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1 Introduction

Markov chain Monte Carlo (MCMC) algorithms are often used to simulate from a stationary distri-
bution of interest (see e.g. [19]). One of the primary questions when using these Markov chains is,
after how many iterations is the distribution of the Markov chain sufficiently close to the stationary
distribution of interest, i.e. when should actual sampling begin [24]. The number of iterations it
takes for the distribution of the Markov chain to be sufficiently close to stationarity is called the
burn-in period. Various informal methods are available for estimating the burn-in period, such
as effective sample size estimation, the Gelman-Rubin diagnostic, and visual checks using trace-
plots or autocorrelation graphs [[16} 26, 41} 50]. While these methods “can detect problems with
an MCMC simulation, [...] they cannot prove that the simulation is generating a representative
sample.” [37/]

Convergence analysis studies the distance of a Markov chain to stationarity and is traditionally
measured in terms of total variation distance (e.g. [44,154]), though more recently the Wasserstein
distance has been considered [20, 29, 35, 40]. However, finding upper bounds on either distance
can be quite difficult to establish [19, 24, 137]], and if an upper bound is known, it is usually based
on complicated problem-specific calculations [29, 39,151, 52]. This motivates the desire to instead
estimate convergence bounds from actual simulations of the Markov chain, which we consider here
via common random number (CRN) simulation.

CRN simulation occurs when we initiate two copies of the chain with different values, but
use the same sequence of random variables to simulate a specific random function representation
of the chain (See Section [2| for a formal definition). This simulation method is also sometimes
referred to as synchronous coupling [3} (9, 28] and falls under the general framework of “auxiliary
simulation” [[11], i.e. using extra preliminary Markov chain runs to estimate the convergence time
needed in the final run. Estimating Markov chain convergence rates using CRN simulation was
first proposed in [31] to find estimates of mixing times in total variation distance. Further, one
of the first Wasserstein bounds generated on a Markov chain model used CRN in its construction

[20]. More recently, [6] showed how CRN simulation could be used for estimating an upper



bound on the Wasserstein distance (their Proposition 3.1), and provided useful applications of the
CRN method to high-dimensional and tall data (their Section 4). CRN simulation to estimate
convergence rates has been used on a wide range of applications including Langevin algorithms
[17]], stochastic gradient descent [34]], stochastic differential equations (SDE) [3], and Hamiltonian
Monte Carlo [7, 22]].

The use of CRN to generate tight bounds on the Wasserstein and total variation distance is
promising. In this paper we show that for the Gibbs sampler for a model related to James-Stein
estimators and the variance component model, CRN bounds perform significantly better than drift
and minorization (DnM) bounds (see figures [2] and [5] and commentary in Numerical Example
for more details). Under certain conditions, [3] and [21] show that CRN is the optimal coupling
of the Wasserstein distance between simulated solutions of SDEs and two random variables in the
£? metric, respectively. [13] shows that CRN simulation on the independent Metropolis-Hastings
algorithm is the maximal coupling of the total variation distance. [9] shows that the distance
between two reflected Brownian motion processes simulated using CRN converge to 0 almost
surely.

In Theorem [3.2] using CRN simulation, we provide an estimated upper bound between the
Wasserstein distance of a Markov chain and the corresponding stationary distribution when only
the unnormalized density of the stationary distribution is known. Furthermore the 95% confidence
intervals of our estimates in the real data examples are fairly narrow. See Lemma [3.3| and its
implementation in the figures [T} [ [5|and [6] and tables [6] and [§] for more details.

This paper is organized as follows. In Section [2] we present definitions and notation. In Sec-
tion[3] we establish convergence bounds of a Markov chain to its corresponding stationary distribu-
tion using CRN simulation when the initial distribution is not in stationarity. In Section[d], we apply
Theorem |3.2{to a Gibbs sampler for a model related to the James-Stein estimator and compare the
CRN bound to a DnM and one-shot coupling bound in Real Data Example In Section [5 we
apply Theorem [3.2] to a Gibbs sampler for a variance component model and compare the CRN

bound to a DnM bound in Numerical Example |5.1|and another DnM bound in Real Data Example



In Section[6| we apply Theorem [3.2]to a Gibbs sampler for a Bayesian linear regression model.

For each numerical example, we also provide the Gelman-Rubin diagnostic and traceplots for
comparison. While the traceplots all started using the same initial distributions as our numerical
examples, the Gelman-Rubin diagnostics are calculated from an initial distribution that is overdis-
persed with respect to the stationary distribution, so may not be perfectly comparable. Finally,
while the Gelman-Rubin statistic and traceplots aid in determining convergence, they do not prove
that convergence has occurred. Our method, on the other hand, provides an unbiased estimate of
an upper bound on the Wasserstein distance between the distribution of our Markov chain and the
stationary distribution.

The code used to generate all of the tables and calculations can be found at

github.com/sixter/CommonRandomNumber/.

2 Background and Notation

Metrics on distributions Let (X, d) be a Polish metric space and F the associated Borel o-
algebra. The LP—Wasserstein distance between distributions 7 and v on (X', F) is defined as
Wap(m,v) = infx .y, E[d(X,Y)P]/P. The Wasserstein space P,(X) is the set of Borel prob-
ability measures on the metric space (X', d) such that for any 1 € P,(X), {, d(zo, )’ u(dz) < oo
for some x( € X. Total variation distance is defined as ||7 — v||ry = infx vy, P(X #Y) =
sup 4+ |T(A) — v(A)|. The total variation distance can be written as a special case of the Wasser-
stein distance, ||7 — v||ry = Wa, 1 (7, v) where d(X,Y) = Ix,y. If X < RY, g € N, define the
norm over a vector as ||z||, = (3%_, |;|P)"/? where p € [1, 0). Define the p-norm over a function
¢: X —>Ras|¢], = (5, (/ﬁ(x)pda:)%. If X Il Y, then X and Y are independent. If 7 « v, then

7 is absolutely continuous with respect to v.

CRN and Markov chains Define a Markov chain {X,},>1 in X’ such that X,, = ko, (X,—1),
where {0,,},>1 are i.i.d. random variables on some measurable space © and random measurable

mappings kg, : X — X. The set of random functions kg, , kg,, . . . is called an iterated function
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system. Any time-homogeneous Markov chain can be represented as an iterated function system
[59]. We can also write X,, = kg, (kq, _,(kg, , ... kg, (20))) = ke, (zo) where ©,, = (01,...,0,)
and ¢; I 0;, 7 # j. CRN simulation in this context occurs when we simulate two Markov chains
{X, }n>1 and {Y,,},,>1 with different initial values xy # 1o, but with the same transition functions.
That is, 6,, are the same in X,, = ky, (X, 1) and Y,, = kg, (Y1), n = 1. In different notation,
the ©,, is the same in X,, = ke, (z0) and Y,, = ke, (o). See Algorithm [I| for more details. The

stationary distribution of X, is defined as £L(X) = 7.

Distribution functions 1G(«, ) represents the inverse gamma distribution with density func-

tion fig(z | o, 8) = %xﬂfle*ﬁ/“f. N (u,0?) represents the normal distribution with density

. _e=w? o : o
function fy(x | p,0?) = \/2;76 202 . For a distribution v, the density function is denoted as f,,.

3 Estimating Markov chain convergence rates using CRN sim-
ulation

We propose bounding the LP—Wasserstein distance between the nth iteration of a Markov chain
{ X, }n>1 and the corresponding stationary distribution 7 through CRN simulation. Our main result
is Theorem [3.2] Using CRN simulation as a convergence diagnostic tool was first discussed in [31]
for bounding total variation distance.

We first provide a method for bounding the Wasserstein distance between £(.X,,) and the corre-
sponding stationary distribution 7, W, ,(L£(X,,), 7) by proposing an auxiliary random variable Y,,.
That is Wy,,(L£(X,,), ) is bounded above by the product of the ‘distance’ between 7 and L(Y,)
(K) and E[d(X,,Y,)]-

Theorem 3.1. Let {X,,},>1 and {Y, },>1 be two copies of a Markov chain with stationary distri-

bution 7 and initial distributions L(Yy) = v, L(X) = p where Xy 1L Yy. Assume m << v. Then



s—1

forr =p=1ands>1, the following holds where K = E [(?:ggg) S_l] S

Wap(L(Xa),7) < KM B[A(X, Ya) ] (1)

See Section [8.2] for a proof.

s—1

El

Remark 1. If we take K = lim,; & l(f”(yo)) H] ) , then from Theorem |3.1| we get that K =

fv (YO)
55 SUDex Ja (), f, () and

Wap(L(X,), 7) < KV E[d(X,,Y,) V"

The case of s | 1 can be proven using the rejection sampler or the separation distance (see the
proof of this special case in Section [8.3.1). The use of rejection sampling to generate an upper
bound on the expected distance between a proposal density function v and a stationary density
function m was motivated by [31], which used rejection sampling to generate similar upper bounds

in total variation distance. This case is used in Lemmas and

Remark 2. Applying d;(X,Y) = Ix.y to Remark [I} and setting p,r = 1, the total variation
distance between a Markov chain and the corresponding stationary distribution is bounded above
as follows,

And so, for stopping time 7 = min{n : d(X,,,Y,) = 0}, ||£(X,.) — 7|lrv < KP(7 > n).

