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Preface

I am very pleased that, thanks to the hard work of Mohsen Soltanifar and Longhai Li, this solutions
manual for my book! is now available. I hope readers will find these solutions helpful as you struggle
with learning the foundations of measure-theoretic probability. Of course, you will learn best if you
first attempt to solve the exercises on your own, and only consult this manual when you are really
stuck (or to check your solution after you think you have it right).

For course instructors, I hope that these solutions will assist you in teaching students, by offering
them some extra guidance and information.

My book has been widely used for self-study, in addition to its use as a course textbook, allowing a
variety of students and professionals to learn the foundations of measure-theoretic probability theory
on their own time. Many self-study students have written to me requesting solutions to help assess
their progress, so I am pleased that this manual will fill that need as well.

Solutions manuals always present a dilemma: providing solutions can be very helpful to students
and self-studiers, but make it difficult for course instructors to assign exercises from the book for course
credit. To balance these competing demands, we considered maintaining a confidential “instructors
and self-study students only” solutions manual, but decided that would be problematic and ultimately
infeasible. Instead, we settled on the compromise of providing a publicly-available solutions manual,
but to even-numbered exercises only. In this way, it is hoped that readers can use the even-numbered
exercise solutions to learn and assess their progress, while instructors can still assign odd-numbered
exercises for course credit as desired.

Of course, this solutions manual may well contain errors, perhaps significant ones. If you find some,
then please e-mail me and I will try to correct them promptly. (I also maintain an errata list for the
book itself, on my web site, and will add book corrections there.)

Happy studying!

Jeffrey S. Rosenthal, Toronto, Canada, 2010
(jeff@math.toronto.edu / www.probability.ca)

2020 update:

Some typos and incorrect or incomplete solutions have been fixed: eleven typos related to Exercises
2.6.4, 3.6.14, 3.6.18, 9.5.12, 10.3.2, 14.4.12(a), and 15.6.8; two partial solutions related to Exercises
2.7.14(a) and 8.5.20; and six incorrect solutions related to Exercises 2.7.22(a), 3.6.6(a), 4.5.10, 9.5.14(a),
13.4.6, and 13.4.10. Thank to Danny Cao, Felix Pahl and Byron Schmuland for pointing out the
erroneous solutions.

In addition, the solutions to the even numbered Appendix Exercises A.3.2, A.3.8, A.4.4, and A.4.6
have been added, and two distinct solutions are now offered for Exercises 3.6.12, 4.5.10, 5.5.6, 11.5.6,
and 12.3.4 to help the readers better grasp the key concepts and results.

For chapters 7, 8, 14, and 15, the reader may also wish to consult the related exercises in the new
textbook A First Look at Stochastic Processes (J.S. Rosenthal, World Scientific Publishing, 2020).

2023 update:

Led by Xinyu Huo, a number of additional corrections and clarifications were made. Thanks to
David Scott for pointing out many of them.

1J.S. Rosenthal, A First Look at Rigourous Probability Theory, 2nd ed. World Scientific Publishing, Singapore, 2006.
219 pages. ISBN: 981-270-371-5 / 981-270-371-3 (paperback).
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Chapter 1

The need for measure theory

Exercise 1.3.2. Suppose Q = {1,2,3} and F is a collection of all subsets of . Find (with proof)
necessary and sufficient conditions on the real numbers x,y, and z such that there exists a countably
additive probability measure P on F, with x = P{1,2},y = P{2,3}, and z = P{1, 3}.

Solution. The necessary and sufficient conditions are: 0 < x < 1,0 <y < 1,0 < 2z <1, and
rT+y+z=2.

To prove necessity, let P be a probability measure on §2. Then, for
x = P{1,2} = P{1} + P{2},

y = P{2,3} = P{2} + P{3},

and
z = P{1,3} = P{1} + P{3}

we have by definition that 0 < x <1,0<y <1, and 0 < z < 1, and furthermore we compute that
x+y+z=2(P{1} + P{2} + P{3}) =2P(Q) = 2,

thus proving the necessity.

Conversely, assume that 0 < x <1, 0<y <1,0<z<1,and z+y+ 2z = 2. Then, define the
desired countably additive probability measure P as follows:

P(¢) = 0,
P{1} = 1-y,
P{2} = 1-z,
P{3} = 1-—u,
P{1,2} = u,
P{1,3} = =z,
P{2,3} =y,

P{1,2,3} = 1.
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It is easily checked directly that for any two disjoint sets A, B C 2, we have
P(AUB)=P(A)+ P(B)

For example, if A = {1} and B = {2}, then since z +y + z = 2, P(AU B) = P{1,2} = = while
P(A)+PB)=P{1}+P{2}=1-y)+(1—-2)=2—-y—z=(r+y+2)—y—z=x=P(AUB).
Hence, P is the desired probability measure, proving the sufficiency.[]

Exercise 1.3.4. Suppose that @ = N, and P is defined for all A C Q by P(A) = |A| if A is finite
(where |A| is the number of elements in the subset A), and P(A) = oo if A is infinite. This P is of
course not a probability measure(in fact it is counting measure), however we can still ask the following.
(By convention, oo + 0o = 00.)

(a) Is P finitely additive?

(b) Is P countably additive?

Solution.(a) Yes. Let A, B C Q be disjoint. We consider two different cases.

Case 1: At least one of A or B is infinite. Then A U B is infinite. Consequently, P(A U B) and at
least one of P(A) or P(B) will be infinite. Hence, P(AU B) = oo and P(A) + P(B) = oo, implying
P(AUB)=o00= P(A)+ P(B).

Case 2: Both of A and B are finite. Then P(AU B) = |AU B| = |A| + |B| = P(A) + P(B).
Accordingly, P is finitely additive.
(b) Yes. Let Aj, Ay, --- be a sequence of disjoint subsets of 2. We consider two different cases.

Case 1: At least one of A,’s is infinite. Then U2 A, is infinite. Consequently, P(U>2,A,) and
at least one of P(A,)’s will be infinite. Hence, P(US2 1 A,) = oo and Y - | P(A4,) = oo, implying
P(URZ An) = 00 =372 P(Ay).

Case 2: All of A,’s are finite. Then depending on finiteness of US? A, we consider two cases. First,
let US°, Ay, be infinite, then, P(US2,A,) =00 = > 7 |An| = > 07, P(Ay). Second, let U2 | A, be
finite, then,

P(UpZiAn) = [UpZ) An| = Z [ An| = ZP(An).
n=1 n=1

Accordingly, P is countably additive.[]
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Probability triples

Exercise 2.7.2. Let Q = {1,2,3,4}, and let J = {{1},{2}}. Describe explicitly the o-algebra o(J)
generated by J.

Solution.
o(J) ={o,{1},{2},{1,2},{3,4},{1,3,4},{2,3,4}, 0}
O

Exercise 2.7.4. Let F1,F2,--- be a sequence of collections of subsets of €2, such that F,, C F,,4+1 for
each n.

(a) Suppose that each F; is an algebra. Prove that U2, F;is also an algebra.

(b) Suppose that each F; is a o-algebra. Show (by counterexample) that U2, F; might not be a o-
algebra.

Solution.(a) First, since ¢, € F; andF; C U°, F;, we have ¢,Q € U, F;. Second, let A € UX,F;,
then A € F; for some i¢. On the other hand, A° € F; and F; C U2 F;, implying A¢ € U2 F;.

Third, let A, B € U2, F;, then A € F; and B € Fj, for some i, j. However, A, B € F . ;) Yielding
AU B € Fuax(i,j)- On the other had, F a5 C U2 F; implying AU B € U2, F;.

(b) Put Q; = {j}é-:l, and let F; be the o-algebra of the collection of all subsets of €; for i € N. Suppose
that U2, F; is also a o-algebra. Since, for each i, {i} € F; and F; C U, F; we have {i} € UX,F;.
Thus, by our primary assumption, N = U2, {i} € U, F; and, therefore, N € F; for some i, which
implies N C ; , a contradiction. Hence, U°, F; is not a o-algebra.l

Exercise 2.7.6. Suppose that Q = [0, 1] is the unit interval, and F is the set of all subsets A such
that either A or A€ is finite, and P is defined by P(A) = 0 if A is finite, and P(A) = 1 if A€ is finite.
(a) Is F an algebra?

(b) Is F a o-algebra?

(c) Is P finitely additive?

(d) Is P countably additive on F (as the previous exercise)?
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Solution. (a) Yes. First, since ¢ is finite and Q¢ = ¢ is finite, we have ¢,Q) € F. Second, let A € F,
then either A or A€ is finite implying either A¢ or A is finite, hence, A € F. Third, let A, B € F.
Then, we have several cases:

(i) A finite (A€ infinite):

(i-1) B finite (B¢ infinite): AU B finite , (AU B)¢ = A°N B¢ infinite

(i-ii) B¢ finite (B infinite): AU B infinite , (AU B)¢ = A°N B¢ finite

(ii) A€ finite (A infinite):

(ii-1) B finite (B¢ infinite): AU B infinite , (AU B)¢ = AN B¢ finite

(ii-ii) B¢ finite (B infinite): AU B infinite , (AU B)¢ = AN B¢ finite.

Hence, AUB € F.

(b) No. For any n € N, {1} € F. But, {1}>2, ¢ F.

(c) Yes. let A, B € F be disjoint. Then, we have several cases:

(i) A finite (A€ infinite):

(i-1) B finite (B¢ infinite): P(AUB)=0=040= P(A) + P(B)

(i-ii) B¢ finite (B infinite): P(AUB)=1=0+1= P(A)+ P(B)

(ii) A€ finite (A infinite):

(ii-i) B finite (B¢ infinite): P(AUB)=1=1+4+0= P(A) + P(B)

(ii-ii) B¢ finite (B infinite): Since A°U B¢ is finite, A°U B¢ # Q implying AN B # ¢.
Hence, P(AU B) = P(A) + P(B).

(d) Yes. Let Ay, Ag,--- € F be disjoint such that U2 A, € F. Then, there are two cases:

(i) U2, A, finite:

In this case, for each n € N, A,, is finite. Therefore, P(UX;A4,) =0=>>,0=> ", P(A,).
(ii) (US2,Ap)¢ finite (U2 A, infinite):

In this case, there is some ng € N such that A, is infinite.

(In fact, if all A,’s are finite, then U ; A, will be countable. Hence it has Lebesgue measure zero
implying that its complement has Lebesgue measure one. On the other hand, its complement is finite
having Lebesgue measure zero, a contradiction.)

Now, let n # ng, then A, N Ap, = ¢ yields A, C A7, . But A7 is finite, implying that A, is finite.
Therefore:

P(US4An) =1=140=P(Ag,)+ > 0=P(Ay,)+ > P(An,) = iP(An).
n=1

n#ng n#no

Accordingly, P is countably additive on F.[J

Exercise 2.7.8. For the example of Exercise 2.7.7, is P uncountably additive (cf. page 2)7
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Solution. No, if it is uncountably additive, then:

= P((0,1)) = P(Uyepop{e}) = 3. P(la) = 3 0=0,

z€[0,1] z€[0,1]

a contradiction.[]
Exercise 2.7.10. Prove that the collection J of (2.5.10) is a semi-algebra.

Solution. First, by definition ¢,R € J. Second, let A1, A2 € J. If A; = ¢(2), then Ay N Ay =
®(A;) € J. Assume, Ay, Ay # ¢, €, then we have the following cases:

(i) A1 = (=00, x1]:

(i-1) Ay = (—o0,x9]: A1 N Ay = (—oo, min(x1,x9)] € J

(i-ii) A2 = (y2,00): AiNAs = (y2,21] € T

(i-iii) A2 (x2,y2]: A1 N Ay = (z2, min(x1,y2)] € J

(i) A1 = (31, 00):

(11 l) Ag ( o0 .7}2] AlﬂAQ—(yl,l‘z] eJ

(ii-il) Ag = (y2,00): A1 N Ay = (max(y1,y2),00) € J

(ii iii) A2 (xg, yg]: A1 NAy = (max(xg, yl), yg} ceJ

(i) A1 = (21, 1]:

(iii-i) A2 = (—o0,z2]: A1 N Ay = (z1, min(ze,y1)] € J

(iii-il) A2 = (y2,00): A1 N Ay = (max(y2, z1), 1] € T

(iii-iii) Ag = (x9,y2]: A1 N Ay = (max(z1, z2), min(y1, y2)] € J.

Accordingly, A; N A2 € J. Now, the general case is easily proved by induction (Check!).

Third, let A € J. If A = ¢(2), then A° = Q(¢) € J. If A = (—o0,z], then A° = (z,00) € J. If
A = (y,00), then A = (—o0,y| € J. Finally, if A = (z,y], then A° = (—o0,z] U (y,00) where both
disjoint components are in J.[]

Exercise 2.7.12. Let K be the Cantor set as defined in Subsection 2.4. Let D,, = K@% where K @ %
is defined as in (1.2.4). Let B = U2 D,,.

(a) Draw a rough sketch of Ds.

(b) What is A(D3)?

(c) Draw a rough sketch of B.

(d) What is A\(B)?

Solution.(a)

Figure 1: Constructing the sketch of the set D3 = K & %

(b) A(D3) = A(k @ %) = A(K) = 0.
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()

Figure 2: Constructing the sketch of the set B = U>2 D,

In Figure 2, the line one illustrates a rough sketch of the set D1, the line two illustrates a rough sketch
of U2_, Dy, the line three illustrates a rough sketch of U3_, D,,, and so on.

(d) From A(D,) = A(k@® 1) = A(K) = 0 for all n € Nand A(B) < >0°, A(D,,) it follows that
AB)=0.0

Exercise. 2.7.14. Let Q = {1,2,3,4}, with F the collection of all subsets of Q. Let P and @ be
two probability measures onF, such that P{1} = P{2} = P{3} = P{4} = 1, and Q{2} = Q{4} = 3,
extended to F by linearity. Finally, let J = {¢,Q, {1,2},{2,3},{3,4},{1,4}}.

(a) Prove that P(A) = Q(A) for all A € J.

(b) Prove that there is A € o(J) with P(A) # Q(A).

(c) Why does this not contradict Proposition 2.5.87

Solution. (a)

P(¢) =0=Q(s),
P()=1=Q(%Q),
P{a,b} = P{a} + P{b} = 3 + 111 % — Qfa} + Qb) = Q{a,b} for all {a,b} € J.

(b) Take A = {1,2,3} = {1,2} U {2,3} € o(J). Then:
3
Z (4).

(c) Since {1,2},{2,3} € J and {1,2} N {2,3} = {2} ¢ J, the set J is not a semi-algebra. Thus, the
hypothesis of the proposition 2.5.8. is not satisfied by J.0J

»Mco
l\?\»i

3
P(A) =) P({i})
i=1

Exercise 2.7.16. (a) Where in the proof of Theorem 2.3.1. was assumption (2.3.3) used?
(b) How would the conclusion of Theorem 2.3.1 be modified if assumption (2.3.3) were dropped(but
all other assumptions remained the same)?

Solution.(a) It was used in the proof of Lemma 2.3.5.

