 detpΣβq1{2
Γppk�υ0q{2qppY�Xβ̂qT pY�Xβ̂qq2pυ0c20{2qpk�υ0q{2�2

e2

and L � ³
B

e
� 1

2 pβ�β0q
TΣ�1

β
pβ�β0q

pυ0c20{2�pY�XβqT pY�Xβq{2qpk�υ0q{2
dpβq

Remark 3. For Real Data Example 6.1, we want to prove that Er||pβn, σ
2
nq � pβ1n, σ12

n q||1s   8 for

n P N.

Since σ2
0 � 100 and σ

12
0 � IGppk � υ0q{2, υ0c20{2q, Er|σ2

0|s   8 and Er|σ12
0 |s   8.

Suppose that Er|σ2
n|s   8. By Equation 14, σ2

n � kZn,IGnpσ2
n�1q, so

Er|σ2
n|s � ErErkZn,IGnpσ2

n�1q|σ2
n�1ss   8.

Further, since βn � Nqpβ̃σ2
n
, Vβ,σ2

n
q and β1n � Nqpβ̃σ12n

, Vβ,σ12n
q, Er|βn|s   8 and Er|β1n|s   8.

Thus, we have established that Er||pσ2
n, βnq||1s   8 and Er||pσ12

n , β
1
nq||1s   8. By the triangle

inequality, Er||pσ2
n, βnq � pσ12

n , β
1
nq||1s   8.
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