In many cases, the normalizing constant for f, is unknown. That is, we only know of a function
g(z) such that 7 g(z) = fr(x) where L is unknown. For cases like this, we note that for all z € X

and any B c X,

_ 9= 9(@)
A W T WTEOTE @

This upper bound on f; is used to upper bound K in all of the examples.
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Next we define Algorithm [I} which generates an estimate of E[d(X,,,Y;)"*] using CRN simu-

lation.

Algorithm 1 An estimate using CRN of E[d(Xy,Yy)™] = +; M d(rna, yna)'

fori=1,...,M do
Lo ~ M Yoq ~ v Where 2o AL o,
forn=1,...,Ndo
0, ~ L(O)
Tni < ke, ({Enfl,i)
Yn,i < K, (ynfl,z')
end for
end for
return % sz\il d(JTNJ‘ — yNJ-)”’

Combining Algorithm [I] with Theorem 3.1} we can simulate an upper bound on the Wasser-
stein distance between the law of a Markov chain at iteration N, £(X ), and the corresponding

stationary distribution, 7, as follows,

Theorem 3.2. Let { X, },>1 and {Y,},>1 be two copies of a Markov chain with stationary dis-
tribution 7, initial distributions L(Yy) = v, L(Xo) = p (Xo 1L Yp) and simulated according to

Algorithm|[l} Assume 1 << v. Then for r 12 p = 1and s > 1, the following holds almost surely

for N =1, where K = F [(%)_1] " and L(Xn), L(YN) € Prs(X).

1

TS

T : 1 M rs
Wap(L(Xn), ) < KY <]\}linoo M;d(XN,hYN,i) ) 4)

Proof. Since L(Xn), L(Yn) € Prs(X), E[d(Xn,Yn)™] < o0 and so by the strong law of large
numbers, lima o 17 Sy d(X i, Vi)™ = E[d(Xn, Yi)™®]. By Theorem Wap(L(XN), ) <

1

KV E[d(Xx, Ya)*]5 % KV (hme LYM (X, YN,i)TS) O

To optimize this bound we can choose v that is close to 7. If K is very large, we can choose an
r = p such that K/" is a reasonable value.

Next we state the confidence interval on our bound. We use this confidence interval in figures

3] and [6] and Table [6]



1

Lemma 3.3. The 1 — « confidence interval on K/ (ﬁ Zﬁl d( X, YN,i)TS) Ts

[Ki (m — za/gam/\/ﬂ)ﬁs ,K% (m+ za/gam/m)é]

Where m = ;>0 d(Xni, Yn,)'s, 02, is the sample variance of m and L(Xy),L(Yy) €
Py (X).

Proof. Since L(Xy),L(Yn) € Py5(X), the variances are finite and we can apply the Central

Limit Theorem. That is, P (m — ZelIn < Bld(X,,Y,)™] <m + M) ~ 1 — a. And so,

VM VM
P (Kr (m— 22222 )" < KT E[A(X,, Y] < K7 (m+ 2522 ) ~1-a m

The approach of Biswas and Mackey [6] Algorithm [I| closely resembles Algorithm 1 of [6].
Biswas and Mackey show in [6] how CRN simulation can be used to estimate the CUB estimator,

which is defined as follows for a given p € [1, ),

1 M T 1/p
Buns = | d(Xpi, Vo) 5
CUBuy N1 (M(T—N) ; L (X, i) > S)

By Corollary 3.2 of [6], under certain regularity conditions, the CUB estimator bounds the

Wasserstein distance between the sample means,
1 d 1 d
Wir | L 77— Xni | L = Yo < lim CUBy N1
P( ((T_N) n%1+1 ) <(T_N) n%lw% >> M

If we set N,T"— N — oo we obtain a bound on the stationary distributions,

Wd,p(ﬁ(XOO)> E(Yoo)) < lim CUBuy N1

~
M,N—00,T—N—00

In [6]], the CUB estimator eventually bounds the Wasserstein distance between the correspond-
ing stationary distributions, but does not tell us precisely when it will happen or by how much. That

is, if the starting points of the two Markov chains are close in distance but are far from stationarity,



the results from [|6] would conclude, for some fixed iteration /N, that the distance between the two
chains is close (true), but it would be incorrect to state that the distance to stationarity is close. In
comparison, Theorem |3.2 measures distance to stationarity for any initial distribution on X, and

iteration NV € N.

The approach of Johnson [31] The motivation of Theorem comes from [31], which pro-
vides a bound in total variation distance between a Markov chain and its corresponding stationary
distribution using CRN simulation. The following is a simplification of the results with altered
notation to match this paper. For complete details, refer to [31]. For a discussion on when CRN is
applicable within the setting of [31]], see [12].

Let 7 be a ‘stopping’ time, 7 = min{n : d(X,,Y,) < €}. Theorem 2 of [31] states that the
total variation between two Markov chains {X,,},,>1, {Y,},>1 both with initial distribution v and

stationary distribution 7 is as follows,

Im = LX) [[rv < 2KP(7 2 n) + O(e)

fr(2)
fu(2)”

an M € N such that for any € € (0, ),

Where K = esssup, The notation O(e) means that for some fixed ¢y > 0, there exists

LX)y < 29 + Me.

1—r(m,v)

In [31], K = m where r(m, V) is the rejection rate in a rejection sampler with station-
ary distribution 7 and proposal distribution v (See Definition . By Equation m =
esssup, ;:—8 Thus, both Theorem (with s; = 1,s9 = o) and Theorem 2 of [31] require
calculating upper bounds on 7 (7, ). However, Theorem estimates an exact upper bound on
the Wasserstein distance while Theorem 2 of [31] estimates an upper bound on the total variation
distance with an unknown component that converges to 0 as € — 0.

Applying total variation distance to the bound generated by Theorem [3.2|and taking € = 0, we
get a similar result to [31, ||7 — £(X.,,)||rv < KP(r = n). See Remark [2] for more details. In

our simulations, exact simulation of d(X,, Y,,) = 0 was not realistically attainable, however. This

is why [31] introduces the error €. This points to CRN simulation being a better fit for bounding



Wasserstein distance compared to total variation distance.

4 Gibbs sampler for a model related to James-Stein estimators

Consider a Gibbs sampler for a model related to the James-Stein estimator, which we will ap-
ply Theorem [3.2] to simulate convergence bounds on the Wasserstein distance. The James-Stein
estimator is similar to a variance component model (Example[5.1)), but each 6; has only one obser-
vation, Y;. Its significance in the frequentist statistics literature comes from Stein’s paradox, which

proves that for 6; the estimator, <1 — L= 2Y2> Y, has smaller risk than the intuitive estimator,
+

J1J

Y;, when I > 3 [57]]. Here, we look at the same model setup, but through a Bayesian statistics

lense. See [48] for more details on this example.

Example 4.1 (A model related to James-Stein estimators). Suppose that we have the following
observed data Y € R? where

Y;|0; ~ N(6;,V)

for known V' > 0 and unknown 6; ~ N(u, A) (6;’s are i.i.d.), where p has a flat prior and A ~
1G(av, B).

The joint posterior density function of 5, u, A | Y is proportional to the following equation,

Q

90,11, A1Y) = fra(A | e, 8) x [ [ In(Yi] 6, V) x wam (©6)

i=1

The Gibbs sampler for a model related to James-Stein estimators. Algorithm [2[ shows how
to apply a Gibbs sampler on this example.
We will bound the Wasserstein distance between a Markov chain and its corresponding station-

ary distribution using Lemma.1]

Lemmad4.1. Let {X,,},>1 = (92, oy Ap)ns1 and { X} o1 = (9’ Ly Al Y st be two copies of the
Markov chain initialized with 0 ~ N,(Y , VI,), Ay ~ IG(a+ (q—1)/2, ), uly ~ N(8), A}), and

10



Algorithm 2 The Gibbs sampler algorithm for a model related to James-Stein estimators.

Initialize (50, fo, Ao)
forn=1,...,Ndo
Foreachie 1,...,q, generate 6, ;|1t,—1, Ap_1, Y ~ N(YA”nlJlrf:’{/ A4 VV+AXH 11)

Generate pm|9n,An Y ~ N(0,, A, 1/q) where 6, = 1 >7 0,

Generate A, |0y, fin, Y Njg( e MJrﬂ)
end for

Xo 1L X{. Fix p € (1,0] and let 7 be the corresponding stationary distribution. Then for r = p

a _ T)1/2 1/r
Wapl £, m) < (H DB pace, 1))

a1 12?1[ T, 1
Where L = § A(AJF;V@)qi/AeQ via VoA d(p, A) and B < R x Ry is a bounded set.

The proof is in section

Real Data Example 4.1. We apply our results to the batting averages (Y') for 18 (¢ = 18) major
league baseball players in 1970 [8, 27]. We want to find the estimated upper bound on the Wasser-
stein and total variation distance for a Gibbs sampler applied to the James-Stein estimator using
the baseball data. We set the priors to « = 0.01,8 = 2and V' = Var(Y') = 0.00485. The initial
value of our Markov chains are independently drawn; Xo = (0, 10, Ag) = (100)472 and X}, is

distributed according to Lemma4.1] Using Lemmafd.1} K = 5.9535 and
W1 (£(Xn), m) < 5.9535E(]| Xy, — X |]1]

holds almost surely.