(b) In the assertion of the Theorem 2.3.1, the equality P*(A) = P(A) will be replaced by P*(A) < P(A)
forall A e J.00
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Exercise 2.7.18. Let 0 = {1,2}, J = {¢,Q,{1}}, P(¢) = 0, P(Q) = 1, and P{1} = 1.
(a) Can Theorem 2.3.1, Corollary 2.5.1, or Corollary 2.5.4 be applied in this case? Why or why not?
(b) Can this P be extended to a valid probability measure? Explain.

Solution.(a) No. Because J is not a semi-algebra (in fact {1} € J but {1}¢ = {2} cannot be written
as a union of disjoint elements of 7.

(b) Yes. It is sufficient to put M = {¢,, {1},{2}} and PT(A) = P(4) if A€ 7,2 if A= {2}.0

Exercise 2.7.20. Let P and () be two probability measures defined on the same sample space ) and
o-algebra F.

(a) Suppose that P(A) = Q(A) for all A € F with P(A) < 1. Prove that P = Q. i.e. that P(4) = Q(A)
for all A € F.

(b) Give an example where P(A) = Q(A) for all A € F with P(A) < 1, but such that P # Q. i.e. that
P(A) # Q(A) for some A € F.

Solution.(a) Let A € F. If P(A) < 3, then P(A) = Q(A), by assumption. If P(A) > i, then
P(A°) < }. Therefore, 1 — P(A) = P(A°) = Q(A®) = 1 — Q(A) implying P(A) = Q(A).

(b) Take Q@ = {1,2} and F = {¢, {1}, {2},{1,2}}. Define P, Q respectively as follows:

P(¢) = 0, P{1} = %,P{Q} _ %,and PQ) = 1.
Q(6) = 0.Q{1} = 3,Q{2} = F.and P() =1

Exercise 2.7.22. Let (1, 1, P1) be Lebesgue measure on [0, 1]. Consider a second probability triple
(Qo, Fa, P»), defined as follows: Qo = {1,2}, F2 consists of all subsets of Q9, and P, is defined by
P{1} = %,P2{2} = %, and additivity. Let (2, F, P) be the product measure of (Qq,F1, P;) and
(927 ]:27 PQ)

(a) Express each of 2, F, and P as explicitly as possible.

(b) Find a set A € F such that P(A) = 3.

Solution.(a) Define Q by:

Q:Ql XQQZ [0,1] ><{1,2}:{(w1,w2):0§w1 < 1,w2:1,2}.
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Now, for 7 = {Ax ¢, Ax {1}, Ax {2}, Ax{1,2}: A € F1} define the algebra F = sigma — algebra(J)

where:

(Ax B)Y = (A°xB°)U(A°x B)U(A X B°):
AeF,BCQ,
(A1 x B1)N (A2 x By) = (A1NAg) x (B1NDBy):
A1, Ay € F, By, By C (),
(A1 X B1) U (A2 x By) = ((A1 —A2) x B1)U((A1NAg) x (B1UB2) U ((A2 — Ay) X Ba) :
Ay, Ay € F, By, By C Q.

Then:

P(Ax B)=0 if B:d),)\(;) if B:{l},Q)\:())A) if B={2}, and A(A4) if B={1,2}.

(b) Take A = [0, 3] x {1,2}, then P(A) = A0, 2] = 3/4.0



Chapter 3

Further probabilistic foundations

Exercise 3.6.2. Let (€, F, P) be Lebesgue measure on [0,1]. Let A = (3,3) and B = (0,%). Are A
and B independent events?

, P(B) =2, and P(ANB) = P((},2)) = &. Hence:

Exercise 3.6.4. Suppose {A,} 7 A. Let f : 2 — R be any function. Prove that lim,,_,o inf,,c 4, f(w) =
inf,ea f(w).

Solution. Given ¢ > 0. Using the definition of infimum, there exists w. € A such that f(w.) <
infyea f(w)+ €. On the other hand, A = U2, A, and A,, /A, therefor, there exists N € N such that
for any n € N with n > N we have w, € A,, implying inf,c4, f(w) < f(w,). Combining two recent
results yields:

wlenjn flw) < uljngf(w) +e n=N,N+1,..(x)

Next, since Ay C Ayy1 € -+ C A, for any n € N withn > N we have inf,ca f(w)—e€ < infyeq f(w) <
inf,ea, f(w). Accordingly:

ilégf(w)_6<wlé1£nf(w) n=N,N+1,..(x)

Finally, by (%) and (%):

|w1é11£nf(w)—u1)1éf4f(w)|<e n=N,N+1,..,

proving the assertion.[]

Exercise 3.6.6. Let X,Y, and Z be three independent random variables, and set W = X + Y. Let
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Bi,={(n—-1)2"%< X <n27%} and let Cy,,, = {(m — 1)27% <Y < m27F}. Let

Ay = U (Bin 1 Cm)-

n,meZ:(n+m)2-F <z

Fixz,z€eR,andlet A={X+Y <z} ={W <z} and D={Z < z}.
(a) Prove that {Ax} & A.

(b) Prove that Ay and D are independent.

(c) By continuity of probabilities, prove that A and D are independent.
(d) Use this to prove that W and Z are independent.

Solution.(a) First, let k > 0 be fixed, and I, = [%5, %) and Jyn = [%52, ). Then, By, =

X *1(Ik7n) and Cy ., = Yfl(Jk,m). Accordingly, by increasing the number of events under the unions
it follows that:

A = U  BeanCrm) = U &) 0 Y (Jkm))
n,meZ: ";’km <z n,meZ: ";’km <z
= U (X M Iey12n-1 U Tki120) VY N Tks12m-1 U Jkr1.2m))
n,meZ: 27(7:431”)’ <z

= U (X Iit1,20-1) U X H(Tet1,20)) 0 (Y 7 (Jir1,2m-1) U (Y (Tt 1,2m)

L 2n+42m
n,me”x: NCESY) <z

= U ((X_l(lk+1,2nl) NY  (Jrs1,2m-1))) U (X T 1,20-1) NY " (Jit1,2m))

2n+42m

n,me7: NCESH)

<z

U(X_l(IkJrl,Qn) N Y_l(Jk+1,2m71)) U (X_l(-[k+1,2n) N Y_l(Jk+1,2m))>

- U (X Tk1.20-1) VY (Jis1,2m-1)) U U (X Trg1,20-1) NY " (Jkg1,2m))
nomEZ: SRy <o nomel: 2 <y
U U (X Irg1,20) VY " (Jkg1,2m—1)) U U (X (Ing1.20) VY " (Jig12m))
n,meL: 2EAs <z n,mez: ZpEm <y
C U (X ' Iig1,20-1) NY " (Jkg1,2m-1)) U U (X (Ing1.20-1) NY " (Jig1.2m))
nomEL: B G <w n,mez: 2l <y
U U (X (Teg1.20) VY " (Jig1,2m-1)) U U (X Y Ips1.20) VY HJki1.2m))
n,mez:%<w n7mez:%<w
= U (X Lrr,00) NY 7 (Tp1,m0)
n* m*€L: Lty <w
= U (Br+1,n* N Crgt1,m~)
n* m* €L Rty <w
= Aptr,

implying (by induction):
Ag C A C

N
N
s
o
N
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Second, define Ky, = [2;, 4), and Dy, = (X + Y)1(K},p). Then, by uniqueness of m,n,p in the related

partitions it follows that:

Ut = Ul U BunnCun)
k=0

k=0 n,mez:%<x
o0

= U U &)Y (rm))
k=0 n,mEZ:";—km<o;

oo

= Ul U U UE+) Ky N X ) Y (i)

k=0 peZ: P - <x n€ELmEL

= (Ul U &X+Y) ' (Krp) ﬂUUX (Ix.n)) ﬂUUY (Jim))
k=0 pGZ:2%<z k=0n€zZ k=0mE€EZ
{X+YV<a}n{—o< X <oxo}nN{-o0o <Y < oo}

= A

Accordingly, by above two results the plausible statement follows.

(b)For any k € N we have that:

P(A,ND) = P( U (B N Chm N D))
n,mEZ:(";T"”)<x

= > P(Bjn N Cym N D)

n,mGZ:(n;Tm)<x

— 3 P(By,n N Crm)P(D)

. (ntm)
n,me”z: n2km <z

= P(Ap)P(D).

(c) Using part (b):
P(AND)= liin P(AxND)= li’?a(P(Ak)P(D)) = P(A)P(D).

(d) This is the consequence of part (c) and Proposition 3.2.4.00

Exercise 3.6.8. Let A be Lebesgue measure on [0,1], and let 0 < a < b < ¢ < d <1 be arbitrary real numbers
with d > b+ ¢ — a. Give an example of a sequence Aj, Ay, --- of intervals in [0, 1], such that A(liminf, 4,) =
a,liminf,, \(A,) = b,limsup, A\(A,) = ¢, and A(limsup,, 4,,) = d. For bonus points, solve the question when
d < b+ c— a, with each A,, a finite union of intervals.

Solution. Let e = (d + a) — (b+ ¢), and consider:

A3TL = (O7b+e)7
A3n71 = (6, b + 6)7
Aspn—a = (b—a+ec+b—a+e),
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for all n € N. Then:

AMb—a+eb+e)=a,

Me,b+e)=b,

A(lim inf Ay, (b
(
(
(0

lim inf A(

n

AMb—a+e,c+b—a+e)=
yd) =

n

An)
An)
limsup A(4,,)
4,)

A(limsup 4,,) = A(0

n

where b+e < cord<2c—a.0d

Exercise 3.6.10. Let A;, Ao, -+ be a sequence of events, and let N € N. Suppose there are events B and C such
that B C A, C C for all n > N, and such that P(B) = P(C). Prove that P(liminf, A,) = P(limsup, 4,) =
P(B) = P(C).

Solution. Since:
B C My An C U N An C A%y U, Ay C U N A, C C,

P(B) < P(liminf, A,) < P(limsup,, A,) < P(C). Now, using the condition P(B) = P(C), yields the desired
result.[]

Exercise 3.6.12. Let X be a random variable with P(X > 0) > 0. Prove that there is a ¢ > 0 such that
P(X > 0) > 0.[Hint: Don’t forget continuity of probabilities.]

Solution. Method (1):

Put A= {X >0} and 4, = {X > 1} for all n € N. Then, A, / A and using proposition 3.3.1, lim,, P(4,) =
P(A). But, P(A) > 0, therefore , there is N € N such that for all n € N with n > N we have P(A )> 0. In
particular, P(Ay) > 0. Take, § = 4.

Method (2):

Put A={X >0} and 4, = {X > 1} for all n € N. Then, 4 = U2, A, and P(A) < > P(A,). If for any
n € N, P(A,) = 0, then using recent result, P(A) = 0, a contradiction. Therefore, there is at least one N € N
such that P(Ay) > 0. Take, 6 = .00

Exercise 3.6.14. Let d,e > 0, and let X7, Xo,--- be a sequence of independent non-negative random variables
such that P(X; > ) > e for all i. Prove that with probability one, > =, X; = oc.

Solution. Since P(X; > §) > e for all i, Y .o, P(X; > §) = oo, and by Borel-Cantelli Lemma:

P(limsup(X; > §)) = 1.(x)

On the other hand,
hmsup(X >0) C ZX = 00)
=1

(in fact, let w € limsup,(X; > §), then there exists a sequence {i;}32; such that X;, > ¢ for all j € N, yielding
> =1 Xi; (w) = 0o, and consequently, > 272, X;(w) = co. This 1mphes we (Y2, X = 0)).
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Consequently:
P(limsup(X; > 6)) < P(>_ X; = 00).(%%)

Now, by (x) and (x*) it follows P(3>"2, X; = 00) = 1. O

Exercise 3.6.16. Consider infinite, independent, fair coin tossing as in subsection 2.6, and let H,, be the event
that the n'” coin is heads. Determine the following probabilities.

() PO Hyyi i.0.).

(b) Py Hyss i.0.).

(€) P(NZY™ " v 0.,

(d)Prove that P(N, UOgZ "l H,; i.0.) must equal either 0 orl.

(e) Determine P(N; [logg "]Hn_H o.).[Hint: Find the right subsequence of indices.]

Solution.(a) First of all, put A, = N)_,; H,4;, (n > 1), then :

S P4 =D ()" =
n=1 n=1

But the events A, (n > 1) are not independent. Consider the independent subsequence B, = Ay, (n > 1)
where the function f is given by f(n) = 10n, (n > 1). Besides,

o0

> P(Bn) =Y P(N_ Hionsi) = Z
n=1 n—=1

m\»—u

Now,using Borel-Cantelli Lemma, P(B,, i.0.) = 1 implying P(A,, i.0.) = 1.

(b) Put A, =Ny Hpt4, (n > 1). Since

o0 o0 1
Z P(A Z 5 =1< o0,
n=1 n=1
the Borel-Cantelli Lemma implies P(Ayi.0.) = 0.
(c) Put A, =n2="H . (n>1). Since
= = 1 [2logy n] = 1
ZP(An):Z(§) 2 Z ﬁ
n=1 n=1 n=1

Borel-Cantelli Lemma implies P(4,, i.0.) = 0.

(d),(e) Put A, = ﬂgﬁ"’ "}Hnﬁ, (n>1), then :

5 iy - S -
n=1

But the events A, (n > 1) are not independent. Consider the independent subsequence B, = Ay, (n > 1)
where the function f is given by f(n) = [nlogy(n?)], (n > 1). In addition,

oo

— - 1 1
> P(B) = Y PO ) = () ) = oo
n=1

n=1 n=1
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Using Borel-Cantelli Lemma, P(B,, i.0.) = 1 implying P(A4,, i.0.) = 1.00

n

Exercise. 3.6.18. Let A;, A, -+ be any independent sequence of events, and let S,, = {liminf,,_, o, % Do la, <
x}. Prove that for each x € R we have P(S,) =0 or 1.

Solution. For a fixed (m > 1), we have:

s={mut e =AU AT et)

i=m s=1 N=mn=N i=m

IA

1 n
L

1
T+ S} € U(AMaAm+17"')7
which imply that
Sx € U(Am7A7rL+17 e )7

yielding: S, € (~_; 0(Am, Amy1,- -+ ). Consequently, by Theorem (3.5.1), P(S;) =0 or 1.0
In this chapter, we only define the tail field over a sequence of events, instead of the random variables 14, ...
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Expected values

Exercise 4.5.2. Let X be a random variable with finite mean, and let @ € R be any real number. Prove that
E(max(X,a)) > max(E(X),a).

Solution. Since E(.) is order preserving, from

max(X,a) > X
it follows F(max(X,a)) > E(X). Similarly, from

max(X,a) > a

it follows that E(max(X,a)) > E(a) = a.
Combining the recent result yields,
E(max(X,a)) > max(E(X),a).

O

Exercise 4.5.4. Let (2, F, P) be the uniform distribution on = {1, 2,3}, as in Example 2.2.2. Find random
variables X,Y, and Z on (Q, F, P) such that P(X > Y)P(Y > Z)P(Z > X) > 0, and E(X) = E(Y) = E(Z).

Solution. Put:
X = 1{1},Y = 1{2},Z = 1{3}.

Then,
EX)=EY)=EZ)=-.

Besides, P(X >Y) = P(Y > Z) = P(Z > X) = %, implying:

P(X >Y)P(Y > Z)P(Z > X) = (%)3 > 0.