Using the CRN technique, we simulated || X,, — X/ ||, one thousand times (A/ = 1000) over
20 iterations (N = 20). At iteration 1, 1o SO X s — X Al = 1994.712. By iteration 9,
oG SO X — X 0./l1 = 0.00012. F1gurel graphs the upper bound of the Wasserstein distance
between L£(X,,) and 7 on a log scale. At iteration 9, the bound on the Wasserstein distance first

hits below 0.01 and W), 1(£(Xy), 7) < 0.00073.
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Upper bound on W)y, 1(£(X,,), 7)

1e+027

1e-037

1e-087

1e-137

Logscale of W(L(6,, j1,, A,), T)

5 10 15 20
n=iteration

Bound — Estimate — 97.5% upper C.I

Figure 1: The upper bound on the Wasserstein distance for the Gibbs sampler model related
to James-Stein estimators. The estimate uses the mean of 1000 simulations and initial value
(0o, 110, Ap) = (100)772. The vertical axis is log scaled. r = 1.

Before we bound the Markov chain and the corresponding stationary distribution in total varia-
tion we introduce Theorem 4.8 of [51], which provides an upper bound in total variation based on
the expected differences between the Markov chains through the constant Ky . This theorem will

also be used to generate the one-shot coupling bound.

Proposition 4.2 (Theorem 4.8 of [S1]). For two copies of a Gibbs sampler on a model related to

the James-Stein estimators with flat priors on i and A, the following holds for q = 3,

1 n—1
I£(X) = LX) |y < Ky B[ Ao — 4] (5) @

—3

where Kpy = C2LL ( ; >_T e T and S = Y1, (Y; — V)2

r(4h) \g+l1

Using Proposition 4.2} we get K7y = 0.0047. Therefore by Lemma 4.11 of [S1],
|£(X5) = w7y < 0.0282E|[ X, — X |1]

So, by iteration 6, | £(Xs) — 7||7v < 0.00866.
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We compare our bound to Proposition and Theorem 4 of [48], which use one-shot cou-
pling and DnM arguments, respectively, to generate a theoretical bound in total variation. The

methodologies and assumptions are outlined in Table 2]

Method | Common random number | Drift and minorization One shot coupling
Source Lemma\ﬂ‘ Theorem 4 of [48]] Proposition |ﬂ| and
Proposition 6 of [40]

Prior A ~ 1G(0.01,2) and | A~ IG(—1,2)and f,ocl | faocl and f,ocl

fuocl

1£(X) — 7l <
I£(X0) = 77y <
0.0282E[|X,, — X'|] 1£(X5) — 7|7y <
Bound 0.967™ + (0.935)" x
where X,,, X/ are _ %EHAO — A4l] (Tlg)n

(117 + 30, (6 - V)

simulated using CRN.

Table 2: Theoretical bounds that are benchmarked against the CRN simulated bound. All bounds

have initial value X, = (A, pt0, Ao) = (100)4*2. f denotes the density function.

Note the minor variations in the examples, Proposition {.2] assumes that the prior on A is flat.
In Theorem 4 of [48], the prior on A ~ IG(—1,2) with the intent of generating a flat distribution.
In our real data example we set the prior to A ~ [G(0.01,2), which could approximate a flat
distribution. We will assume the minor variations are comparable.

Table [3|and Figure [2|compare the bounds on total variation distance using three different meth-
ods: CRN, DnM, and one-shot coupling. The one-shot coupling bound indicates total variation
distance of less than 0.01 by iteration 5. The DnM bound indicates total variation distance of less
than 0.01 by iteration 249. Thus, the one-shot coupling bounds performs the best closely followed
by the CRN bound and significantly better than the DnM bound.

The bound generated from CRN simulation and one-shot coupling are expected to be very
similar since to generate the geometric convergence rate of the one-shot coupling bound (the 1/18

in table[2) we use CRN (see [2851,152,159]]). This is confirmed by Figure 2| where the CRN bound

13




Iteration CRN DnM One-Shot Coupling
1 56.2430 167,409.95 58.6595
2 336.0368 | 156,528.33 3.2589
3 20.0791 146,354.02 0.1811
4 1.4003 136,841.04 0.0101
5 0.0898 127,946.40 0.0005
6 0.0087 119,629.91 3.1049e-05
7 0.0007 111,853.99 1.7247e-06
8 6.0301e-05 | 104,583.51 9.5814e-08
9 3.4421e-06 | 97,785.60 5.3230e-09
10 2.6439e-07 | 91,429.56 2.9572e-10
249 1.6957e-307 0.0099 2.7286e-310

Table 3: Comparison of total variation bounds to stationarity for methods outlined in Table [2] of
the Gibbs sampler for a model related to James-Stein estimators. The values for each method that
first reach less than 0.01 are in bold.

Comparison of bounds on ||£(0,,, jtn, An) — 7||7v

1e+04 1

1e-031

1e-101

1e-17 1

Logscale of ||L(6y, jtn, Ay) — 7|,

5 10 15 20
n=iteration

bound == CRN DnM One Shot

Figure 2: Comparison of an upper bound on the total variation distance on the Gibbs sampler for a
model related to James-Stein estimators (Real Data Example {.T)) using a CRN simulated bound, a
DnM bound and a one-shot coupling bound. The CRN estimate uses the mean of 1000 simulations.
For all of the bounds, (fy, 10, Ag) = (100)4+2.
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0;

}/1,17---3/1,J1 YQ,lu"'}é,Jz }/},17“'}/],JI

Figure 3: Schema of the variance component model where 6; ~ N(u, V), Y;; ~ N(0;,W). The
parameters W, V, ji are unknown. 6;|p, V' 1L 6;|p, V and Y;, 6, W 1L Yi, 0, W.

and the one-shot bound are approximately parallel.

Finally, we compare our convergence rates with informal methods in Section The
Gelman-Rubin statistic is evaluated for each parameter. By iteration 5, the Gelman-Rubin statistic
for all of the parameters graphed is less than 1.05. The traceplot paints a similar picture suggesting
that all parameters have converged by iteration 6. Thus, the CRN bound indicating total variation

distance convergence by iteration 6, is tight.

5 Gibbs sampler for a variance component model

Consider a Gibbs sampler on the variance component model (see [47]), which we will apply The-
orem to simulate convergence bounds on the Wasserstein distance. Convergence rate bounds
on the total variation metric for the variance component model have already been discussed in

Theorems 1 of [47, 132, [11]].

Example 5.1 (Variance component model a.k.a. random effects model a.k.a. hierarchical model).
Suppose that we have a population that has overall mean p, which consists of / groups of mean 6; ~
N (1, V') and where each group has .J; observations with distribution Y;; ~ N (6;, W). Conditional
on # and W, the Y;;’s are independent. Conditional on x and V, the 6;’s are independent. The

parameters /i, 5, V, W are unknown. See Figure |3|for a graphical representation.

Propose the following priors on the unknown parameters where a1, by, as, by, bs > 0.
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V ~ I(?(al,bl) VV-“'[(;(GQ,bQ) p/~‘fV(a3,b3) (8)

The unnormalized posterior distribution of (5, V, W, i) is written as follows,

9(G,v,w, 1)

1
= fic(V [ a1,01) fra(W | a2, b2) [ (e | as, b3) (H SO |,V ) (H

i=1 j=1

Ji

-

fN j| @7VV)>
We would like to sample from the normalized posterior distribution.

The Gibbs sampler for the variance component model. Algorithm [3| shows how to apply a

Gibbs sampler on this example.

Algorithm 3 A Gibbs sampler algorithm for the variance component model

Initialize (Fy, Vo, Wo, 110) = (B, vo, wo, o)
forn=1,...,Ndo

L IoxJ oy g2
Generate Wn|0n,1 ~ IG (a2 + JI/2,by + ZZZIZFI(Y” 1) )

Generate V,, |t 1,0, 1 ~ IG (a1 +1/2,b 4 i1 (On Li—pin 1)2)

Vn b: j— n—1,i n O
Generate /Ln|Vn,0n,1 ~ N (a" b 3oy Onni_Vaby )

. H/anJFVn ZJ 1 Y Van
For each i € I, generate 6, ;|V,,, W, jt, ~ N Wt T i

end for

Suppose that we have the following proposal density,

I
> w
Fol0,V, W, 1) =f1a(V | 2a1 + 1,261 = 1) fra(W | 205 + 1, 2o) fv (1 | as, bs) | | fiv (9 | Y, 2(]‘)

i=1 t

€))

The following lemma bounds the Wasserstein distance between the variance component model

Gibbs sampler and the stationary distribution using the above proposal distribution.

Lemma 5.1. Let X,, = (0, Vi, Wy, 1) and X!, = (8., V!, W', 1i'.) be two copies of the variance

n' 'n’
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component Gibbs sampler initialized with X, ~ v where f, is defined in Equation@]and Xo AL X

Fix p € [1,00) and let 7 be the corresponding stationary distribution. Then for r = p,b; > 1/2,
Wap(L(X,),m) < KV E[d(X,, X])* ] (10)

Where

1/2
K = to,cy

(n—a3)?

L= SB(bT)fafei 2b3 (b;‘)*(‘@ d(H_‘7 ) where B < RIT!

I'(a T'(a I ) 1/2
. Oy = r(a(f)lb)‘fl F(a(;‘)zb);IQ (QW)ZM JZ/2+(I+1)/2b3/

o — b1 D(2a1+1)  b5*2 D(2a2+1) I(1/2—1) r(T-1)
2 [(a1)? (2b1—1)%91+1 D(az)? (2b2)%92+1 (1, Ji)1/221+"1 JipTi1/2 ST
i

~i=1

ai = ay + 1/2 and by = by + —Z’Ll(gi_“y

as=ax+ Y, Ji/2and by =by+ Y D Gt

S=3 (X Y-SV and T =3 | J; — 1/2

The proof is in section

Note that in Lemma@the value of K still has an integral, which must be bounded from below,
L=1{, g(@j v, W, ,u)d(@ V, W, ). To address this, we use the adapt Integrate function in R.

For this variance component model, upper bounds in total variation distance have been estab-
lished. In Real Data Example [5.1, we compare our bounds in Wasserstein distance to the total
variation bounds generated in [32].

[477] also provides an upper bound on the total variation distance between the variance compo-
nent Gibbs sampler model and its corresponding stationary distribution (See Theorem 1 of [47]).
However the constants required to obtain an explicit upper bound are difficult to calculate (see

Remark 6 of [47]). An upper bound in total variation distance for this example is also established
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Cell 1 2 3 4 5
Y; |-0.80247 | -1.0014 | -0.69090 | -1.1413 | -1.0125

Table 4: Summary of simulated data used in [32] (see their Table 1) and in Numerical Example

I=50=10,%7 3 (yi; — 7:)? = 32.990

Hyperparameter a; | by | ax | by | as | b3

From [32] and thispaper |25 | 1 | 1 |1 |Y | 1

Table 5: Hyperparameters used in Numerical Example and Table 2 of [32]. Y =
7 e 2 Vg

in [[11]]. Discussions of convergence diagnostics on total variation distance for variations of this
example can be found in [30, [1, 45} 53} 23]].

Upper bounds in Wasserstein distance of the variance component model have also already
been discussed. [40] analyzes the variance component model when the prior on x is pocl instead
of u ~ N(as, bs). In particular Proposition 25 of [40] states that if lim; o, J2/(13*%) = oo for
some 0 > 0 and the model is properly specified (condition (E2) in [40]]), then the geometric rate
of convergence for this model goes to 0. Proposition 24 of [40] also bounds the total variation
distance in terms of the Wasserstein distance. Discussions of convergence rates for the variance

component model in Wasserstein distance are also presented in [14, 58].

Numerical Example 5.1. We are going to compare our convergence bounds to the bounds from
[32]. The data for this example is simulated in [32] and summarised in Table {] [32] generates
an upper bound on the total variation distance between a Markov chain and its corresponding
stationary distribution using a DnM bound stated in [46] (see Theorem 12 of [46] and Theorem 3.1
of [32]). The hyperparameters for the DnM bound are defined in Table 5]

Applying Lemma 5.1} K = 48.7818 and the following holds for = 1,

D=

Wi (£(X5), m) < 48.7818E (|| X, — X[ [1)?]

The initial value of Xo = (6, Vo, Wo, p10) is Vo ~ IG(ay, by), Wy ~ IG(az,bs) and (o, j10) =

the initial value defined in [32]], Remark 4.1 of [32]. The initial value of X satisfies Equation@
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Upper bound on W)y, 1(£(X,,), 7)

1e+0117

1e-047

1e-097

Logscale of W(L(6,, j1,, A,), T)

0 5 10 15 20 25
n=iteration

Bound — Estimate — 99% upper C.|

Figure 4: A Wasserstein distance upper bound on the Gibbs sampler for a variance component
model (Numerical Example using CRN. The estimate uses the mean of 1000 simulations with
initial values of i, 0y satisfying the initial values defined in [32] (see their Remark 4.1). The
vertical axis is a log scale.

We simulated (||X,, — X/|]1)? 1000 times (M = 1000) using CRN. Figure [4] graphs the esti-
mated upper bound on the Wasserstein distance between the Markov chain and its corresponding
stationary distribution while Table [f|provides the bound estimates and the 99% confidence intervals
using Lemma 3.3

The CRN bound indicates Wasserstein distance of less than 0.0099 by iteration 9 (W), 1 (£(Xy), )
< 0.00359). The bound for [32] indicates total variation distance of less than 0.00999 by iteration
3415 (|| L£(X3415) — 7||7v < 0.00999) (See Table 3 of [32]). Note that the CRN bound is measured
in Wasserstein distance while the bound in [32]] is measured in total variation distance. The large
disparity between the DnM and the CRN bound is consistent with the conclusions of [38] that say
that the convergence rate bounds based on single-step DnM tend to be overly conservative.

Finally we compare our convergence rates with informal methods in Section[8.1.2] The trace-
plot (Figure[8) suggests that convergence of i, V', and W is nearly immediate. The Gelman-Rubin
statistic is evaluated at different iterations in Table[I0] By iteration 10, the Gelman-Rubin statistic

is close to or less than 1.05 for V, W, and p.
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n | o0 S0 (| X pm — X wll1)? | 99% lower C.I. | Estimated bound | 99% upper C.L
1 397506.3 0 3075.601 55941.57

2 6.0002 112.7212 119.4924 125.8998

3 0.1835 17.3169 20.8980 23.9495

4 0.0076 3.2230 4.2734 5.1123

5 0.0004 0.7855 0.9132 1.0251

6 2.4539e-05 0.1837 0.2417 0.2881

7 1.4015e-06 0.0441 0.0578 0.0687

8 1.0485e-07 0.0114 0.0158 0.0192

9 5.4138e-09 0.0027 0.0036 0.0043

Table 6: Wasserstein bound estimates and confidence intervals for the variance component model,
Numerical Example [5.1]

Hyperparameter | a; | by | as | by | a3 | b3
From [11]] 05110 0|10
This paper 05/ 11 ]1]0]10%*

Table 7: Hyperparameters used in Real Data Example and [L1] (See their Section 4). The
hyperparameters follow the same notation as in Equation [§]

Real Data Example 5.1. We are given the yield of dyestuff from 6 batches of 5 yield measure-
ments in grams (ie. / = 6 and J = 5). This data was published in Davies [13]. The data can be
structured as a variance component model where 6; represents the mean yield for batch :.

We are going to compare our Wasserstein bound to the total variation bound from [11]. [11]
generates an upper bound on the total variation distance between a Markov chain and its corre-
sponding stationary distribution using a modified version of the popular DnM condition stated in
[46]] (see Theorem 12 of [46]] and Proposition 1 of [11]) and estimates the required DnM param-
eters (A, A\, €) using simulation. The hyperparameters for the DnM bound are defined in Table
7

In our comparison, we will first generate an upper bound on the Wasserstein distance between
the Markov chain and the corresponding stationary distribution. Next, we will generate an upper
bound on the total variation distance based on the Wasserstein distance using Proposition 24 of
[40].

Proposition 24 of [40] will be used to bound the total variation distance given the Wasserstein

distance. Note that in [40], the prior on p ~ 1 is flat. Since in this example 1 ~ N(0,10'%), we
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assume that they are the same.

Proposition 5.2 (Proposition 24 of [40]). Let X,, be a variance component Gibbs sampler gener-
ated according to the priors of V.~ IG(ay,b1), W ~ [G(ag,bs), and pocl. Assume that I = 2.
Then for eachn > 1 and X, = (6’0, Vo, Wo, o) e REx Ry x R, x R,

1£(X5) = 7llrv < Ky W1 (£(Xn1), 7) (11)
where Kry = (c1 + ¢2)J%?1 and
I/2+(L1—1
ca=3(3+a) (1+4/2+55) (VE+&)

9 1J 1 IJ/2+a271 7 9
* 2= T (7 + a2) (1 + \ﬁu + b212J2> (2\/;"‘ zm/jj)

We bound the whole chain in Proposition (0_,;, Vs Wi, i) rather than the marginal chain

(9;, ity as presented in Proposition 24 of [40] due to de-initialization properties [43]]. See section
5.1 of [40] for more details.