Exercise 4.5.6. Let X be a random variable defined on Lebesgue measure on [0, 1], and suppose that X is a
one to one function, i.e. that if w; = ws then X (w;1) # X (w2). Prove that X is not a simple random variable.

Solution. Suppose X be a simple random variable. Since |X([0,1])] < Rg < ¢ = |[0,1]| (where || refers to the
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cardinality of the considered sets), we conclude that there is at least one y € X ([0, 1]) such that for at least two
elements wy,ws € [0,1] we have X (w1) = y = X (w2), contradicting injectivity of X.0J

Exercise 4.5.8. Let f(z) = az?+bx+-c be a second degree polynomial function (where a,b, ¢ € R are constants).
(a) Find necessary and sufficient conditions on a, b, and ¢ such that the equation E(f(aX)) = o?E(f(X)) holds
for all @ € R and all random variables X.

(b) Find necessary and sufficient conditions on a, b, and ¢ such that the equation E(f(X — 3)) = E(f(X)) holds
for all 8 € R and all random variables X.

(c) Do parts (a) and (b) account for the properties of the variance function? Why or why not?

Solution. (a) Let for f(z) = az® + bx + ¢ we have E(f(aX)) = o?E(f(X)) for all @ € R and all random
variables X. Then, a straightforward computation shows that the recent condition is equivalent to :

YavX : (ba — a*b)E(X) + (1 — a®)E(c) = 0.

Consider a random variable X with E(X) # 0. Put « = —1 , we obtain b = 0. Moreover, put a« = 0 we obtain
c = 0. Hence,

f(z) = az®.
Conversely, if f(x) = ax? then a simple calculation shows that E(f(aX)) = o?E(f(X)) for all a € R and all
random variables X (Check!).

(b) Let for f(x) = ax? + bx + ¢ we have E(f(X — B)) = E(f(X)) for all 8 € R and all random variables X.
Then, a straightforward computation shows that the recent condition is equivalent to :

VAYX : (—2aB)E(X) + (a? — bB) = 0.

Consider a random variable X with E(X) = 0. Then, for any 3 € R we have (a3> —b3) = 0, implying a = b = 0.
Hence,

flz) =c

Conversely, if f(x) = ¢ then a simple calculation shows that E(f(X — 8)) = E(f(X)) for all 5 € R and all
random variables X (Check!).

(c) No. Assume, to reach a contradiction, that Var(X) can be written in the form E(f(X)) for some f(z) =
ax? + bx + c. Then:
VX : B(X?) — E*(X) = aB(X?) + bE(X) + c.(%)

Consider a random variable X with E(X) = E(X?) = 0. Substituting it in () implies ¢ = 0. Second, consider
a random variable X with E(X) = 0 and E(X?) # 0. Substituting it in () implies a = 1. Now consider two
random variables X1, and X5 with F(X;) =1 and E(X3) = —1, respectively. Substituting them in (%) implies
b=1and b = —1, respectively. Thus, 1=-1, a contradiction.[]

Exercise 4.5.10. Let X1, X5, -+ be ii.d. with mean p and variance o2, and let N be an integer-valued random
variable with mean m and variance v, with N independent of all the X;. Let S = X1+ -+ Xy = 221 Xiln>i.
Compute Var(S) in terms of y, 0%, m, and v.

Solution.Method (1):

Need to remove the constant 2 before the summation ), £
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We compute the components of Var(S) = E(S?) — E(S)? as follows:

E(S?) = ZX 1n>i)? ZX21N>i+ZXi1N2in1N2j)
i#j

= ZE(XzQ) 135 +ZE E(1n>i-1n>j)
2 i#]

= ZE(XE)E Vi) + k. ZE (In>i-1n>j), (*)
' ]

and,

E(S)? = (E(ZXilsz‘))2Z(ZE(Xi)E(lNZi))Q

= ZE E(ln»i)’+ > E(X:)E(n>)E(X;)E(1n>;)
i#j
= ZE 1N>z —I—MQ ZE 1N>2)E(1N2j)~ (**)
i#j

Hence, by (%) and (*x) it follows that:

Var(S) = ZE( E(1%s) — ZE E(ly>:)? + p?. ZCOU In>i, In>j)
i=1 i
oo
= (*+u7) ZE(lNzi) — 12 E(lnzi)? + 42 Cov(Inzi, Ins;)
i—1 i=1 i
= QZE In>i) +p Z (In>i) — E(1n>)?) +M2-ZOOU(1N2%1N2J‘)

i#]

= 0'2 Z E(INZi) + [Lz Z Var(lNZi) + ,LL2. Z OOU(lNZi, lNZj)
i=1 i=1 i£]

= 0'2E(N) + uz.(Var(Z 1N2i) — ZCOU(]‘NZ“ lNZj)) + [L2. Z CO’U(lNZi, 1N2j)
i=1 i#£] i#£]
= 0?E(N)+ p*.Var(N)

= o*m+ M2.l/.

Method(2):

A simple version of theorem 13.3.1 (p.157) is the following equation:
Var(Y)=EVar(Y|X)) + Var(E(Y|X)). (1)

Now, for Y =S and X = N in (f) we have the following arguments:

First, by E(S|N =n) = E(}.!"_; X;) = n.u, we have E(S|N) = N.u. Consequently:
Var(E(S|N)) = Var(Nu) = pi>.Var(N) = p*.v. (1)
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Second, by Var(S|N =n) = Var(}.!_, X;) = n.o?, we have Var(S|N) = N.o?. Hence,

E(Var(S|N)) = E(N.o?) = o.m. it

Accordingly, by (1), (T T 1), and (7 t 1), it follows that:

Var(S) = o®>m + p*.v.

Exercise. 4.5.12. Let X and Y be independent general nonnegative random variables, and let X,, = ¥, (X),
where ¥, () = min(n,27"|2"z|) as in proposition 4.2.5.

(a) Give an example of a sequence of functions ®,, : [0,00) — [0, 00), other that ®,(z) = ¥, (z), such that for
all z, 0 < &, (z) <z and @, (x) S x as n — oo.

(b) Suppose Y, = ®,(Y) with ®,, as in part (a). Must X,, and Y, be independent?

(c) Suppose {Y,,} is an arbitrary collection of non-negative simple random variables such that Y,, Y. Must
X, and Y, be independent?

(d) Under the assumptions of part (c), determine(with proof) which quantities in equation (4.2.7) are necessarily
equal.

Solution. (a) Put:

where

forall0<z<liandn=1,2,---.
Then, ®,, has all the required properties (Check!).

(b) Since ®,(Y) is a Borel measurable function, by proposition 3.2.3, X,, = ¥,(X) and Y¥,, = ®,(Y) are
independent random variables.

(¢) No. It is sufficient to consider:
1
Y, = max(¥,(Y) — EXH,O)7

for all n € N.

(d) Since {X,,} " X, {Y,} Y and {X,Y,} ~ XY, using Theorem 4.2.2., lim,, E(X,,) = E(X) lim, E(Y,) =
E(Y) and lim,, F(X,.Y,) = E(XY). Hence:

lim B(X,)E(Y,) = E(X)E(Y)

and
lim B(X,Y,) = BE(XY).
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Exercise. 4.5.14. Let Z;,Z5,--- be general random variables with E(|Z;|) < oo, and let Z =21 + Zo + - - - .
(a) Suppose >, E(Z;") < 0o and Y, E(Z;) < co. Prove that E(Z) =Y, E(Z;).

(b) Show that we still have E(Z) = ", E(Z;) if we have at least one of >, E(Z;") < oo or 3., E(Z;) < 0.

(c) Let {Z;} be independent, with P(Z; = 1) = P(Z; = —1) = 5 for each i. Does E(Z) =Y, E(Z;) in this case?
How does that relate to (4.2.8)?

Solution.(a)

= Z(E(Z?)—E(Z{))
- ZE(ZZ-).

(b) We prove the assertion for the case >, F(Z;") = coand Y, E(Z;) < oo (the proof of other case is analogous.).
Similar to part (a) we have:

B(Z) = B} Z)

= Z(E(Z?)—E(Z{))
= ZE(ZZ-).

(c) Since E(Z;) = 0 for all i, ), E(Z;) = 0. On the other hand, E(Z) is undefined, hence E(Z) # >, E(Z;).
This example shows if {X,,}°2 ; are not non-negative, then the equation (4.2.8) may fail.(]
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Inequalities and convergence

Exercise. 5.5.2. Give an example of a random variable X and a > 0 such that P(X > a) > E(X)/a.[Hint:
Obviously X cannot be non-negative.] Where does the proof of Markov’s inequality break down in this case?

Solution.Part one: Let (£, F, P) be the Lebesgue measure on [0,1]. Define X : [0,1] — R by
X(w) = (1,17 — Lz 1) (w).

Then, by Theorem 4.4, E(X) = j;)l X (w)dw = 0. However,

—_

P(X23) = % >0= E(X)/%.

Part two: In the definition of Z we will not have Z < X.[J

Exercise 5.5.4. Suppose X is a nonnegative random variable with F(X) = co. What does Markov’s inequality
say in this case?

Solution. In this case, it will be reduced to the trivial inequality P(X > «) < co.O

Exercise 5.5.6. For general jointly defined random variables X and Y, prove that |Corr(X,Y)| < 1.[Hint:
Don’t forget the Cauchy-Schwarz inequality.]

Solution.Method(1):
By Cauchy-Schwarz inequality:

Corr(X,Y)| = | Cov(X,Y) ‘_| ((X )(Y—uy)) | E(|(X — pux)(Y — )] <
Var(X)Var(Y) /B((X PVE(Y = 1y)?) ~ VE(X = nx))E((Y = py)?)
Method (2):
Since:
X Y B Cov(X,Y) .
0 < Var( JVar(X) + Vary )=1+1+2 SVar(X)/Var(¥ 2(1 + Corr(X,Y))

we conclude:
—1 < Corr(X,Y).(x)
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On the other hand, from:

X B Y )= 141-2 Cov(X,Y)
VVar(X)  /Var(Y) VVar(X)y/Var(Y)

0 < Var( =2(1 — Corr(X,Y)),

if follows:
Corr(X,Y) < 1.(%x)

Accordingly, by (%) and (%) the desired result follows.[]

Exercise 5.5.8. Let ¢(x) = 22

(a) Prove that ¢ is a convex function.

(b) What does Jensen’s inequality say for this choice of ¢?

(c) Where in the text have we already seen the result of part (b)?

Solution.(a) Let ¢ have a second derivative at each point of (a,b). Then ¢ is convex on (a,b) if and only if
@"(x) > 0 for each x € (a,b). Since in this problem ¢”(z) = 2 > 0, using the recent proposition it follows that ¢
is a convex function.

(b) E(X?) > E*(X).
(c) We have seen it in page 44, as the first property of Var(X).O

Exercise 5.5.10. Let X1, X, be a sequence of random variables, with E(X,,) = 8 and Var(X,) = 1/v/n
for each n. Prove or disprove that {X,,} must converge to 8 in probability.

Solution. Given € > 0. Using Proposition 5.1.2:
P(|X, — 8| >¢) < Var(X,)/e® = 1/vné,

for all n € N. Let n — oo, then:
lim P(|X, —8| >¢€) =0.
n—oo

Hence, {X,,} must converge to 8 in probability.[]

Exercise 5.5.12. Give (with proof) an example of two discrete random variables having the same mean and
the same variance, but which are not identically distributed.

Solution. As the first example, let

and P(Y = i) = ¢; where

( )= (35 o0 52 22)
P1,P2,P3,P4) = 96796796,96
and

24 6 60 6

((Z1;Q2aQB>Q4) = (%u %7 %7 %)
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Then, E(X) =22 = E(Y) and E(X?) = & = B(Y?) but B(X?) = 2522 # 2010 — F(Y?) .

As the second example, let
O ={1,2}, 1 =P(),P(X=1)=-=P(X =-1),

and
Q2 = {—27072}7]:2 = P(QQ)7P(Y = 2) =

Then, E(X) =0=E(Y) and E(X?) =1 = E(Y?) but B(X*

I
—
RN
e
Il
5
i-.<
N>
O

Exercise 5.5.14. Prove the converse of Lemma 5.2.1. That is, prove that if {X,} converges to X almost surely,
then for each € > 0 we have P(|X,, — X| > € i.0.) = 0.

Solution. From

1=PlimX, = X) = P([|(liminf | X, — X| < ¢)) = 1 — P(| J(limsup|X,, — X| > ¢)),
>0 >0 "

it follows:
P(|J(limsup|X,, — X| > ¢)) = 0.
e>0 n
On the other hand:
Ve > 0: (limsup | X, — X| > €) C (| J(limsup|X, — X| > ¢)),
n e>0 n

hence:
Ve > 0: P(limsup | X, — X| > ¢€) = 0.
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Distributions of random variables

Exercise 6.3.2. Suppose P(Z = 0) = P(Z = 1) = 1, that Y ~ N(0,1), and that ¥ and Z are independent.
Set X =Y Z. What is the law of X7

Solution. Using the definition of conditional probability given in Page 84, for any Borel Set B C R we have
that:

L(X)(B) = P(Xe€B)
P(Xe€B|Z=0)P(Z=0)+P(X € B|Z=1)P(Z=1)
= P(OeB)%+P(Y6B)%

_ (% ‘;MN) (B).

Therefore, £(X) = (5027NN)D
Exercise 6.3.4. Compute F(X), E(X?), and Var(X), where the law of X is given by

(a) L(X) =161 + %)\7 where A is Lebesgue measure on [0,1].

LX) =
(b) L(X) = %(52 + SN , where py is the standard normal distribution N(0,1).

Solution. Let £(X) = >, BiL(X;) where > i 8; = 1,0 < 8; < 1 for all 1 < i < n. Then, for any Borel
measurable function f : R — R, combining Theorems 6.1.1, and 6.2.1 yields:

By (f(X) =38, / 7 H(0)£(X0) db).
i=1 -

Using the above result and considering I(¢) = t, it follows:

(a)

Ep(X) =3 [, I®)d1(dt) + 5 [ I(t)A(d) = 5(1

)+ 3(
Bp(X?) =3 [Z P(t)o(dt) + 5 [, TP(H)A(dt) = 5

_|_
(1) +

~—

[

1
2

N =
N=
—
wl= |
~—

I
wlr
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Var(X) = E,(X?) — EX(X) = &.

(b)

Ep(X)=3]" f< Do) + 37 1( )uzv(dt)=% 2)
Ep(X?) =1 [ T2(t)da(dt) + 2 [ IP(t)un(dt) =
Var(X) = E,(X?) - EX(X) = 4.0

Exercise 6.3.6. Let X and Y be random variables on some probability triple (€2, F, P). Suppose E(X*) < oo,
and that P(m < X < z) = P(m <Y < z2) for all integers m and all z € R. Prove or disprove that we necessarily
have E(X*) = E(Y*).

Solution. Yes. First from 0 < P(X < m) < Fx(m), (m € Z) and lim,,_,_ Fx(m) = 0 it follows that:

lim P(X <m)=0.

m——o0
Next, using recent result we have:
Fx(z) = Fx(z)— mgriloo P(X <m)
= mHIEW(P(X <z)—P(X <m))
= lim Pm<X <z)

m——0oQ

= lim Pm<Y <2z2)

m—r—oQo

for all z € R.Therefore, by Proposition 6.0.2, £(X) = L(Y) and by Corollary 6.1.3, the desired result follows.[J

Exercise 6.3.8. Consider the statement : f(z) = (f(z))? for all x € R.

(a) Prove that the statement is true for all indicator functions f = 1p.

(b) Prove that the statement is not true for the identity function f(x) = x.
(¢) Why does this fact not contradict the method of proof of Theorem 6.1.17

Solution. (a) 1% = 1pnp = 1p, for all Borel measurable sets B C R.

(b) f(4) =4 # 16 = (f(4))*.

(c) The main reason is the fact that the functional equation f(x) = (f(x))? is not stable when the satisfying
function f is replaced by a linear combination such as >, a; f;. Thus, in contrary to the method of Proof of
Theorem 6.1.1, we cannot pass the stability of the given functional equation from indicator function to the simple
function.[]
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Stochastic processes and gambling
games

Exercise 7.4.2. For the stochastic process {X,} given by (7.0.2), compute (for n,k > 0)
(a) P(X, = k).
(b) P(X,, > 0).

Solution. (a) P(X,, =k) =P ri = ”T*k) = (@)2_” ifn4+k=2,4,..,2n, 0 etc.

(b) P(X,, >0) =1 P(Xp =k) => cosr, (e)27" = ZZ:L%JH(U"W*”. Using the binomial expansion
- 2

1+ =>7 (:) and the fact (Z) = T_Lk) for all 0 < k < n, we can further simplify the above result

27" (Xhmo (1) = 3200 (7)) ifnisodd
- {2n <ZZ_0 (n) — 2)(;)) if n is even
27m (2m —2n7 1) if n is odd
{2‘" (2" —onl g %(g)) if n is even
. {é if n is odd
T li42N(R) ifniseven

2

Alternatively, since P(X,, < 0) = P(X,, > 0), one can use instead
1
P(X,>0)= 5(1 - P(X, =0)),
which gives:

e For n odd, P(X,, = 0) =0, so P(X,, > 0) = 1;
e For neven, P(X,, =0) = ()27, 50 P(X,, >0)=1(1— (2)27") =3+ 2_n_1(§)' =
) 2
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Exercise 7.4.4. For the gambler’s ruin model of Subsection 7.2, with ¢ = 10,000 and p = 0.49, find the smallest

integer a such that s p(a) > % Interpret your result in plain English.

Solution. Substituting p = 0.49, ¢ = 0.51, and ¢ = 10,000 in the equation (7.2.2), and considering s. ,(a) >
it follows:

1
2

or

and the smallest positive integer value for a is 9983.

This result means that if we start with $ 9983 (i.e. ¢ = 9983) and our aim is to win $ 10,000 before going broke
(i.e. ¢ =10,000), then with the winning probability of %49 in each game (i.e.p = 0.49) our success probability,
that we achieve our goal, is at least %50. O

Exercise 7.4.6. Let W, be iid. with P(W,, = 1) = P(W =0) = % and P(W,, = —1) = 1, and let a be a

2
positive integer. Let X,, = a+ Wy + Wy + ... + W,,, and let 79 = inf{n > 0; X,, = 0}. Compute P(1p < 00).

Solution. Let 0 < a < cand 7. = inf{n > 0: X,, = ¢}. Consider s.(a) = P(1. < 19),

sc(a) = P(Tc < To‘Wl = O)P(Wl = 0) + P(’TC < T0|W1 = 1)P(W1 = ].) +P(TC < T0|W1 = —1)P(W1 = —1)
1

= —5s.(a) +

1 1
1 fsc(a—&—l)—kisc(a—l),

4
where 1 < a <c—1, 5.(0) =0, and s.(c) = 1. Hence, s.(a+1)—s.(a) = 2(s.(a) —sc(a—1)) forall 1 <a < e-—1.

Now, Solving this equation yields:
20 —1

2o
On the other hand, {ry < 7.} {70 < oo} if and only if {7, < 79} \, {70 = 00}. Therefore:

sc(a) 0<a<ec.

P(70<OO) = 1—P(T():OO)
= 1-— lim P(r. < 1)
c— 00
= 1= A, 5a)
= 1

Exercise 7.4.8. In gambler’s ruin, recall that {r. < 79} is the event that the player eventually wins, and
{T0 < 7.} is the event that the player eventually losses.

(a) Give a similar plain -English description of the complement of the union of these two events, i.e. ({7, <
To} U {70 < 7 })°.

(b) Give three different proofs that the event described in part (a) has probability 0: one using Exercise 7.4.7;
a second using Exercise 7.4.5; and a third recalling how the probabilities s, ,(a) were computed in the text,
and seeing to what extent the computation would have differed if we had instead replaced s.,(a) by Scp(a) =
P({re < 10}).

(¢) Prove that, if ¢ > 4, then the event described in part (a) contains uncountably many outcomes(i.e. that
uncountably many different sequences Z, Zs, ... correspond to this event, even though it has probability zero).
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Solution. (a) The event ({7, < 10} U {170 < 7})¢ = {70 = 7.} is the event that the player is both winner
(winning a — ¢ dollar) and loser (losing a dollar) at the same time.

(b) Method (1):

PHro=7})=1—P({re < 1ot U{m0 < 7c}) =1— (rep(a) + scpla)) = 0.
Method (2):.

Method (3):

Let S;p(a) = P({r. < 10}). Then, for 1 < a < ¢— 1 we have that:

Sepla) =P({1e <7o}|Z1 = -1)P(Z1 = -1) + P({r. < 1o}|Z1 =1)P(Z1 =1) = ¢Scp(a — 1) + pScp(a+1)

where S¢,(0) = 0 and S;(c) = 1. Solving the above equation, it follows S; p(a) = s p(a) for all 0 < a < c.
Thus,

P{re=710}) = Sepla) — sep(a) =0
forall0 <a<ec

(c) We prove the assertion for the case a = 1 and ¢ > 4 (the case a > 2 and ¢ > 4 is an straightforward
generalization). Consider all sequences {Z,,}22; of the form :

Zy=1,Z0 = 41,25 = —Z5, 24 = +1,Z5 = —Za, ..., Zop = %1, Zons1 = —Zop, ...

Since each Za, , n = 1,2, ... is selected in 2 ways, there are uncountably many sequences of this type (In fact
there is an onto function f from the set of all of these sequences to the closed unite interval defined by

Pz = 3 (B Ly,

In addition, a simple calculation shows that :

X1 :2,X2 =1lor 3,X3 :2,X4= 1 or 3,X5=2,...,X2n= 1 or 37X2n+1 :2,

Exercise 7.4.10. Consider the gambling policies model, with p = %, a =6, and c = 8.

(a) Compute the probability s.,(a) that the player will win (i.e. hit ¢ before hitting 0) if they bet $1 each
time(i.e. if W,, = 1).

(b) Compute the probability that the player will win if they bet $ 2 each time (i.e. if W,, = 2).

(c) Compute the probability that the player will win if they employ the strategy of Bold play(i.e., if W,, =
min(X,—1,¢— X,,—1)).

Solution.(a) For W,, = 1,p = %,a =6,c=8,q= % and % = 2, it follows:

2¢9 -1

~ 0.24 23.
50 1 0.247058823

sepla) =
(b) For W,, =2,p = %,a =3,c=4,q= % and % = 2, it follows:

2¢ -1
2¢—1

(c) For X,, =64+ W1 Z1 + WaZo+ ... + Wy, Z,, , W, = min(X,,_1,¢c — Xp—1), Z, = £1 and ¢ = 8 it follows:

~ 0.46666666.

Scm(a) =

W1 = min(Xp,8 — Xy) = min(6,8 — 6) = 2,
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WQ = min(X1,8 - Xl) = mm(6+2Z1,2 - 221) =0if Zl = 1,4 if Zl = 71,

W3 = min(X5,8 — X5)
mln(6 + 2Z1 + WQZQ, 2 — 2Z1 - WQZQ)
= 0if(Z, =1,Wy =0),0if (Z; = —1,Wa =4, 2, = 1),8if (2 = =1, Wo = 4, Zy = —1),

Wy, = min(X3,8 — X3)
Hlln(6 + 2Z1 + W2Z2 + VVgZ:;7 2— 221 - W2Z2 - Wng)
= 0 if (Zl = 107“22 = 1),0 if (Z1 = Z2 = —1,Z3 = 1),—8 if (Z1 = Zg = Z3 = —1),

When 7y = Z5 = —1, the event 1y occurs. Hence:
P(TC<TQ) = P(Z1:1)+P(Z1=—1,Z2=1)
= P(Z1=1)+P(Z1=-1)P(Zy=1)
1,21
3 33
= 0.5555555.
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Discrete Markov chains

Exercise 8.5.2. For any ¢ > 0, give an example of an irreducible Markov chain on a countably infinite state
space , such that |p;; — pix| < € for all states 7, j, and k.

Solution. Given € > 0. If € > 1, then put S = N,v; = 27%(i € N), and p;; = 277(i, j € N), giving:
2
it
b

2

v

I
BN TSI I
B

If 0 < € <1, then put S = N,v; = 2'_1'(1' € N). Define ng = max{n € N : ne < 1} and put p;; = € if
(1=1,2,....,5 =1,2,...,n0), (1 —nge)2=U="0) if (; = 1,2, ..., = ng + 1, ...), giving:

1—ngpe 1—nge 1—ngpe
6 DY 6 20 220 230
1—nge 1—nge 1—nge
€ € 2 22 23
P = € .. € 1—7L0€ 1—’n,[)£ 1—n05

2 22 23

In both cases, |p;; — pir| < € for all states ¢, j, and k (Check!). In addition, since P;; > 0 for all 4,5 € N, it
follows that the corresponding Markov chain in the Theorem 8.1.1., is irreducible.

Note: A minor change in above solution shows that, in fact, there are uncountably many Markov chains having
this property (Check!). O

Exercise 8.5.4. Given Markov chain transition probabilities {P;;}; jes on a state space S, call a subset C' C S
closed if » jecbij =1 for each i € C'. Prove that a Markov chain is irreducible if and only if it has no closed
subsets (aside from the empty set and S itself).

Solution. First, let the given Markov chain has a proper closed subset C. Since » jesbij =1 for each i € S
and ;.o pi; = 1 for each i € C, we conclude that :

Y pii= pii— Y pij=0.(€0).

jes-C JjES jeC
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Consequently, p;; = 0 for all ¢ € C' and j € § — C'. Next, consider the Chapman-Kolmogorov equation:

P =3P (1 <k <nneN).
resS
Specially, for k=n—1,5 € S — C, and i € C, applying the above result gives:
i = P Vp,, (n € N).
resS—C

Thus, the recent equation, inductively, yields:
pgl) =0tieC,jeS—-C,neN),
where C' # 0 and S — C # ). Therefore, the given Markov chain is reducible.

Second, assume the given Markov chain is reducible. Hence, there are ig, jo € S such that p(n) = Ofor all n € N.

On the other hand, C' C S is closed if and only if for all i € C and j € S if p( o) — 0 for some ng € N, then
jecC

(Proof. Let C C S be closed. If i € C and j € S — C with p(no) > 0 for some ng € N, then Zkecp(no) <1, a
contradiction. Conversely, if the condition is satisfied and C is not closed, then Z cc Pij < 1, for some i € C}
hence p;; > 0 for some i € C and j € S — C, a contradiction. ).

Now, it is sufficient to take C =S — {jo}. O

Exercise 8.5.6. Consider the Markov chain with state space S = {1,2,3} and transition probabilities p1o =
pa3 =ps1 = 1. Let m =7y =73 = 3.

(a) Determine whether or not the chain is irreducible.

(b) Determine whether or not the chain is aperiodic.

(¢) Determine whether or not the chain is reversible with respect to {m;}.
(d) Determine whether or not {m;} is a stationary distribution.

()

e) Determine whether or not lim, o pgq) =m.

Solution. (a) Yes. A simple calculation shows that for any nonempty subset C' C S, there is ¢ € C' such that
EjeC pij < 1, (Check!) . Thus, using Exercise 8.5.4., the given Markov chain is irreducible.

(b) No. Since the given Markov chain is irreducible, by Corollary 8.3.7., all of its states have the same period.
Hence, period(1) = period(2) = period(3). Let ¢ = 1 and consider the Chapman-Kolmogorov equation in the
solution of Exercise 8.5.4. Then:

n n—1 n 1
O Y

-2 2
iy = ZPfo 'prs = {5,

3
-3 3
ny = Y P Vpe=pi



Chapter 8: Discrete Markov chains 31

besides:
1
pgl) = 07
(2) i
2
P = Z Priy 1 Pi1 =0,
ik+1:1
3) 3 3
3
P = Z Z Plik+1pik+1ik+2pik+21 =1,
ip+1=1ig42=1
implying:

P =1 if 3n,0 etc

Consequently, period(1) = 3 # 1.

(c) No. Let for all ¢,j € S, mp;j = mjpj;. Since, m; = m; = %, it follows that for all 4,5 € S, p;; = pj;. On the

other hand, p12 = 1 # 0 = pa;, showing that this chain is not reversible with respect to {m;}3_;.

(d) Yes. Since ), gpij = 1 for any i,j € S and m; = 7; = %, it follows that for any j € S, >, g mipij =
1

1

3 2iesPij =3 = T

(e) No. Since p(ﬁ) =1 if 3Jn,0 etc., the given limit does not exist..]
Exercise 8.5.8. Prove the identity f;; = p;; + Zk# Dik frj-

Solution.
fa = 5+ A
n=2

= pii+ > Y P(Xi=kXo#j, ... X1 # j. Xy = j)

n=2k#j

= piit Y Y P(Xi=kXo#j, ... X1 # j, Xp = j)
k#j n=2

= pij+ Y Pi(X1 =k)Pi(X2 # j, oo, Xno1 # 5, X = §)
k#j n=2

= pij+ Y pik P Pi(Xo # s X1 # 5, X = )

k#j n=2
= pij+ Y pikfr-
k#j

O Exercise 8.5.10. Consider a Markov chain (not necessarily irreducible) on a finite state space.
(a) Prove that at least one state must be recurrent.

(b) Give an example where exactly one state is recurrent (and all the rest are transient).

(c) Show by example that if the state space is countably infinite then part (a) is no longer true.
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Solution. (a) To apply the Kolmogorov 0-1 law, one can consider the stopping time 7, = {n > 7,_1 : X, =
ig, but X,,, # ig for 1,1 < m < 7p}. Then, {7,41 — 7} are independent by the strong Markov property.
Moreover, {X,, = ip i.0} lies in the tail o-algebra of {7,411 — 7, }. It follows from the Kolmogorov 0-1 law that
P;, (X, =ip i.0.) = 1. However, the strong Markov property is not included in the textbook

Notation: we say state j is accessible from i if there exists n > 0 such that P;(X,, = j) > 0, denoted by i — j.
On the other hand, j is not accessible from i if P;(X,, = j) = 0 for all n > 0, denoted by i /4 j.

Assume all the states are transient. Consider an arbitrary state i; € S. Since i1 is transient, P;, (X,, = ¢; 1.0.) =0
by Theorem 8.2.1. It follows that there exists io € S and iy # i1 such that iy — is and iy 4 7.