Applying R simulation to Lemma 5.1} we calculate X' = 0.00198. The following holds,

NI

Wi (£(X0), ™) < 0.00198E [(|Xa — X, [1)°]

Applying Proposition[5.2] K7y = 611.4339 and so,

N

1£(X0) = 7llzy < 1.21338F [ (|1 X0 — X,[11)°]

The initial value of X, is 50 = the initial values defined in Equation 9 of [11], V, ~ IG(al,bl),
Wy ~ IG(a2,b2) and pip = Y. The initial value of X}) is distributed according to Equation @

We simulated X, and X/, 500 times (M = 500) using CRN. Figure [5| graphs the estimated
upper bound on the total variation distance between the Markov chain and its corresponding sta-
tionary distribution. Table [8| provides the total variation bound estimates and the 99% confidence

intervals using Lemma [3.3]
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Comparison of bounds on ||£(X,,) — 7||rv

1e+111

1e+06 1

1e+011

1e-04 1

Logscale of ||L(6y, 1y, Ay) — 7|,

0 100 200 300 400 500
n=iteration

Bound — CRHN Estimate DnM — CRN 99% upper C |

Figure 5: Comparison of total variation distance upper bounds on the Gibbs sampler for a variance
component model (Real Data Example [5.1]) using CRN simulation and a DnM bound. The CRN
estimate uses the mean of 500 simulations. The initial values of X, satisfy Equation 9 in [11]].

n | 250 ([ Xm — XU l11)? | 99% lower CI. | CRN | 99% upper C.I. | DnM
10 3.1983e+11 0 686202.5 1210249 1.7888
50 5742313 413.0225 | 919.4749 1232.997 1.7821
100 61787.44 0 301.6105 483.7103 1.7737
250 10979.74 0 127.1430 231.2048 1.7490
461 9.0992¢-06 0 0.0037 0.0067 1.7149

Table 8: Total variation bound estimates and confidence intervals for the variance component
model, Real Data Example [5.I] Comparison of the estimated total variation bound using CRN
with the total variation bound generated from [[11]], which was calculated using DnM.

The CRN bound indicates total variation distance of less than 0.01 by iteration 461 (|| £(Xy61)—
7||rv < 0.0037). The DnM bound indicates total variation distance of less than 0.01 by iteration
98, 750 (||£(Xgs 750) — 7||rv < 0.0072). The two bounds are compared in Figure |5| and Table
The large disparity between the DnM and the CRN bound is consistent with the conclusions of [38]
that say that the convergence rate bounds based on single-step DnM tend to be overly conservative.
See Figure [5for a graphical comparison between the two bounds.

Finally we compare our convergence rates with informal methods in Section The tra-

ceplot (Figure [0) suggests that convergence of 1, V, and W to stationarity occurs after the first
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few iterations (the variance of ;o seems to slightly increase with n, however). The Gelman-Rubin
statistic is evaluated at different iterations in Table[I2] By iteration 250, the Gelman-Rubin statistic

is close to or less than 1.05 for V, W, u, and 6.

6 Gibbs sampler for a Bayesian linear regression model

Consider a Gibbs sampler for the Bayesian linear regression model with semi-conjugate priors (see
Chapter 5 of [41]) for which we will apply Theorem [3.2] to simulate convergence bounds on the
Wasserstein distance. For this particular example, we can also provide an upper bound on the total

variation distance given the Wasserstein distance using similar calculations as [S1].

Example 6.1 (Bayesian linear regression model). Suppose that we have the following observed

data Y € R* and X € R¥*? where

Y|670-2 ~ Nk(Xﬁ,O]]k)

2

for unknown parameters § € R?, 0% € R,. Suppose that we apply the prior distributions on the

unknown parameters,

2
B ~ Ny(Bo, 5) o~ IG (% %) .

The joint posterior density function of 3, 0%|Y, X is proportional to the following equation,

9(B,0%) (12)

: 1 1 1 2
(oA T <_Tc2(y = XB)(Y = XB) = 5 (8 = Bo) 551 (B = fo) - “0“0) .

202

(13)

The Gibbs sampler on the Bayesian linear regression model is based on the conditional poste-

rior distributions of 3,,, 0% and is defined as follows initialized at 3y, o2
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L Bulo2 1Y, X ~ Ny(By2 |\ Vsp2 )

2. 0218, Y, X ~ IG (B2 L uod + (Y — XB,)T(Y — X5,)])

2

where

1 T -1 ! 5 1
Vﬁvgi—1 = (O—TQLlX X + 25 ) ’ 6‘7721_1 = Vﬁa"i—l (0-721

Replacing 8, = f,2 s Vﬂl 2 Z,, where Z, ~ N,(0, I,) into the equation for o2 and with
n— Tn—1
IG, ~ IG(*2 1), we get that
> 1/2 > 1/2
vt (XBp =Y+ XV Z)(XBp Y + XV, Z,)

oalor Y, X = >+ 5 G,

(14)
where (Z,,, IG,), are independent for all n.

Although the Markov chain may be high-dimensional in f3,,, special properties of this Gibbs
sampler allow us to upper bound the total variation distance between the law of two joint Markov

chains, £(02, 3,) and L(c%, ) = 7, in terms of the L' distance between o2 and o2 only.

2
n

Lemma 6.1. The total variation distance between L(f,,0;) and the corresponding stationary

distribution, T, can be bounded by the expected distance as follows,

(k‘ + Uo)2

HL(@na O-TQL) - 71-HTV < 21}06(2)

The proof is in section

Lemma shows that total variation distance can ignore the difference between £3,, and /! .
The Wasserstein distance, on the other hand, must take into account the distances between both

/
B, B and 02,02 as shown below.

n-n

Lemma 6.2. Let (B,,02)n>1 and (B,,0.2),=1 be two copies of the Markov chain with o ~

IG(«, B") and B, ~ Ny(Bo,Xp) where o = (k +19)/2 — 2 and 8/ = vy} /2. Fix p € [1,0) and
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let T be the corresponding stationary distribution. Then for r > p

1/r
WL, 02).) < (L Bld(B0 02, (31,0201

Where

o« (' = 16F((k+vo)/272)(277)Q/2 det(Eﬁ)l/Q
D((k-+v0)/2)((Y - XB)YT(Y X B))? (voc/2) 770 22

-1
e—%(ﬁ—ﬁo)TEB (B=5o)

« L=1{, (vocg/2+(YfXB)T(YfXﬁ)/2)(’“+“O)/2d(ﬂ) and B < R? x R is a bounded set.

The proof is in Section

Convergence diagnostics for variations of the Bayesian linear regression Gibbs sampler can
be found in [51} 42, 155, 4, 25, 118, I5]. However, we could not find any explicit bounds on this
version of the Gibbs sampler for a Bayesian linear regression (ie. the bounds were applied to more
simpler examples or the analysis did not provide an explicit bound). Using example notation,
the papers [51, 42, 55] assume that X5 = o2y where Y is known. That is, the variance of Y
and the variance of ( are proportionally the same. Putting the results of [51] and [42] together,
it is shown that the geometric convergence rate that is generated when using one-shot coupling
is the actual geometric convergence rate (see Theorem 3.1 of [42] compared with Theorem 4.4
of [51]). The actual geometric convergence rate is calculated using the spectral gap in [42]. The
papers ([4, 25])) assume that the error of Y'|f, o? are non-Gaussian (to take into account outliers)
and provide sufficient conditions for geometric ergodicity with respect to £ (dimension of Y) and
q (dimension of ). [18] tells us that the Bayesian regression Gibbs sampler with semi-conjugate
priors is geometrically ergodic regardless of the size of £ compared to ¢. Finally, [5] generates
upper bounds in total variation between two copies of a linear regression Gibbs sampler model.
The model in [5] adds slightly more complexity to example [6.1] by taking Y5 as random. Similar
to our results, the chains converge quickly.

Using Lemma we show how an upper bound on the convergence rate in Wasserstein dis-

tance can be simulated in Real Data Example We further provide an estimate of the upper
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bound in total variation using Lemma

Real Data Example 6.1. Suppose that we are interested in evaluating the carbohydrate consump-
tion (Y) by age, relative weight, and protein consumption (X) for twenty male insulin-dependent
diabetics. For more information on this example, see Section 6.3.1 of [16].

We want to find the estimated upper bound on the Wasserstein and total variation distance to
stationarity for a Bayesian linear regression Gibbs sampler. In this case, there are 20 observed
values and 4 parameters (k = 20, g = 4). We set the priors to fy = 6, Yg =14, v9 =6, c?) = 140.
The initial values of our Markov chains are o2 = 100, 8y ~ N4(0,14), o ~ IG(11,420) and
By ~ N4(0, Iy). We can apply Lemma[6.2]as follows, where K = 1025971 and r = 5.

Wi (L(o2, B), 7) < 15.93E[[|(02, B,) — (02, Ba)|[3]°

holds almost surely.

2 =
ZUOCO

By Lemma the total variation distance is bounded above by (o) (.40238 times the

expected distance between o2 and o2, and so,

, 1/5
1202, ) = llrv < 6418 [1(02, 5) — (o2, B[]
Using CRN simulation, we simulated ||(¢2, 3,) — (¢, 3.)]|1 ten thousand times (M = 10000)
over 100 iterations (N = 100). Figure [6] graphs the upper bound on the total variation distance.
By iteration 58, the total variation distance first hits below 0.01, ||£(02, Bss) —7||7v < 0.0016.
In comparison, the Gelman-Rubin statistic first hits below 1.05 at iteration 49 (see Figure and

the traceplot suggests convergence after the first few iterations (see Figure[TT).
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Upper bound on ||£(02, 3,) — 7||7v

1e+09 7

1e+04 7

Bn)_“”w

2
n?
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Figure 6: Total variation distance upper bound on the Gibbs sampler for a linear regression model
(Real Data Example [6.1) using CRN. The estimate uses the mean of 10000 simulations with initial
values 03 = 100 and 5y ~ N(0, I,). The vertical axis is log-scaled and r = 5.
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8 Appendix

8.1 Convergence diagnostics

8.1.1 Real Data Example 4.1|

Gelman-Rubin statistic

A mu theta 1
1.12 4
1154
1.02
1.08
5 1.10 1.00 7
k=]
8
o
=
= 1.04
w 0.98
1.05
1.00 0 96
1.00
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Iteration
Traceplot for iterations 1 < n < 10
o mu theta 1
100 - 100
20000 A
754
50
@
=
© 504
=
10000 o 0
25
-50 o
0 oA
25 50 75 100 25 50 75 100 25 50 75 100

Iteration

Figure 7: Gelman-Rubin statistic and traceplot for Real Data Example 4]
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8.1.2 Numerical Example[5.1]

Iteration A\ W I

10 1.064556 | 1.046249 | 1.062693

20 1.026606 | 1.021977 | 1.034042

30 1.017409 | 1.013104 | 1.021825

40 1.013610 | 1.011070 | 1.014756

50 1.010736 | 1.008834 | 1.011396

60 1.009296 | 1.007351 | 1.010150

Table 10: Gelman-Rubin statistic at various iterations for Real Data Example [5.1} The range of p

1s -2 to 0.