Similarly, since 75 is transient, there exists i3 € S and i3 # s, i3, i1 such that i — i3 and i3 4 i3. Since
i1 — i and io — i3, we have i1 — i3. Moreover, i3 /% ;. Indeed, assume i3 — i1, since i1 — i3, we can get
i3 — 19, contradiction.

Continue in this way, the process will stop at ,,, where n = |S| < oo, since we only have n distinct states. We
then have i1 — i and iy 4 4;. By the construction, i /4 i; for j < k, i.e. P;, (X, € S\{ix}) = 0. It follows
that P;, (X, = ix) = 1, which implies iy, is recurrent. Contradiction.

(b) Let S = {1,2} and (p;;) = ( } 8 ) Using Chapman-Kolmogorov equation:

2
P =S, =03 =1,2,n=1,2,3,...).

r=1

Specially, pég) = 0(n € N), and, hence,zzo=1 pég) = 0 < co. Thus, by Theorem 8.2.1. , it follows that the state
2 is transient . Eventually, by part (a), the only remaining state, which is 1, is recurrent.

(c) Any state i € Z in the simple asymmetric random walk is not recurrent (see page 87). O

Exercise 8.5.12. Let P = (p;;) be the matrix of transition probabilities for a Markov chain on a finite state
space.

(a) Prove that P always has 1 as an eigenvalue.

(b) Suppose that v is a row eigenvector for P corresponding to the eigenvalue 1, so that v P = v. Does v necessarily
correspond to a stationary distribution? Why or why not?

Solution. (a) Let |S| = n and P = (p;;). Since |S| < oo, without loss of generality we can assume S =
{1,2,...,n}. Consider
1
1
=1
1
Then: N
21 P15l
>jo1 Pyl
PO = = O
Z;‘I:I pij-1

So, A =1 is an eigenvalue for P.

(b) Generally No. As a counterexample, we can consider S = {1,2,....,.n},P = I,x, and v = (—%)?:1 which
trivially does not correspond to any stationary distribution.[]
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Exercise 8.5.14. Give an example of a Markov chain on a finite state space, such that three of the states each

have a different period.

Solution. Consider the corresponding Markov chain of Theorem 8.1.1. to the state space S = {1,2,...,6} and

the transition matrix:

Then, since p11 > 0, paspse > 0,and, paspsepea > 0, it follows period(1) = 1, Period(2) = Period(3) = 2, and

1/2 1/2 0 0 0 0

0O 0 1 0 00

| o 1 0 0 00
P)=| o o 0 o0 1 0
O 0 0 0 0 1

/2 0 0 1/2 0 0

Period(4) = Period(5) = Period(6) = 3, respectively .[J

Exercise 8.5.16. Consider the Markov chain with state space S = {1,2,3} and transition probabilities given

by :

(
(
(c)
(

0 2/3 1/3
4/5 1/5 0

a) Find an explicit formula for P;(m; = n) for each n € N, where 7 = inf{n >1: X,, = 1}.
b) Compute the mean return time m; = E1(m).

¢) Prove that this Markov chain has a unique stationary distribution, to be called {m;}.

d) Compute the stationary probability .

Solution. (a) Let a,, = P1(71 = n). Computing a,, for n =1,2,...,7 yields:

ai
a2
as
ay
as
ae

az

0

P12p21 + P13P31

P12P23P31 + P13P32P21

DP12P23P32P21 + P13P32P23P31

DP13P32P23P32P21 + P12D23P32P23P31
DP13P32P23P32P23P31 1+ P12P23P32D23P32P21
D13P32P23P32P23P32P21 + P12P23P32D23P32P23D31 -

In general, it follows by induction (Check!) that:

a2m

a2m+1

(p23p32)™ * (prap21 + p13pa1) (m eN)
(Pzgpsz)m_l(Plzpzspm + p13P32p21) (m eN).
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(b) Using part (a) we conclude:

miq = E(Tl)
= ZnPl(ﬁ:n)

= Z 2mPy(m = 2m) + Z 2m+1)P(r =2m+1)
m=1

m=1
oo o)
= 2(prapar +prsps1) D m(pasps2)™ " + 2(prapaspst + prapazpar) D (2m + 1) (paspsa) ™!
m=1 m=1

2(p12p21 + P13p31) 2 1
= + (P12DP23P31 + P13P32D2 + .
(1 — posps32)? ( ! D (1 —pasp32)? (1 — pasps2)

(¢c) First, we show that the given Markov chain is irreducible. Using Chapman-Kolmogorov equation:
) = Z (=1 ,j=1.23n=12
pz] pl"’p Z7]7 K K 7n7 ? LA

it follows that for any i,j = 1,2,3 , there is ng € N such that p(no) > 0. In addition, a computation similar to
part (a) shows that m; = E(TZ) < oo for ¢ = 2,3. Hence, by Theorem 8.4.1., this Markov chain has a unique
distribution {m;}3_, given by m; = 7%“ fori=1,2,3.

@ 2
— A (1 — pasps2)
mi  2(p12p21 + pi3ps1) + (P12P23P31 + P13p32p21)(3 — D2sps2)

Exercise 8.5.18. Prove that if f;; > 0 and f;; = 0, then ¢ is transient.

Solution.The comment by David said he could not quite understand the original proof (neither do I)

Since f;; > 0, there exists n € N such that fi(f) > 0. Moreover, we have f;; = 0 by assumption, which means
the chain will not go back to ¢ after reaching the state j. Hence,

P;(X,, =i for finitely many of n) > fi(fb) > 0.

It follows that
P,(X, =iio.)=1-P;(X, =1 for finitely many of n) <1 — fi(]m.

According to Theorem 8.2.1, i is transient.[]

Exercise 8.5.20. (a) Give an example of a Markov chain on a finite state space which has multiple (i.e. two or
more) stationary distributions.

(b) Give an example of a reducible Markov chain on a finite state space, which nevertheless has a unique
stationary distribution.

(c) Suppose that a Markov chain on a finite state space is decomposable, meaning that the state space can be
partitioned as S = §; U Sz, with S; nonempty, such that f;; = f;; = 0 whenever ¢ € S; and j € S3. Prove that
the chain has multiple stationary distribution.

(d) Prove that for a Markov chain as in part (b) , some states are transient.
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Solution. (a) Consider a Markov chain with state space S = {i}}; and transition matrix (p;;) = I, x» where
n > 3. Then, any distribution (m;)"; with ", m =1 and m; > 0 is its stationary distribution.

(b) Take S = {1,2} and:

o O

(pij) = (

2
Py => 05 Vpn(n e N),

r=1

—_ =
N—

Applying Chapman-Kolmogorov equation:

(n

it follows that Pu) =0 (n € N) yielding that this chain is reducible . Let (m;)?_; with m + m = 1 and
0 < 71, m < 1 be a stationary distribution. Then, m1 = m1p11 + mop21 = 0 and w9 = 1 — 1 = 1. Thus, this chain
has only one stationary distribution.

(c) Let S = S1US2 and fi; =0 = fj; for any i € S1,j € Sa. Hence, fi; > 0 if either i,j € Sy or i,j € S.
Therefore, the restriction of the given Markov chain on the state spaces S,.(r = 1,2) is irreducible. Hence, by
Proposition 8.4.10, all the states of the state spaces S,.(r = 1,2) are positive recurrent. Now, by Theorem 8.4.9,

there are unique stationary distributions for S,.(r = 1,2), say (m)ﬁlll and (Wi)ﬁjlst‘\iil’ respectively. Eventually,

pick any 0 < a < 1 and consider the stationary distribution (m)ii‘l defined by:

= amilq, sy (8) + (1= )milys, 41,150 (7)-

Note: This is not quite correct as stated, since the chain might not be irreducible even on the state soace
Sy (r=1,2). But it is still true that there is at least one stationary distribution on each S,., hence at least two
stationary distributions in total.

(d) Consider the solution of part (b). In that example, since pa; = 0 and pé’{) = 23:1 pé’ﬁ_l)pn =0 (n > 2),
it follows that fo; = 0. On the other hand, p12 > 0 and hence, fi2 > 0. Now, by Exercise 8.5.18. the state i =1
is transient. [



Chapter 9

More probability theorems

Exercise 9.5.2. Give an example of a sequence of Random variables which is unbounded but still uniformly
integrable. For bonus points, make the sequence also be undominated , i.e. violate the hypothesis of the
Dominated Convergence Theorem.

Solution. Let Q@ =N, and P(w) = 27¥(w € Q). For n € N, define:

X, : Q=R
Xn(w) = ndyn.

Since lim,,—, o0 Xp(n) = 00, there is no K > 0 such that |X,,| < K for all n € N. On the other hand, for any «
there exists some N, = [a] such that :

| Xnllx, >0 (W) = Xn(w) n=DNy, Noy+1,---.

Thus, we have that:

sup E(|X,|1jx,|50) = sup E(X,)= sup (n27") = N,2~ =,
n ’I’LZNQ nZNa

implying:
limsup E(| X, |1 x,|50) = im No2™ Ve = 0.

To get the bonus point, consider P(w) = %ﬁ

Claim. X, (w) is undominated.

Suppose there exists a random variable Y (w) such that X, (w) < Y(w) for all n,w and E(Y) < oco. Since
Xn(w) <Y (w) for all n,w € N, Y > w for all w € N by the definition of X,,. It follows that

D wPw) <> Y(w)Pw) = E(Y) > oc.
weN weN

Contradiction. Therefore, X, (w) is undominated. OJ
To prove uniform integrability, we follow the same steps as before: For any «, there exists N, = [a] such that

X015, 50(@) = Xn(w), ¥n=NayNo+1,....

Then, we have

6 1 6 1
SlllpE(an|1|Xn|Za) = sup E(X,)= sup (nﬁn2> = S

n>Nq n>Ng v
implying
li E(|X,[1 ) =1i 6 1 =0
im sup B(|Xn|1jx,[2a) = lim -5 5 = 0.
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O

Exercise 9.5.4. Suppose that lim, . X,(w) = 0 for all w € Q, but lim, o, E(X,) # 0. Prove that
E(sup,, | X,|) = cc.

Solution. Assume E(sup,, |X,|) < co. Take Y = sup,, | X,|. Now, according to the Theorem 9.1.2,

lim E(X,)=E(lim X,)=0,

n—oo n— oo

a contradiction.[]
Exercise 9.5.6. Prove that Theorem 9.1.6. implies Theorem 9.1.2.

Solution. Let the assumptions of the Theorem 9.1.2. hold. Since |X,| <Y, it follows | X,|1|x, >0 < Yly>a,
and consequently , by taking first expectation from both sides of the inequality and then taking supremum of
the result inequality , we have:

sup B(| Xl ix, 50) < EVlyza)  (a>0)

On the other hand, lim, E(Y1y>,) = 0. Thus, by above inequality it follows

lién sup E(| X [1|x,|>a) = 0.

Eventually, by Theorem 9.1.6, lim,, £(X,,) = E(X). O

Exercise 9.5.8. Let Q = {1,2}, with P({1}) = P({2}) = 1, and let F;({1}) = ¢?, and F,({2}) = t% for
0<t<l

(a) What does Proposition 9.2.1. conclude in this case?

(b) In light of the above, what rule from calculus is implied by Proposition 9.2.17

Solution. (a) Since :

E(F) = FI{DPH{1) + F{2DP{2) = 5 <1<,

for all) < ¢ < 1 and, F, ({1}) = 2t and F, ({2}) = 43 exist for all 0 < t < 1, by Theorem 9.2.1. it follows that
F, is random variable. Besides, since |F,| < 4 for all 0 < ¢ < 1 and E(4) =4 < o0, according to Theorem 9.2.1.
#(t) = E(F,) is differentiable with finite derivative ¢ (t) = E(F}) for all 0 < t < 1. Thus, E(F;) = t + 2t* for all
0<t<l.

(b) L [T f(t)dt = [T L f(t)dt. O

Exercise 9.5.10. Let X1, Xo,- -, be i.i.d., each having the standard normal distribution N(0,1). Use Theorem
9.3.4. to obtain an exponentially decreasing upper bound on P(%(Xl +--+X,)>0.1).
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Solution. In this case, for the assumptions of the Theorem 9.3.4., Mx,(s) = exp(%) <ooforall —a<s<b
and all a,b,> 0, m =0, and ¢ = 0.1. Thus:

1
P((X1+ 4 X,) 2 0.1) < "

where p = info<5<b(exp(§ —0.1s)) for all n € N. Put g(s) = exp(§ —0.1s) for 0 < s < oco. Then, a simple
calculation shows that for b = 0.1 the function g attains its infimum. Accordingly, p = g(b) = 0.995012449. OJ

Exercise 9.5.12. Let a > 2, and let M (t) = exp(—|t|*) for t € R. Prove that M(t) is not a moment generating
function of any probability distribution.

Solution. Calculating the first two derivatives, we have:

M (t) = —atlt|*?exp(—[t|*) —oo<t< o0
M (t) = —aft|*?*((a—1) —alt|*)exp(—|t|]*) —oo<t< oo,

yielding, M (0) = 0 and M"(0) = 0. Now, assume M = My for some random variable X. Then, applying the
Remark on page 108 (i.e. M"(0) = E(X"): r € N,) for the case r = 1,2 , it follows F(X?) = E(X) = 0,
and, therefore, Var(X) = 0. Next, by Proposition 5.1.2, P(|X| > a) < V%E‘X) = 0 for all & > 0, implying
P(X #0) =0 or equivalently, X ~ dg. Accordingly, Mx (t) =1 for all —co < t < 00, a clear contradiction. [J

Exercise 9.5.14. Let A be Lebesgue measure on [0, 1], and let f(z,y) = 8zy(x?—y?)(2?+y?) =3 for (z,y) # (0,0),
with £(0,0) = 0.

(a) Compute [ ([ f(z,y)A(dy))A(dz).

(b) Compute [, (fy /(. y)A(dz))A(dy).
(¢) Why does the result not contradict Fubini’s Theorem.

Solution. (a) Take u = y? + 22, v = 22, then du = 2ydy, u — 22% = y? — 2?2 and dv = 2xdz. Accordingly:

/01(/01f(x,y)dy)dz _ / / 8“7521;3’ dy)dz
- /0(—8x/0 ?(J(?/Jr—;))dy)dx
= /01(8x(2(y;ji2)2)|(1))dx
= /01(1_:_13;2)2d$

- /1 2dv
o (L)
= 1
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(b) Using integration by parts for the inside integral, it follows:
11 1 el
[ty = [ ([ souta® - )@+ ) doydy
o Jo o Jo
11
[ ([ tnta® - e 4 7) P2y
o Jo

o2
= /O(W)dey
- 1L

(c) In this case, the hypothesis of the Fubini’s Theorem is violated. In fact, by considering suitable Riemann
sums for double integrals, it follows that [ [ fTA(dz x dy) = [ [ f~A(dz x dy) = oo. O

Exercise 9.5.16. Let X ~ N(a,v) and Y ~ N(b,w) be independent. Let Z = X + Y. Use the convolution
formulae to prove that Z ~ N(a + b,v + w).

Solution. Let a = b = 0. we claim that if X ~ N(0,v) and Y ~ N(0,w), then Z ~ N(0,v + w). To prove it,
using convolution formulae, it follows:

hz(z) = /Oo fx(z = y)gv (y)dy
5 — )2 2
= \/7 / exp( 77( vy) +%))dy
% ) exp(—5<<$ + %>y2 )y
exp(— 2z 1
- Tore 27r / - lexp ?7L+l8))d8
- exp(—2) L z 2 z 2\ ds
T V2r(v+ w)V2r _ooeXp( 50 A +;) (U ;Jr;)))d
= L e el ) [ ep(—i(s - — )
= 2ﬂ(v+w)exp . exp 2U2(l+i) T _Ooexp 23 ; %_,_i S
1 22
- 27 (v + w) eXp(72(U + w))

where —00 < z < 00. Now, if X ~ N(a,v) and Y ~ N(b,w), then X —a ~ N(0,v) and Y — b ~ N(0,w). Hence,
applying above result, we have that Z — (a + b) ~ N(0,v + w), or equivalently , Z ~ N(a + b,v + w). O
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Weak convergence

Exercise 10.3.2. Let X,Y3,Y5, - be independent random variables, with P(Y;, = 1) = £ and P(Y;,, = 0) =

n

1—21 Let Z, = X +Y,. Prove that £(Z,) = £(X), i.e. that the law of Z, converges weakly to the law of X.

Solution. Given € > 0. Then, {|Z, — X| > €} = ¢if(e > 1),{1} if(0 < € < 1), implying 0 < P(|Z, - X|>¢) < L
for all n € N. Accordingly, lim,, P(|Z, — X| > €) = 0. Hence, lim,, Z,, = X in probability, and consequently, by
Proposition 10.2.1., £(Z,) = L(X). O

Exercise 10.3.4. Prove that weak limits, if they exist, are unique. That is, if @, v, u1, e, -+ are probability
measures, and p, = p and also u, = v, then u = v.

Solution. Put F,(z) = pn((—00,2]) , F(x) = p((—o0,z]) and G(z) = v((—o0, z]) for all z € R and n € N. Then,
by Theorem 10.1.1., and Exercise 6.3.7. it follows that lim,, F,,(z) = F(x) except of Dp and lim,, F,(z) = G(x)
except of Dg. Since F' and G are increasing, the sets Dp and D¢ are countable, and so is Dp U Dg. Thus,
F = G except at most on D U Dg. On the other hand, F and G are right continuous everywhere and , in
particular, on Dp U D¢, implying F' = G on Drp U Dg

(In fact, let * € Dp U D¢ and {z,}52; be a sequence of (Dp U Dg)¢ such that x, N\, . Then, by the recent
result it follows that :
F(z) =lim F(z,) =lmG(z,) = G(x)).

n

Accordingly, F = G on (—o0, 00). Eventually, by Proposition 6.0.2., u = v. O

Exercise 10.3.6. Let A;,a,--- be any sequence of non-negative real numbers with ). a; = 1. Define the
discrete measure p by p(.) = Doy aidi(.), where ;(.) is a point mass at the positive integer i. Construct a
sequence {u,} of probability measures , each having a density with respect to Lebesgue measure , such that

fin = -

Solution. Define: )

pn () =D ma (.0 (i = =)

4 n
€N
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where A dentes the Lebesgue measure. Then,

Mn«_oov OO)) =1,

for all n € N. Next, given « € R and € > 0. Then, for any n € N if n > ﬁ, then |p,((—o0,z]) —
p((—o0,x])| = 0 < e. Accordingly, lim,, i, ((—o0, z]) = u((—o0, z]). Eventually, by Theorem 10.1.1, u,, = . O

Exercise 10.3.8. Prove the following are equivalent:

(1) pn = 1

(2) [ fdpn — [ fdp, for all non-negative bounded continuous f : R — R.

(3) [ fdun — [ fdu, for all non-negative continuous f : R — Rwith compact support, i.e., such that there are
finite a and b with f(z) =0 for all z < a and all z > b.

(4) [ fdun — [ fdu, for all continuous f : R — R with compact support.

(5) [ fdun — [ fdu, for all non-negative continuous f : R — R which vanish at infinity, i.e., lim,_,_ f(z) =
lim, o f(z) =0.

(6) [ fdpn — [ fdp, for all continuous f : R — R which vanish at infinity.

Solution. We prove the equivalence of the assertions according the following diagram:

o)

O\

2) (6)

@) =—0O)

N
(1) = (2):

Any non-negative bounded continuous function is bounded continuous. Hence, by definition of weak convergence,
(1) implies (2).

(1) = (4) :
Any continuous function f having compact support is bounded continuous, (since a continuous function attains
its supremum on any compact set). Hence, by definition of weak convergence, (1) implies (4).

(1) = (5)
Any positive continuous function which vanishes at +oo is bounded continuous(since there is a compact set
[— M, M] such that |f| < 1 outside of it, implying

|[f] <max(1, sup |[f(z)]) < o0).
(M, M]

Hence, by definition of weak convergence, (1) implies (5).

(1) = (6) :
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Any continuous function which vanishes at +oo is bounded continuous(since there is a compact set [—M, M|

such that |f| < 1 outside of it, implying

|f| < max(1, sup [f(x)]) < o0).
[7M’M]

Hence, by definition of weak convergence, (1) implies (5).

(4) = (3):
Any function satisfying (3) is an special case of (4). Thus, (4) implies (3).

(5) = (3):
Any function satisfying (3) is an special case of (5). Thus, (5) implies (3).

(6) = (3) :
Any function satisfying (3) is an special case of (6). Thus, (6) implies (3).

(2) = (1) :

Let f be a bounded continuous function. Then, f* = max(f,0) and f~ = max(—f, 0) are non-negative bounded

continuous functions. Hence, by (2) it follows:

lirrln/fdunzlign/erd,un—lirrln/f_dun:/f+du—/f+du:/fdu.

(3) = (2) :

Let f be a non-negative bounded continuous function. Put fas = f1[_ps a7 for M > 0. We claim that:

lim/fMdun = /fMdu for any M > 0.(x)

To prove the assertion, let € > 0. Then, there are non negative-compact support- continuous functions g,; and

har with has < far < gar such that :

—
g
Ry
=
A\

/gMdNS/fMle—G,
/thuZ /fMdu—e,

—
g
R
=
vV
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implying:

/fMdu—e

INA
—
>

g
.
=

= lir%linf/thun
< lirr%inf/fMd,un
< limsup / Iumdpn
< limsup / grdpin
= /gMdu

< / fard +e.

Now, since the € > 0 can be chosen arbitrary, the desired result follows. Next, let (2) does not hold. Therefore,
there exist €9 > 0 and an increasing sequence {nj}72, such that | [ fdu,, — [ fdu| > € for all k € N. On the
other hand, using (%) there are large enough My > 0 and kg € N such that :

€

| [ fduns, = [ fadins,| < %
€

€

[ i [ ganl < %,

Eventually, an application of triangular inequality shows that:

o <| [ fdun, = [ fdul < | [ S, = [ Sandin,|

L / Frtodiiny, — / Fasyd

4 1 [ fud = [ gaud

3¢
4 )

A
\

A
\

A
\

IN

which is a contradiction. [J

Exercise 10.3.10. Let f : [0,1] — (0,00) be a continuous function such that fol fdx = 1 (where X is the
Lebesgue measure on [0,1]). Define probability measures p and {u,} by p(A) = fol f1adX and

pn(4) = 3 £/ Lali/m)/ Y £ ifm)

i=1

(a) Prove that u, = u.
(b) Explicitly, construct random variables Y and {Y,,} so that £L(Y) = u, L(Y,) = pn, and Y,, — Y with
probability 1.
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Solution.(a) Let A be a measurable set with p(0A) = 0. Then:

. X fi/n)Lali/n)

fimpn(d) = 1 = )

o Sy S/ m)1LaGi/n)1
no S, fG/n)i/n

lim, 320, £(i/n)1a(i/n)1/n
limy, 1 f(i/n)1/n

Jy fladx

Jo Fax

1

= / FladA
0

= u(A)

Consequently, by Theorem 10.1.1, p,, = pu.

(b) Let (2, F, P) be Lebesgue measure on [0,1]. Put

G

m)l[m] () + 1(1,00) ()

Fo(2) = pn((—00,2]) = (

and

F(z) = u((—o0,2]) = / " (1)1 () + L (2).

Then, consider :

Yo(w) = inf{x: F,(z) > w}
[nz] . n .
= i € [0,2]: X 7(0) 2 YT,
and
Y(w) = inf{z: F(z)>w}

— inf{z e [0,1]: /Oxf(t)dt > wl,

where 0 < w < 1. Now, by the proof of the Theorem 10.1.1, it follows that Y,, — Y with probability 1. [J
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Characteristic functions

Exercise 11.5.2. Let u, = 0nmod 3 be a point mass at n mod 3.(Thus, p1 = 01, pe = do2, us = 0, 4 = 01,
s = 02, pig = do, etc.)

(a) Is {un} tight?

(b) Does there exist a Borel probability measure p, such that u,, = p? (If so, then specify p.)

(c) Does there exist a subsequence {p,, } , and a Borel probability measure p , such that p,, = u? (If so, then
specify {4, } and p.)

(d) Relate parts (b) and (c¢) to theorems from this section.

Solution. (a) Yes. Take [a,b] = [0, 3], then, for all e > 0 and for all n € N :

lffn([073D = 5n([073])mod 3 = 1[0,3] (n)|n:O,1,2 =1>1-—e

(b) No. Assume, there exists such a distribution . Hence, by Theorem 10.1.1, for any z € R with pu({z}) =0,
it follows lim,, pin,((—00,z]) = p((—o0,z]). On the other hand, pick z € (0,1) such that u({z}) = 0,. Then,
tn (=00, z]) = 1if3|n, Oetc. for all n € N. Therefore, lim,, u,, ((—o0, z]) does not exist, a contradiction.

(c) Yes. Put ny =3k +1for k =0,1,2,.... Then, u,, = u; =0, for k=0,1,2, ..., implying u,, = d;.

(d) The sequence {u,}52; is a tight sequence of probability measures, satisfying assumptions of the Theorem
11.1.10, and according to that theorem, there exists a subsequence {fn, }3>, (here, ny, = 3k + 1 for k € N) such
that for some probability measure p (here, p = 61), pin, = p. O

Exercise 11.5.4. Let po, = &g , and let popy1 = 0y, form=1,2,--- .

(a) Does there exist a Borel probability measure p such that p, = u?

(b) Suppose for some subsequence {pn, }32; and some Borel probability measure v, we have p,, = v. What
must v must be?

(¢) Relate parts (a) and (b) to Corollary 11.1.11. Why is there no contradiction?

Solution. (a) No. Assume, there exists such a distribution u. Hence, by Theorem 10.1.1, for any 2 € R with
p({z}) =0, it follows lim,, ., ((—o0, z]) = pu((—o0, z]). On the other hand, pick z € (0, 1) such that p({z}) =0.
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Then, p,((—o0,2]) = 1if2|n, Oetc. for all n € N. Therefore, lim,, p,, ((—00, z]) does not exist, a contradiction.

(b) Since any subsequence {,, }7°, including an infinite subsequence of {or41}572; is not weakly convergence,
we must consider {pi,, }72, as a subsequence of {25 }7° ;. In this case, pn, = v = Jp for all k£ € N, implying
[y, = V.

(c) Since {,}32; is not tight (Take ¢ = %. Then, for any [a,b] C R and any n € N, if n > |b] + 1 then
pan+1([a,b]) = 0 < 1—1.), the hypothesis of Corollary 11.1.11 is violated. Consequently, there is no contradiction
to the assertion of that Corollary.lJ

|

Exercise 11.5.6. Suppose p,, = u. Prove or disprove that {u,} must be tight.

Solution. Method(1):
Given € > 0. Since p(R) = 1, there is a closed interval [ag, bo] such that:

15 <pllaobo)). ()

Next, by Theorem 10.1.1(2), there is a positive integer N such that:

ma(lao,bo)) = p(lao. b))l < 5 n=N41--,
implying:
pllao.bol) = 5 < pallaosbol)  m=N4+Loo ()
Combining () and (**) yields:
1 — € < pp([ao, bo]) n=N+1,---. (% % %)

Next, for each 1 < n < N, there is a closed interval [a,, b,] such that:

1 —€ < pn([an,bn)]) n=1,---,N. (% * *x)
Define:
a= min (a,) b= max (by).
0<n<N 0<n<N

Then, by [an, by] C [a,b] for all 0 < n < N, the inequality (* x x) and the inequality (x x **) we have that :
1—e< un(la,b)) n=12---

Method(2):

Let ¢, @1, ¢2, -, be corresponding characteristic functions to the probability measures p, p1, 2, -+ . Then, by
Theorem 11.1.14(the continuity theorem) p, = p implies, lim,, ¢,,(t) = ¢(t) for all ¢ € R. On the other hand, ¢
is continuous on the R. Thus, according to Lemma 11.1.13, {u, } is tight. O

Exercise 11.5.8. Use characteristic functions to provide an alternative solution of Exercise 10.3.2.

Solution. Since X and Y,, are independent, it follows:

! +(1- %))for all(n € N).

n

¢z, (t) = ox (O)Py,, (t) = dx () (exp(it)
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Therefore, lim, ¢z, (t) = ¢x(t) for all ¢ € R. Hence, by Theorem 11.1.14 (the continuity theorem), £(Z,) =
L(X). O

Exercise 11.5.10. Use characteristic functions to provide an alternative solution of Exercise 10.3.4.

Solution. Let p, = u and p, = v . Then, by Theorem 11.1.14, lim,, ¢,,(¢) = (b (t) and lim,, ¢, (t) = ¢, (¢) for
all t € R. Hence, ¢,(t) = ¢, (t) for all t € R. Eventually, by Corollary 11.1.7., u = v. [J

Exercise 11.5.12. Suppose that for n € N, we have P(X,, =5) = L and P(X,, =6) =1 —
(a) Compute the characteristic function ¢x, (¢), for all n € N and all ¢ € R.

(b) Compute lim,,_, o ¢x,, (%)

(c) Specify a distribution p such that lim, . ¢x, (t) = [ exp ztaz) (dz) for all t € R.

(d) Determine (with explanation) whether or not E( X,) =

S|=

Solution. (a)

¢X ( ) (exp(ti )) _ expT(L5zt) + (n—1) ixp(Gzt) teR.
(b)

lim,, o ¢x,, (t) = exp(6it) teR.

(c)

Hn = 56-

(d)

As a result of the Theorem 11.1.14 (the continuity theorem), £(X,,) = d. O

Exercise 11.5.14. Let X3, Xo, -+ be i.i.d. with mean 4 and variance 9. Find values C'(n,z), for n € N and
xz € R, such that as n — 0o, P(X1 + Xo 4+ --- + X, <C(n,z)) = ¢(z).

Solution. As in Corollary 11.2.3:

P(S"\ﬂ%nm <z)=P(x) asn — 0o
s Sp—dn _ Cln,z)—4 Cln,z) — 4
n — 4n n,x) —4n n,x) —4n
d(zx)=P < =P(—2L ),
W= = e TN e
asn — oo, and injectivity of ® implies :
x_C(n,x)—4n
VIn ’
or :
C(n,x) = VInx + 4n.
O

Exercise 11.5.16. Let X be a random variable whose distribution £(X) is infinitely divisible. Let a > 0 and
beR, and set Y = aX + b, prove that £(Y) is infinitely divisible.