Traceplot

mu W w

-0.4 A

| |]|

"ﬁ--, l Lr |.|\'\‘i' ' \“
Wi ,Mﬁ s

Figure 8: Traceplot for , V', and W for Real Data Example@
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8.1.3 Real Data Example

Table 12: Gelman-Rubin statistic at various iterations for Real Data Example [5.1] The range of
V' is (0.5, 3.5), W is 1000, 20000, and 1, 0, is (1400, 1600). Note that because the range of initial
values to calculate the Gelman-Rubin statistic is larger than the initial values in our bound, the

convergence rates cannot be blindly compared. Rather, the Gelman-Rubin statistic indicates that

n

V

w I

01

50

1.186270

2.052273 | 2.984139

2.792903

100

1.095662

1.591515 | 1.597947

1.587649

150

1.083923

1.454056 | 1.241374

1.215334

200

1.062822

1.208700 | 1.086050

1.097018

250

1.054723

1.074812 | 1.038007

1.056482

the chains move relatively slowly.
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Figure 9: Traceplot for i, V/, and W for Real Data Example [5.1]
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8.1.4 Real Data Example [6.]]

Gelman-Rubin statistic

25 50 75 100
n=iteration

Figure 10: Gelman-Rubin statistic of 2.
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Figure 11: Traceplot of 10 simulations of o2 where o2 = 100.
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8.2 Proof of Theorem 3.1

Proof of Theorem Let X,,, Y}, be two copies of the Markov chain such that X,, = kg, (X,) and
Y, = ke, (Yo) (see Sectionfor more details on the notation). If X, ~ 7, then ke, (X)) ~ 7.
1 r rdm
First we show that E[d(X,,, X.0)"] = B | d(X,, V)" 5552 | where dr (Yo)/du(Y5) = f+(¥0)/ fu(¥)

and dr/dv is the Radon-Nikodym derivative.

Eld(X,, Xo)"] (15)
- BE[d(ke, (Xo). ke, (X)) | X0, 0,,0,]] (16)
= | [ dlhe, (X0, hey ) an(o)| (7
= | [ dthe, C6a) b, () T | s
~ [ [atho, (X0 ko, () T | 1,0, | (19)
—E :d(Xn, Yn)’“jzgg ] (20)

By Holder’s inequality, for s > 1 and K = E l(gggﬁ;) S_I] -

Eld(X,, X)'] = E [d(Xn, Y,)" ] < KE[d(X,.Y,)"]? 21)

Thus, the L"-Wasserstein distance is bounded above as follows,

3=

War(L£(X,), ™) < E[d(X, Xo)']7 < K7 E[d(X,, Y,)"™]7 22)

Finally by Remark 6.6 of [56]], for p < r, Wy,,(L£(X,,), m) < Wy, (L(X,), ) and so, by Equation
22

Wap(L(X0), 1) < War (L(X0), 7) < K7 E [d(X, Y,) ]
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8.3 Alternative proof of Theorem 3.1 when s = 1

First we define essential supremum and infimum.

Let f : X — R be a function and A be the Lebesgue measure. The essential supremum is the
smallest value a € R such that A(z | f(z) < a) = 1. More formally, esssup,, f(z) = inf,cr{a |
Mz | f(z) > a) = 0}. The essential infimum is likewise the largest value a € R such that

Mz | f(z) > a) = 1. Or, essinf,, f(z) = sup,epia | Mz | f(z) < a) = 0} [36].

8.3.1 Rejection rate and separation distance
We will define rejection sampling and separation distance and show how they are related.

Definition 8.1 (Rejection sampling). Suppose that we have a target distribution 7, which we want
to sample from, but is difficult to do, and we have a proposal distribution v that is easier to sample
from. Suppose also that for the corresponding density functions f,(z) and f,(z), f,(z) =0 =
fr=(x) = 0, where x € X and that K = esssup,cy f(z)/f,(x). To generate a random variable

Xoo, L(X) = 7 we do the following,

1. Sample X ~ vand U ~ Unif(0,1) independently.

1 fx(X
K fu(X

—

2. U <

) then accept X as a draw from 7. Otherwise reject X and restart from step 1.

Definition 8.2 (Rejection sampler rejection rate). For the rejection sampler algorithm defined
above, denote the event A = {X is accepted as a draw from 7}. The rejection rate is (m,v) =

1—P(A) =1—1/K where K = esssup,.y [-(2)/f, ().
Proof. See Section 11.2.2 of [49]. O

We further define the separation distance on the continuous state space X as follows. Separa-
tion distance was first defined in [2]] for discrete state spaces. We use the definition of separation

distance defined in [[10] where the density functions are known.
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Definition 8.3 (Separation distance (Remark 5 of [[10]])). Let v and 7 be two probability distribu-
tions defined on the same measurable space (X, F) with densities f, and f, such that for x € X,

fz(x) =0 = f,(z) = 0. The separation distance is s(7,v) = esssup, (1 = fi—éﬁ%)

It turns out that the separation distance and the rejection rate of the rejection sampler are the

same.

Lemma 8.1. Let v and 7 be two distributions defined on the same measurable space (X, F). If f,
is the proposal density and f, is the target density in a rejection sampler, then the rejection rate
equals the separation distance,

s(m,v) =r(mv)

Proof.

s(m,v) = ess ilél);{) <1 — ;:Ei;) =1 —essinf Ju(@)

1 ! =L )
=1- =1——=r(m,v
€88 SUD ey ;:Eg K

]

Alternative proof of Theorem|3.1|for when s; = 1, s, = co. In this proof, we use rejection sam-
pling, which is similar to the proof method presented in [31]. Let X,,,Y, be two copies of the
Markov chain and A = {Accept Yj as a draw from 7}. Recall from Definition [8.2fthat 1 — 1/K =
r(m,v) =1— P(A)and so P(A) = 1/K. Note that L(Y,|A) = 7 and so, L(Y,|A) = =.

E[d(X,,Y,)"] = E[d(X,.,Y,)? | AJP(A) + E[d(X,,Y,) | A|P(A°)
> E[d(X,, Xoo)']P(A)

1
> Bld(X,, X))
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Thus for K = esssup,cy fx(z)/f.(x),

Wap(L(X,),7) < Eld(Xn, Xo)?] < KE[d(X,,, Y,)"]

Further note that by combining Definition [8.2] and Lemma 8.1| we can write K as follows

1 1

K= 1 —s(m,v) - 1—r(m,v)

8.4 Proof of lemma related to the Gibbs sampler for a James-Stein estimator

Proof of Lemma First note that the density function of v is as follows,

fol0, 11, A)
q a —

T emnrren) ( gortahre A—a—(q—l)/2—1e—6/A> <;e—(u—9)/(2f\))
1 VarV [a+ (¢g—1)/2) V2TA

Next, we want to calculate the supremum of the ratios where the function ¢ is defined as in
Equation [6]

(0, 11, A)
sup _—
(5,#,A)€Rq+1 xR fu(ea 22 A)

1 —(0;—p)2/(2A B —a—-1_,-5/A
( e W CRRLE ))m"l 1,6/

= sup
7 1 —(u—0 Bat(a—1)/2 —a— 1
(6,11, A)ERIT1 xR 4 (m@ (u 9)2/(2A)> WA q/2+1/2—1—B/A
_ F(Oé + (q - 1)/2) 1 Sup e[(é*liyf §=1(9ru)2]/(2A)
['(«) (2r3)(a-1)/2

(0,11, A)ERTH! xRy
D+ (g—1)/2)
[ (o) (2P

The last equality follows since (6 — 1)? < Y°2_ (6; — 11)? by Jensen’s inequality.
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Next we partially calculate {,., <R, g0, 1, A | Y)A(G, w, A).
J 9(0, 1, A | Y)A(0, p, A)
RQ+1XR+

/Ba —a-1_— 1 z (0. —_V.)2 (O _\2 —
= Ao lemh/A O:=Y)2/(2V)=(0:=w*/2A) | 4(F. 1. A
JRWM [(a) O CrV)iRQrA)? He (0,11, 4)

i=1
:j P pa- e . ﬁ6_0'5[(93_292'Yi+Y¢2)/V+(9?—29m+#2)/f1] d(0, u, A)
Rt xR F(O{) (27T)Q(AV)Q/2 i=1 o
2 2
p* . 1 1 705[02( Ly _99,(Yi 4 ﬁ)Jr(YiiJrL)} .
_ —A « e ﬂ/A e vVTA v TA 1% A d(@,M,A)
Joron, vy (L