Solution. Given n € N. Since the distribution £(X) is infinitely divisible, there is a distribution v, such
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that if Xy ~ v, , 1 < k < n, are independent random variables, then >.;_; X ~ L£(X) or, equivalently,
there is a distribution v, such that if X, , 1 < k < n, with Fx, (z) = v,,((—00,z]), (z € R) are independent,
then Fyn  x,(7) = Fx(z),(z € R). The latest assertion yields that there is a distribution w, defined by
wn((—o0,z]) = Vn((foo,%b]),(x € R)such that if X3, , 1 < k < n, with Fyx, +5(2) = wn((—00,2]), (z € R)
are independent, then Fs-r  (ax,11)(2) = Fux4b(z), (z € R). Accordingly, the distribution £(Y) is infinitely
divisible, as well.[J

Exercise 11.5.18. Let X, X7, X5, -+ be random variables which are uniformly bounded , i.e. there is M € R
with | X| < M and |X,| < M for all n. Prove that £(X,,) = £(X) if and only if E(X¥) — E(X*) for all k € N.

Solution. Let £(X,) = £(X). Then, by Theorem 10.1.1, lim,, [ fd(£(X,)) = [ fd(£(X)) for any bounded
Borel measurable function f with £(X)(Dy) = 0. Put fx(x) = 2*(k € N). Then, since |fi| < M* < co(k € N),
it follows that:

1175nE(X’,j) = 1175n/mkd(£(xn)) = /xkd(E(X)) = B(X%),

for all kK € N.

Conversely, let E(X¥) — E(X?%) for all k € N. Since |X| < M,
|Mx(s)| = |E(e*™)| < max(e ™, eM) < 00

for all |s| < 1. Therefore, by Theorem 11.4.3, £(X) is determined by its moments. Now, the desired assertion
follows from Theorem 11.4.1. O
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Decompositions of probability laws

Exercise 12.3.2. Let X and Y be discrete random variables (not necessarily independent), and let Z = X +Y.
Prove that £(Z) is discrete.

Solution. Let I’ be an an uncountable set of positive numbers. Then, ) 2 = +oo. Thus, the summation in
the definition of Borel probability measure of discrete random variable is, in fact, taken over a countable set for
which the probability of each of its elements is nonzero. Hence, in the equalities

> LX)({z}) = LX)(R)

zeR

and

Y LY){yh) = LOY)(R),

yeR

the sets Ax = {&# € R : L(X)({z}) > 0} and By = {y € R : L(Y)({y}) > 0} are countable. On the
other hand, for any z € R we have £L(X +Y)({z}) > P(X = z,Y = z — ) > Ofor somez € R, and the
corresponding ordered pair (x,z — z) in the recent result is an element of the countable set Ax x By. Hence,
the set Cz ={z € R: L(X +Y)({z}) > 0} is countable. Thus:

Y LX+Y){) = Y LX+Y)({z})
z€R 2€Cyz

= L(X+Y)(Cz)+0
LIX+Y)(Cz)+ LX+Y)(CF)
= L(X+Y)R).

Exercise 12.3.4. Let X and Y be random variables, with £(Y") absolutely continuous, and let Z = X 4+ Y.

(a) Assume X and Y are independent. Prove that £(Z) is absolutely continuous, regardless of the nature of
L(X).

(b) Show that if X and Y are not independent, then £(Z) may fail to be absolutely continuous.

Solution. (a) Let for a Borel measurable set A C R, A(A) = 0. Hence, A(A — z) = 0, for all z € R. Then, by
Corollary 12.1.2.(Radon-Nikodym Theorem), £L(Y)(A — ) = 0 for all € R. Now, by Theorem 9.4.5.:

L(Z)(A) = / LOV)(A = 2)L(X)dz = 0.
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Eventually, by another application of the Corollary 12.1.2.(Radon-Nikodym Theorem), the desired result follows.

(b) First example:
Put X =Z and Y = —Z, where Z ~ N(0,1). Then, X +Y = 0, which is clearly discrete.

Second example:
Similar to Exercise 6.3.5., let X ~ N(0,1), Y = XU where X and U are independent and P(U = 1) = P(U =
—1) = 5. Then, X and Y are dependent. Put Z = X +Y. Then, for the Borel measurable set A = {0}, A(A) = 0.

But, £(Z)(A) = 1 #0 (Check!).0

NO[—=

—~

Exercise 12.3.6. Let A,B,Z;,Z5,--- be ii.d., each equal to +1 with probability 2/3, or equal to 0 with
probability 1/3. Let Y = > Z;27" as at the beginning of this section (so v = L(Y') is singular continuous),
and let W ~ N(0,1). Finally, let X = A(BY 4 (1 — B)W), and set u = £(X). Find a discrete measure fig;sc,
an absolutely continuous measure p,., and a singular continuous measure jig, such that g = pgise + ftac + fhs-

Solution. Using conditional probability, for any Borel measurable set U C R , it follows:

LIX)U) = P(XeU)
— P(X €UJ|A=0)P(A=0)
+ P(XeUA=1)P(A=1)
= éP(O el)
+ §P(BY +(1-B)WeU)
= 5(0)
+ %(P(BY +(1-B)WeU|B=0)P(B=0)
+ P(BY +(1-B)W €U|B=1)P(B=1))
1 2.1 2
= 30(U)+3(GP(W eU) + 2 P(Y €U))
= S8 (U)+ SLIV)O) + SLY)).

Accordingly, £(X) = 160+ 2L(W) + 3£(Y). O

Exercise 12.3.8. Let 1 and v be probability measures with y < v and v < . (This is sometimes written as
u =v.) Prove that ‘;—5 > 0 with p-probability 1, and in fact 9% L

= 4.
L =2
dr dv

Solution. By Exercise 12.3.7. di — dndv iph p-probability 1. We claim that :

' dp dv dp
dy du
d .
= = v — probability1.(x)

dp
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To prove the above equality we notice that :

dv dv
ws Z=on=[  Lip=o.
dp {w: ’;” =0} dp
consequently, Z—Z > 0, v — probability-1 . Hence, (x) holds v — probability-1. Of course on the set {w : Z—Z =0},
the right hand side of (x) can be defined as zero. Now, let p = p. Then, g—: > (0, v — probability-1 and fl—‘; =+

Eventually, the final assertion follows by symmetric relationship of y and v. O

Exercise 12.3.10. Let p and v be absolutely continuous probability measures on R (with the Borel o algebra),
with ¢ = u — v. Write down an explicit Hahn decomposition R = AT U A~ for ¢.

Solution. The solution does not answer the question as it does not give A+ and A-.
Since p is an absolutely continuous probability measure on R, it is countably additive. Indeed, let A;, Ao, ... be
disjoint sets in the Borel o-algebra,

Similarly, v is also countably additive. It follows from linearity of measures that ¢ = u — v is countably additive.
By Remark (3) on Page 145, Lemma 12.1.4 applies to any countably additive mapping from F to R. Hence,
constructing A" as in the proof of Lemma 12.1.4 gives desired A'. Set o = sup{¢(A) : A € F}. Then, choose
subsets A1, Ay, ... € F such that ¢(4,) = a. Let A=[JA; and

G = {ﬂ Al each Al = Ay or A\Ak} :

k=1

Define C,, = seg, S. AT =limsup C,,, A~ = Q\ AT gives the Hahn decomposition for ¢.0]
#(5)=0
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Conditional probability and expectation

Exercise 13.4.2. Let G be a sub-o-algebra, and let A be any event. Define the random variable X to be the
indicator function 14. Prove that E(X|G) = P(A|G) with probability 1.

Solution. By definition, both of E(14|G) and P(A|G) are G measurable random variables. Next, by equations
(13.2.1) and (13.2.2):

E(P(A|G)lg) = P

|
/\/\E/‘\
—
S
2
e

for any G € G. Consequently, E(14]|G) = P(A|G) with probability 1. O

Exercise 13.4.4. Let X and Y be random variables with joint distribution given by £(X,Y) = dP =
f(x,y)X2(dx, dy), where o is two dimensional Lebesgue measure, and f : R?> — R is a non-negative Borel

measurable function with [p, fdX2 = 1. Show that we can take P(Y € B|X) = [, gx(y)A(dy) and E(Y|X) =
Jz v9x (y)A(dy), where the function g, : R — R is defined by g,(y) = % whenever [, f(x,t)A\(dt) is
positive and finite, otherwise (say) g.(y) = 0.

Solution. First, let YB = [ 9x(y)\(dy). Then Y/B(\) is a o(X)-measurable random variable since
S5 92(y)A(dy) is a Borel functlon of z € R. fx(x) = [ f( A(dy) and is Borel measurable as f(x,y) is
Borel measurable. For A = (Y € B) in Deﬁmtlon 13.1.4, an apphcatlon of the Fubini’s Theorem in Real
Analysis yields:

E(mlxes> = E(/ng(y)/\(dy)l;ces)

/ / 9x () fx () A(dy) A(de)
//SXB) % y)halde, )

P((Y e B)n{X € S}),
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for all Borel S C R, proving that P(Y € B|X) = fB 9x (y)A(dy) with probability 1.

Second, by considering E(1g|X) = P(Y € B|X), the second equation follows from the first equation for the
special case Y = 15. Now, by usual linearity and monotone convergence arguments the second equality follows
for general Y. [J

Exercise 13.4.6. Let G be a sub-o-algebra, and let X and Y be two independent random variables. Prove by
example that we might have:

E(XYG) # E(X|G)EY|9).

Solution. Let (Q, F, P) be the Lebesgue measure on [0, 1]. Consider the two independent events A = [0, 3

2]. Then, P(A) = P(B) = £,P(ANB) = ¢, P(AUB) =3 and for C = (AU B)® we have: P(C) =

3.3
Next, consider the sub-o—algebra G = {¢, C,C¢, Q}. Then, for any random variable X:

E(X|G) : QR
E(X|0)(w) = E(X|0).1lc(w)+ E(X|C%).1ce(w). (%)

In particular, for X = 1y, we have:
PUIG) : Q=R

PUIG)(w) = P(UIC).1o(w) + P(UIC). 1 (w). (+%)

Accordingly, for X =14,Y =15 (X.Y = 14np), by three applications of (xx) we have:

E(XY|G)(w) = P(ANB|C).1c(w)+ P(ANB|C®).1ce(w)
B P(AN B) 1/9
= 0+m Cc("(l)) 5/9 ]-C°( )
= élca(ﬂj),
E(X|6)(w) = P(A|C)1c(w) + P(AIC).1cx (w)
B P(A) 1/3
= 0+m ce(w) = 5/9 1CC( )
= Clow)
EY[G)(w) = P(B|C).1c(w) + P(B|C?)1ce(w)
B P(B) _ 3
= glcc(w),
yielding:
1 9 3 3
E(XY|G) = ploe # 5eloe = (gloe).(plo) = E(X]G).E(Y]G).
|

Exercise 13.4.8. Suppose Y is G-measurable. Prove that Var(Y|G) = 0.

Solution. Since Y and E(Y|G) are G-measurable, it follows that Y — E(Y|G) is G-measurable, too. Now, an
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application of Proposition 13.2.6 yields:

Var(Y|g) = E(Y - E(Y]9))*|9)

Y - EY|9)E(Y — E(Y|9)|9)
= (Y - EYI|9)(EYI]G) - E(Y]G))
= 0.

Exercise 13.4.10. Give an example of jointly defined random variables which are not independent, but such
that E(Y|X) = E(Y) w.p. 1.

Solution. Let XY be jointly defined by:

1
P(X:l,Y:1):P(X:1,Y:—1):P(X:—1,Y:2):P(X:—1,Y:—2)=Z.
Since:
= 11 1
PX=1) = PX=1Y=j)=-+-=<=
( ) Z ( Y=))=1+1=5%
j=—o00
= 1
PY=1) = > PX=iY=-1)=,
it follows that: L1
P(X:l,Y:l):i;«éé:P(X:l)*P(Y:l),
showing that X,Y are dependent.
Next, by definition:
piea 214142
(Y) > yPX =Y =y 1 0

T=—00,y=—00
On the other hand, by two applications of Exercise 13.4.3(a) it follows that:

BYIX = -1) = by P(X=-1Y =y)  (2-2)/4

e P(X=-1Y=2 (Q+1/4 7

Z=—00

TG P(X=1Y =y) (1-1)/4
EY|X=1) = = pxoiv—y =(1+1)/4=0.

Thus, E(Y|X = z) = 0(a.e). Consequently, E(Y) =0= E(Y|X) (w.p.1).

O

Exercise 13.4.12. Let {Z,,} be independent, each with finite mean. Let Xo = a, and X,, = a+ 21 + ... + Z,
for n > 1. Prove that
E(Xni11X0, X1, .00, Xn) = Xp + E(Zn41).

Solution. Let G = o(Xy, X1, ..., X;;). Then, X,, and E(Z,1) are G measurable and so is X,, + E(Z41)-
Claim. Z,,;1 and 1¢ are independent.
First, we will prove X,, and Zj are independent for £ < n + 1 by induction:
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e Base case: n = 1: Since Zy = a, Z; and Zj are independent for k > 2, we have X; = a + Z; and Z;, are
independent by Exercise 3.6.6 for k > 2.
n = 2: Since X1 = a + Z1, Zs, Zj, are independent for k > 3, we have Xo = X1 + Z5 = a+ Z; + Z5 and
Zj are independent by Exercise 3.6.6. for k > 3.

e Inductive step: Assume X,,_; is independent of Zj for k > n. Since X,,_1, Z,, and Z; are independent
fork>n+1, wehave X, =X, 1+ Z,=a+ 21+ -+ Z,_1 + Z, and Z;, are independent by Exercise
3.6.6 for k >n+ 1.

It follows that Xy, ..., X, is independent of Z, 1. Therefore, 1¢ is independent of Z,, ;1.

Consequently:

E((Xn + E(Zn1))le) = E(Xnle)+ E(E(Zny1)lc)
= E(Xulg) + E(Zpilc)
= E((Xn+ Zni1)le)

(Xnt1la),

|
&

for all G € G. Thus, E(X,4+1|Xo0, X1, ..., Xn) = X0 + E(Zy41) w.p.l. O
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Martingales

Exercise 14.4.2. Let {X,,} be a submartingale, and let a € R. Let Y,, = max(X,,a). Prove that {Y,} is also
a submartingale.