(LL
leA

. /8 a— 17[3/Ae 22 ) !
= — A
f T(a) (2m)1(AV)12 H

Y B
—0.5(3+ A)[92 20, Y—4

CANpS Lo~ 1 L1y (YELuy 33 1 1 1 a/2
- A e e L (T e vta | 2m——m—r d(p, A
»[RXR+ F(a) (27T)q(AV)q/2 (% + %) ( )
Y, py2
CAN S SRS G V- i ol U A
= jRXR+ F(O[)A (& / We 2 1( Vv ) vta 27TA — V d(,u, A)
b /A 1 1 (1+ ) Ly (%+%)2
= —A e -3 2 T 1
B RxR, F(&)A € (27r)q/2(A+V)q/2 2 A via d(u, A)
1wq | (52 v2 2
= _5a —a—1,-B/A 1 3 2= ‘M\}A]
 Jrum, ey T e Tl d(u, A)
Thus we get that
1 o
n d(eaM7A)
S]Rqﬂ xR g(ea,u7A | Y)
_ I(o)(2m)2 1
— /604 lzq (%+%)2_Y77,2_£
—a—lg-B/A 2 &i=1| T T T v A
Srnr, ‘v e d(p, A)
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So

K = 1 sup g(ea 22 A)
SB 9(9’ 22 A)d(ea 22 A) (0,11, A)ERI+1 xRy fu(ea 22 A)
< He)n” ! Do + (g~ 1)/2)
. m [ ] T(@RrA)R
SRXR+ A(j:/e)_jz/ e VA d(u, A)
_ I(a+(¢-1)/2)(2m)" 1
a Bota-1)/2 Ly |Gk v #2]
—a—lg—B/A 24i=1| L 1TV T A
Sexr, AT v d(p, A)

159
A—a-1,-B/A 221'1{

Let L = SRX]R+ AT €

]d(,u, A). Then by Equation [3| coupled with

Remark [T} forr > p

L(a+ (¢ —1)/2)(2m)"2 1

1/r
[at(a—1)/2 ZE[d(Xm Ya) ])

Wil £ < (
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8.5 Proof of lemma related to the Gibbs sampler for a the variance compo-

nent model

Proof of Lemma First note that the unnormalized joint density function of (5, V, W, 1) is writ-

ten as follows (f (6, V, W, p) = T g(0,V, W, j1) where L is unknown),

bal by 1 _(p—a3)?
6 V W 7b1/VV a1—1 2 fbg/WW as—1 -
W=\ T ) (r(ag) Nz A

ﬁ _omp? ﬁ L 00
i 27rV =1 =1 27TW

1c(V | a1, b1) fra(W | ag, b2) fn(p | as, bs) (n In(0:lp, V))

(11

=17

&

In(Y; ‘|9i,W))

1

For the variance component model, we will use Theorem @ and set s = 2 (s0, % = 2).

Denote L as a lower bound on SR,X& SRy xR g(g, V, W, ,u)d(g, V, W, 1n). We want to find

1/2

[

v [ (ﬂﬂwmm

2
= F0,V, W, p)d(8,V, W, 1)
[0, V, W, u))

T+1 2
R XR+

1/2

[

[ 1 g(0,V,W, )
L £,(6,V, W, )

. 1/2
1 ATAUAN

-] R gy
L\ Jrrvixgz £,(0,V, W, )

(9 VW)
><]R2 (9 V,W, )d(07 V7I/V7,U/)

2
)ﬁ@%wmmﬁumm

I+1R2
R XR+

Step 1: Find an upper bound on SR 141

To find an upper bound on the integral of the ratio, note the following ratios,
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B b viea-1)’
fia(V | a1, 01)? _ (F(ill)e v )
fra(V | 2a; +1,2b; — 1)  Cu=D??M%1 (9 1)V /(201 +1)—1

T(2a1+1)
B oV Y 2012
_ [(a1)?
%6—(%1—1)/\/‘/—2@—2
_ b (20 +1) v
F(a1)2 (2()1 — 1)2a1+1
) ( by> ebg/Wwa21)2
JicW [ a,05)* T
fra(W | 2ay + 1,2by) (gl(’;()lzaj:)le*ZbQ/WW*ZIQ*l*l
bgie—ng/WW—Qaz—Q
_ _ a2)
By

™ T2+ 1)
- F(ag)Z (2b2)2a2+1
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I J; _ 9.2
Hi 1 1_[ '1 fN( i | 9i7 W) Hz 1 HJ 1 27TW %
Hz 1fN(0 | 172J) HZ‘I=1 2;%6 w

J.
HI 1 N 0-00?
i=1 @aw)%i € w

HI 1 e,w
=1 \/W
J;
I 1 5Ly Y2067
e W
o 1_[ (2rW)Ji
_Ji(¥i)2-20;Y;0;+ 7,67

i=1 — L ¢ W
(ﬂw/J.)l/Q
_ﬁ PN v
R NWANESEN 7rW) —ip¢ v
1 LTy, v2)
@ W
(1) ) RS (W) S T
! o7
(1L, Jo 22 ()T
_ I Ji V
where S'= 3 (3L, Vi — Ji(Y)?) and T = S Ji—1)2.
We evaluate the following integral, which will be used evaluating the integral of 9@V W)
U(Q,V,W,/A)
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I
| T swt6: 1 vya
RTG7

Next, we put all of the ratios together.

We first integrate with respect to 0.

ST

(0;—w)?
vy 46,
(27TV)I 1 Re
I
H m(V/2)
i=1
1
2rV)I ()™
1
(xV)12
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7 2
[y
RI+1 ><R3_ fl,(e7 ‘/, I/V’ :U)

(v Lan,b) fra W |z, bo) G s, b) (T1Ly @i 111 7) )
B jRI+1><R3_ fjg(v | 2@1 + 1, 2b1 - l)f[(;(W | 2@2 + 1, 2b2)fN([L | as, bg)
LI T (Y | 0, W)2

[1 fv (0| Yi, W /2)
b%al F(Qal + 1) 1/V b%a& F(Q(IQ + 1) I )
B ) b 0; | 1,V
jR”lxRi T(a)? (2by — 120+ T(a)? (2by)202+1 Ir(p] as,bs) ﬂfw( |11, V)
1 s
e d(f,V, W, )

(L, Ji)/225iz i (W) T
b%al F(2a1 + 1) b§a2 1"(2a2 + 1) I L - B
B 6; |, V)2dd ) eV b
[(ay)? (20 — 1)20+1 T (ag)2? (2by)202+1 lexRi JRI ﬂfN( | 1, V') e fn(p | as, b3)
1
(1, Ji)v22%iz i (W) T

e d(V, W, p)

Next we integrate with respect to V., W, i

" T(a1)? (26 — 12041 T(a)? (2by)2e2+1 T)me YWn (| as, bs)
1
(T, Ji) V22X Ji (r W) T
" T(ap+1) b3 T'(2ap +1) 1
['(a1)? (20 — 1)29F1 T(ag)? (2bg)%e=Ft ([0, J;) 220+ Xioy JigT+1/2

B T(20, +1) b3 I'(2ay + 1)J 1
RlxRi 21(

e d(V, W, 1)

1 _ 1 s
JRlxRQ VI/2€ 1/VfN(M | a3,b3)me w d(V, W, i)
2

b T(2a +1) 5™ T(2a9 + 1) 1
- D(a1)? (2by — 12041 Tag)? (20)2a2+1 ([1, J;) Y221+ Zios Jig T+1/2
(T —1)
r(1/2 - 1)W
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To summarise, we get,

0,V,W,p)? =~
Cy = J 9(;’—’“)01(9,@,10,#)
RI'HXR?;. fl/(ea ‘/a VVa :u)
b T'(2a; +1) b3 T'(2a9 + 1) [(I/2-1) (T —1)

" T(a1)? (2by — 1241 T(a)? (202)2%! (15, Jo)v22l+Xics figT+1/z - ST

Step 2: Find a lower bound on SRIX& YR xR g(g, v, W, ,u)d(H_: v, W, f4)
To find a lower bound over the integral we estimate the above integral over a closed set B <

R’ xR, xR, xR.

=1
R —a— by _ e 1 _ (p—a3)®
_ e 1/VV a1 1) ( 2 e bg/WW az 1) ( e b5 )
(F(al) I'(as) \/2mbs
1 0w 1 7(2{:1 I w)/w
Qnyiet @) AP

a :{:1 i_LQ — 2
(Y ) (L
Ta) 2n)7™ vards

a i (V3 —0;)2
['(ag)(2m)2i=1 i

Define

St (6 — 1)

al =a;+1/2 by = by + 5
I I J;
7 Y;_QZQ
CL;ZCLQ-FZJZ'/Q b;zbz—i-zz%
i=1 i=1j=1
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Taking the integral of g with respect to V' and W, we get,

f 9(0,v,w, 1)d(0, v, w, p)
RIxRy xR4 xR

b —b}/V i —af -1 1 e)?

N T(n (92 7! 0

JRIXR+XR+XR (F((ll)(Qﬂ')I/ze m@ 3

by? ekl bE W d(§ 0w, )

F(ag)(Qﬂ')ZaLl Jif2 y Uy By

f F(ai‘)b(lzl (b*)—a;'< 1 ,%
B T(a ) (2m)1/2 € 3

RI+1 F(al)(Qﬂ)I/2 1 m
F *® bag . .
(CLQ) 2] (b;)—az d(@,,u)
P(CLQ) (27T)Zi:l Jif2

The integral can then be defined as follows,

| 9(6, 0,0, 1) dA(F, v, w, )
RIxRy xRy xR
I'(a®)bS* T'(a2)b5? 1 ¢ _(n=ag)® —(a* -
_ (al) 1 (CL2) 2 . f (bis)fale 2b33 (b;) (a2)d(9’u)
F(al) F(a2) (271')21’:1 Ji/2+(1+1)/2bé/2 RI+1
x _(p—a )2 * —
=crt | e e (o) P a )
RI-H

Where C;l — F(a.ik)btlll F(C";)bSZ 1

la1)  Ta2) (ZW)S{=1Ji/2+<I+1>/2b§/2

Combining step 1 and step 2, we get,

- 1/2
1 9(97 VW, M)Q N /
= = —»—d(ea v, w, /"L)
SB 9(97 V?WM)d(ea‘/aVVnu) RI+1xRZ fl/(97 V?W:u)
1
= 7016
_ ok 7(“*“3)2 —(a*) —
Where L = (., (b7) “te” 2 (b5)"*/d(6, p)

I'(a T'(a I X 1/2
Ci = r(a(;")lb)‘il r(a(sk)Qb)SQ (2m) 2= H/2HIHL) 253/

Co = b1 D(2a14+1)  b2? T(2a2+1) r(1/2—1) r(T-1)
2 I'(a1)? (2b1,1)2a1+1 I(a2)? (2b2)2a2+1 (H] . Ji)1/221+2i1=1 Ji g T+I1/2 ST-1
iz
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8.6 Proof of lemmas related to the Gibbs sampler of a Bayesian linear re-

gression model

Proof of Lemma It follows from the de-initializing property of the Markov chain [43, Example

3] that

|£Gu,020) = LB 20| < |£02) - £

-

Using CRN, let G,, = G, where G, ~ Gamma(«, 1) Z,, ~ N(0, I,) are independent and denote

~ 2
v || XBaz, =Y+ ijgizn
Wi == 2 4 5
2
, X8, —Y+xVY 2z,
W — Vo€ n—1 On—1
nT g 2 ’

so that 02|02, = Whg- and 0,7|0,2, = W,’LG%L Denote A = W' — W, and without loss of

generality, assume W, > W,,. Since G,, ~ Gamma(«, 1) where o =

Btio let my/¢, denote the

density of 1/G,, and similarly denote the density (1A /w,)/c, for (1 + A/W,)/G,,. So we have

TG, (x)ocx’a’le’I/QC

1 x -
—(1+A/Wh) /x
T(A+A/Wn)/Gn (x)ocl + A/W, (1 + A/Wn) ‘

(1 4+ AJW,)0x o Lo UHA/ W)z,
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Using the coupling characterization of total variation

1£(02) = £ lrv
< B |[1LWo/Go | Zn 021, 0120) = LOWL /G | Zuy 02,072 )l |

n—1»“n—1

By Proposition 2.2 of [31]

n—1%n—1

[ 1 / AN 1 /
= E|llL <G_ Znaai—1’0n2—1> —L ((1 + W) a Znagi—1a0n2—1> ||TV]

By Proposition 2.1 of [S1]]

= B [[|6(W0/Gy | Zy 021, 020) = £((Wo + A)/G | Z, 021,072 ) |

<E|E [SUP {1 - WI/G"(x) } ‘ Zn,gi—b‘f;zq”
>0 T(14+A/Wn)/Gn (z)

By Lemma 6.16 of of [33]

This implies that,

— —a—1 71/1’
2 9 X ¢
||£(0n) - E(O-n )||TV < E _nglg {1 - (1 + A/Wn)axfaflef(leA/Wn)/x }:|
P i | 6A/I/Vn/:c
- _?Ji%{ ICENIAT }]
[ 1
=Fll——————|.
| (1+ A/Wn)“]
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Define f(z) = -, f/(zr) = —a=2. By the mean value theorem, f(1 + A/W,) = f(1) —
g E e (1L1+A/W,). So, f(1+A/W,) > 1— azf-. Now,

o

+ Vg VoC,

2

2 k
A—Q] since o = and W,, >

k
= 2w, - Wi ElG;  ElG;
VoCy
k
- U—(!—cgo E[|W, /Gy = W, /GA[1EIG, ] by independence
0
< (l{ + U0)2
2uc2
kE + v)? )
- 8 b - 020
VoCy

E[|Wn/Gn - Wé/Gnu

Proof of Lemmal[6.2) Define o/ = (k + v)/2 — 2 and 8 = vyc3/2. Note that

A e

F3: %) = fr e T 2 det(5y) e BT
o) (09)®

This implies that,

9(8,0%)

sup _—
(8,02)eR xR, fv(ﬁa 02)

Ul C2
W exp (—#(Y — XB)T(Y = XB) —5(6—50) S5 (8 — Bo) — 2(:720)
0k 20 (270) 012 det(55)~1/2e~ 3P~ A0) 25 (5=50)

% 1

T(a) (o2)(FFv)/2—2+1 €

(%) exp (—5,2(Y — XB)'(Y — XB))

Fary (2m) 9% det (3g) 12
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The numerator of the last equality is proportional to an inverse gamma density function with o* =

land f* = 3(Y — X3)"(Y — X3). Thus, the mode occurs when o = af:l _ (y,Xﬁ)Z(foﬁ)
and so,
()
(B,02)eERXR 4 f.(B,02)
S 10 op (_Q(Y*Xﬁ)%(Y*XB) Y = XB)T(Y - Xﬁ))
S — = — - il \ !
(Y = Xo)H(Y - XB)) Loy (2m) 9% det(S5) 12
- 10 P (a’)(2m)9 det(S5) 2
T XPT -XpR e
< 10 T(0/) (27)72 det (S5) V2
S (Y - XBT(Y - X)) G

Where 5 = (X7 X)~' XY is the maximum likelihood estimator. Next we find a lower bound

on §; 9(8,0%)d(B,0%)
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f 9(8,0%)d(8, 0%)
RIxR4

1
= qu XR+ (0_2)(k+v0)/2+1

exp (—%(Y XBY( = X6) = 55— "S55 - ) - 22 ) a5,)

—(voeg - o T
f <J (02) (k+vo)/2+1€ (voc§/2+(Y =X B)T (Y~ XB)/2)/o® d(o )) o~ 3(B=B0)"S5 (B~ go)d(ﬁ)
Ry

L((k + vo)/2) ~3(8-60)7Z5" (8—50)
. (02 + (Y — XP)T(Y — XB)/2)k+w02” p d(B)

o 3(8—00)"S5" (BBo)

M+ | g
e —3(B—B0)"=5 " (B—o)

<TG+ 2 | e

where B < R? x R, is a bounded set.

Thus we get that

[ 1 ()
SquR+ g(ﬁ? UQ)d(67 02) (3, UQ)ERXR+ fu(ﬁ 2)
1

b ﬂo)Tzﬁ (5-F0)

16T ((k + ’UO)/2 — 2)(27r)q/2 det(X5)?
(Y = XB)T(Y — X3))? (vgcd/2)F o222
1
o 2880 T35 (8-0)
o e - —xparor )
16T ((k + vg)/2 — 2)(2m) %% det(X5) Y2
D((k +v0)/2) (Y — XB)T(Y — X 3))? (vgcg/2) M Ho)/2 2 e2

<
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So by Equation [3]combined with Theorem forr = p

C 1/7‘
Wap(L(X,),m) < <IE[d(Xn,Yn)T])
h _ 16T ((k+vp)/2—2)(2m)9/2 det(X5) /2
Where C F((k+v0)/2)((YfXﬁA)T(YfX[%)V(vocg/Q)(k+vo)/2_262
e*%(ﬁfﬂo)Tﬂgl(Bfﬁo)
and L = §, ot xaro—xpmrerord(6) -

Remark 3. For Real Data Example|6.1} we want to prove that E[||(8,,02) — (8., 0.2)||] < oo for
n € N.
Since o2 = 100 and o2 ~ IG((k + vg)/2,v0c2/2), E[|02|] < 0 and E[|o|] < oo.
Suppose that E[|02|] < co. By Equation[14] 02 = ky, 5, (02_,), so
Elloall = ElE[kz, 16, (07 1) |on 1] < .
Further, since 8, ~ Ny(By2, Vs02) and 3, ~ Nq(ngga Vi 2)s E[|Bn]] < o0 and E[|5,[] < .
Thus, we have established that E[||(c2, 3,)|1] < oc and E[[|(0.2, B.)||1] < . By the triangle

inequality, E[||(c2, 8,) — (0.2, B!)||1] < .
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