Solution. The solution states
E(Y,11]0(Yo, Y1,...,Y,)) = E(max(X,,4+1, a)|o(Xo, X1,...,Xn)).
I wonder it this is wrong, because for the Y in this exercise
o(Yo,Y1,...,Y,) # o(Xo, X1, ..., Xp).
Since o(Yy, Y1,...,Y,) C 0(Xo, X1, ..., X,), it follows from Proposition 13.2.7 that
E(Y,11|l0c(Yo,Y1,..., V) = E(E(Y,41|0(Xo, X1, ..., Xu))|o(Yo, Y1,...,Y0)),
with probability 1. Additionally, notice that
E(Y,t1l0(Xo0, X1,..., X)) = E(max(Xp41,a)|0(Xo, X1, .., Xn))

> max(E(X,11]0(Xo, X1,...,X5),a) (Conditional Jensen’s Inequality)
> max(X,,a) (X, is a submartingale)
= YTL

Therefore,
E(E(Kz—&-lla(XOale e ,Xn))‘O'(Y(),Yl, N 7Yn)) Z E(Yn|0'(Y0, Yl, ey Yn))7

with probability 1 and then
E(Yot1lo(Yo, Y1,...,Y,)) > E(Ya|lo(Yo, Y1,...,Ys)) = Yo,

with probability 1 [J

Exercise 14.4.4. The conditional Jensen’s inequality states that if ¢ is a convex function, then E(¢(X)|G) >
H(E(X|G)).
(a) Assuming this, prove that if {X,,} is a submartingale, then so is {¢(X,,)} whenever ¢ is non-decreasing and
convex with E(|¢(X,,)|) < oo, for all n.
(b) Show that the conclusion of the two previous exercises follow from part (a).

Solution. (a)
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Same issue with Exercise 14.4.2

Claim. o(¢(Xo),...,d(X,)) C o(Xo,..., Xn)-
Since ¢ is non-decreasing, for any ¢ € R, there exists ¢/ € R such that ¢~1((—o0,c]) = (—o0,']. It follows from
the definition of sigma-algebras generated by random variables that o(¢(Xp),. .., (X)) C o(Xo, ..., X,).0

It follows from the claim and Proposition 13.2.7 that

E(¢(Xnt1)lo(4(X0), 6(X1), - -, 9(Xn))) = B(E(S(Xnt1)lo(Xo, X1, ..., Xn))|o(¢(Xo), p(X1), - -, ¢(Xn))),

with probability 1.

Additionally,
E(¢p(Xpt1)|o(Xo, X1, ..., X)) > o(E(Xpy1|o(Xo, X1, ., Xn)) (Conditional Jensen’s Inequality)
> ¢(X,) (X, is a submartingale)
Therefore,

E(¢(Xn41)|o(¢(X0), ¢(X1), ..., ¢(Xn))) 2 E(¢(Xn)|o(6(X0), ¢(X1), ..., ¢(Xn))) = o(Xn),

with probability 1.

(b) Tt is sufficient to consider non-decreasing and convex functions ¢;(z) = max(z,a) and ¢2(z) = 22 in

Exercise 14.4.2, and Exercise 14.4.3, respectively. [

Exercise 14.4.6. Let {X,} be a stochastic process, let 7 and p be two non-negative-integer valued random
variables , and let m € N.

(a) Prove that 7 is a stopping time for {X,,} if and only if {7 < n} € o(Xo,...,X,,) for all n > 0.

(b) Prove that if 7 is a stopping time, then so is min(7, m).

(c) Prove that if 7 and p are stopping times for {X,}, then so is min(7, p).

Solution. (a) Let 7 satisfies {r < n} € o(Xy, ..., Xy,) for all n > 0. Then,

{7— = n} = {7’ < n} ﬂ{T <n-— l}c € O'(XO, ~~~,Xn)7

for all n > 0. Thus, 7 is a stopping time.
Conversely, let 7 be a stopping time and let n > 0 be given. Then,

{r=m} e a(Xo,.... Xpn)

for all 0 < m < n, and , consequently,

n

{r<n}= U {r=m} € o(Xop,..., Xn)-

m=0

(b) First, min(7,m) is a non-negative integer-valued random variable. Second, let n > 0 be given. Then,

{min(r,m) < n} ={r <n} U{m <n},
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and depending on whether m < n or m > n we have that {m < n} = Q or {m < n} = ¢, respectively. Therefore,
{min(r,m) < n} € o(Xo, ..., X,). Now, the assertion follows by part (a).

(c) First, since 7 and p are non-negative-integer valued random variables, min(7, p) has the same properties.
Second, let n > 0 be given. Then, by part (a), {7 < n},{p < n} € 0(Xy, ..., X») and, consequently,

{min(r, p) <n} ={r <n} U{p <n} € o(Xg,..., Xn)-

Finally, another application of part (a) proves the desired result..]

Exercise 14.4.8. Let { X, } be simple symmetric random walk, with Xo = 0. Let 7 = inf{n > 5: X, 11 = X, +1}
be the first time after 4 which is just before the chain increases. Let p = 7 + 1.

(a) Is 7 a stopping time? Is p a stopping time?

(b) Use Theorem 14.1.5., to compute E(X,).

(c) Use the result of part (b) to compute E(X,). Why does this not contradict Theorem 14.1.5.7

Solution. (a) No. 7 is not a stopping time because

{Tzﬂ} = {XG#X5—|—177X7L #Xn—l‘Fl,Xn-i-l :Xn+1}
¢ O'(XQ,...,Xn)}

for all n > 6.
Yes. First, p =7 + 1 is a non- negative integer-valued random variable. Second, {p =n} ={r=n—-1} = ¢ if
0<n<5{X¢#Xs+1,... Xpn_1# Xn2+1,X,, = X;,_1+1} if n > 6, implying that {7 = n} € o(Xo, ..., Xy).

(b) E(X,) = E(Xo) = 0.

(c) By definition of 7, we have X, = X, + 1 and consequently, E(X,) = E(X,) —1 = —1. This result does not
contradict Theorem 14.1.5. due to the fact that 7 is not a stopping time and, consequently, the assumption of
that Theorem is violated. O

Exercise 14.4.10. Let 0 < a < ¢ be integers. Let {X,,} be simple symmetric random walk, started at Xy = a.
Let 7 =inf{n > 1: X,, = 0,0rc}.

(a) Prove that {X,} is a martingale.

(b) Prove that E(X,) = a.

(c) Use this fact to derive an alternative proof of the gambler’s ruin formula given in Section 7.2, for the case

p=1/2.

Solution. (a) First, let Y,, = X,, — a(n € N). Then, by equation 14.0.2, it is a martingale. Hence,

E(|Xu]) < E([Yn]) + |af < oo,



Chapter 14: Martingales 59

for all n > 0. Second, considering the definition of simple random walk in page 75, it follows that:

E(Xps1)|o(Xos s X)) = E(Xn+ Zng1]o(Xo, .o, X))
= X+ E(Zp1|o(Xo,s ..., X))
= Xp+ E(Znirlo(Zo, s Z0))
= X,+E(Zn41)

- X,

for all n > 0.

(b) By 7 = min(7p, 7¢) and P(1p < 00) =1 = P(7, < 00), it follows that;
P(r < o0)=P(1p < coUT, <00) =1.

Next, | Xp|ln<r < clp<, for all n > 0. Consequently, by Corollary 14.1.7, it follows that E(X,) = E(Xy) = a.

(c) By part (b),
a=FE(X;)=0P(X;=0)+cP(X; =c)=cP(1. < 719) =cS(a),
implying S(a) = 2. O

(&

Exercise 14.4.12. Let {S,,} and 7 be as in Example 14.1.13.
(a) Prove that E(1) < 0.
(b) Prove that S; = —7 + 10.

Solution. First, we claim that
7
P(r>3m) < <§)m’

for all m € N. To prove it we use induction. Let m = 1, then

1 7
P(r>3)=1-P(r=3)=1—-=—-.
(r>3)=1-Pr=3)=1-3=1
Assume the assertion holds for positive integer m > 1. Then,
P(T > 3(m + 1)) = P(T >3mnN (T3m+1,7‘3m+277’3m+3) =+ (1,0, 1))
= P(r>3m)P((r3m+1, "3m+2, r3m+3) # (1,0,1))
7 7
< (=)™ (=
< @)
— Gy,
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proving the assertion for positive integer m + 1. Second, using Proposition 4.2.9, we have that
E(r) = P(r > k)

(P(tr>3m—1)4+ P(r >3m—2)+ P(t > 3m —3))

[ 11

3iP(T>3m—3)

<
m=1
= 3+43) P(r>3m)
m=1
=7
< 343 -
< 3+ ;(8)
< oQ.

(b) We consider 7 — 2 different players . Each of those numbered 1 to 7 — 3 has bet and lost $1 (The person
has lost the $1 bet or, has won the $1 bet and then has lost the $2 bet or, has won the $1 bet and the next $2
bet but has lost the $4 bet. In each of these three different cases, the person has totally lost $1. ). The person
numbered 7 — 2 has won all of $1, $2, and $4 bets successively and has totally won $7. Accordingly,

Sr=(r-3)(-1)+1.7=—7+10.

Exercise 14.4.14. Why does the proof of Theorem 14.1.1 fail if M = co0?

Solution. Let {X,}?2, be defined by Xy = 0 and X,, = Y., Z; where {Z,} are i.i.d, with P(Z; = +1) =
PZ;=-1)= % for all i € N. Then, by Exercise 13.4.2, it is a martingale. Now, by Exercise 4.5.14(c),

B3 2)# Y E(Z

showing that the Proof of Theorem 14.1.1 fails for the case M = co.d

Exercise 14.4.16. Let {X,,} be simple symmetric random walk, with Xy = 10. Let 7 = min{n > 1: X,, = 0},
and let Y;, = Xppin(n,7)- Determine (with explanation) whether each of the following statements is true or false.
(a) E(Xa00) = 10.

(b) E(Y200) = 10.

(c) E(X,) = 10,

(d) E(Y,) =10,

(e) There is a random variable X such that {X,,} — X a.s.
(f) There is a random variable Y such that {Y,} — Y a.s.

Solution. (a) True. Since {X,} is a martingale, using equation 14.0.4. it follows that E(Xs00) = F(Xp) =

(b) True. Consider the stopping time p = min(7, 200). Then, 0 < p < 200 and, therefore, by Corollary 14.1.3,

E(Yaoo) = E(X,) = E(X) = 10.
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(c) False. Since P(X,; = 0) =1, it follows that E(X,) =0 # 10.

(d) False. Since Y, () () = Xmin(r(w),r(w)) (W) = Xy (w) for all w € Q, it follows that E(Y;) = E(X;) =0 #
10.

(e) False. Since limsup,, X;,, = +00 and liminf,, X,, = —oo, there is no finite random variable X with lim,, X, =
X a.s.

(f) True. For the non-negative martingale {Y,,} an application of Corollary 14.2.2, yields existence of a finite
random variable Y with lim, Y,, =Y a.s.[]

Exercise 14.4.18. Let 0 < p < 1 with p # 1/2, and let 0 < a < ¢ be integers. Let {X,,} be simple random walk
with parameter p , started at Xo = a. Let 7 = inf{n > 1: X,, = 0, 0rc}.

(a) Compute E(X,) by direct computation.

(b) Use Wald’s theorem part (a) to compute E(7) in terms of E(X.).

(¢) Prove that the game’s expected duration satisfies

E(r) = (a—c[((t =p)/p)* = 1/I[(1 = p)/p)* = 1])/(1 = 2p).

(d) Show that the limit of E(7) as p — 1/2 is equal to a(c — a).

Solution. (a)

1 (e)e
E(X;)=cP(X,=¢)+0.P(X, =0)=c( - Eﬁp;c).
P
(b) From E(X,) =a+ (p — q)E(7) it follows that
1
E(r) = ~ B(X,
(1) . 7p(a (X7))
(¢) By parts (a) and (b), it follows that
1 — (50"
B0 = 1 g0 e i)
(d) Applying I.Hopital’s rule, it follows that :
lim E(1) = im all - (I_TP)C) _ C(llj (%)a)
p—1/2 p1/2 (I=2p)(1 = (52)°)
e THE) — ()
P72 20— (529 + (1 - 2p) (e 52 1 (5)
= lim ac (1*7?)“*1 _ (1%)071
p1/2 2p%(1 = (F52)°) — (1 = 2p)e(+2)e™
_Hor i ae (a—1)(Z2)* (721) —(c— 1)(1%”)672(;%)
po1/2dp(L — (F52)°) + 2p2(—c( 2 ) “H(53)) +2e(F52) 7t = (1= 2p)e(e — D)(F5E)e2(57)
@D (-
04+2c+2c—-0

= a(c—a).
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O

Exercise 14.4.20. Let {X,} be a martingale with |X,,41 — X,,| < 10 for all n. Let 7 = inf{n > 1:
| X,| > 100}.

(a) Prove or disprove that this implies that P(7 < o0) = 1.

(b) Prove or disprove that this implies there is a random variable X with {X,,} — X a.s.

(c) Prove or disprove that this implies that

P(1 < oo, or there is a random variable X with{X,,} - X) = 1.

Solution. (a) No. As a counterexample, let Xo = 0 and X,, = ) " |, Z; where {Z;} are i.i.d with
P(Z;=2"% =1 and P(Z; = —27") = § for all i € N. Since, E(Z;) = 0 for all i € N, by Exercise
13.4.12, {X,,} is a martingale. Clearly, | X,,+1 — X,,| < 2 < 10 for all n € N. But,

n n
Xal = 1D Zil <Y |Zi) <2
i=1 i=1

for all n € N, implying 7 = inf ¢ = oo, and consequently, P(7 < 00) = 0 # 1.

(b) No. As a counterexample, consider the simple symmetric random walk with X, = 0. In this case,
| Xn+1 — Xn| < 2 <10 for all n, however, limsup,, X;, = +o0 and liminf, X,, = —oo, showing that
there is no finite random variable X with lim,, X,, = X a.s.
(¢) Yes. Define :
A* = {limsup X,, = — lirr%inf Xp = +o0},
n

and
B = {there is a random variable X with{X,} — X}.

We claim that P(A* U B) = 1. To do this, let @ € N and define p = inf{n > 1: X,, > a}.
It is stated that X, n) is @ martingale, but that has not been proved yet.

Claim. {X iy} is a martingale.

Note that

n
Xmin(T,n+1) = Z Xilr—; + Xn+1 172n+1
i=1

n
= Z Xilr—i + XTL+11TZ7L+1 + anTZn—‘rl - Xn172n+1
i=1
n—2
=Y Xilrmi+ Xnloop + Xnp1lesnpt + Xnlrsnp1 — Xnlrsnta
=1
n—2
= Z Xilr=i + (Xnlr=n + Xnlrong1) + (Xnr1lesngtr — Xnlrsng)
i=1
n—2
Z Xilr=i + Xplr>n + (Xng1 — Xn) Lzt
=1
= Xmin(T,n) + (XnJrl - Xn) 172n+1

= Xmin(T,n) + (Xn+1 - Xn) (1 - 1T§n)
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It follows that

E[Xmin(T,n—i-l)‘Xla s aXn] = IE[‘X]min(ﬂn) + (XnJrl - Xn) (1 - 1T§n)|X17 s Xn]
= XAmin(rn) T ]E[Xn-‘rl — Xn| X, ... )Xn] - E[(Xn+1 - Xn) 17’§”|le e 7Xn]
= Xmin('r,n) +X, - X, - 1T§n(Xn - Xn)
= Xmin(T,n)'

By the claim of Exercise 14.4.4 (a), 0(Xwin(r1), - - - » Xmin(rn)) € 0(X1,...,X;). Hence, by Remark

14.0.1,
E[Xmin(T,n—i—l) |O-(Xmin(’r,1)a s 7Xmin(7',n))] = Xmin(r,n)-

Then, {Xmin(p,n)} is @ martingale satisfying :

sup E(X
n

min(p,n)) <a+ E(sip | Xn+1 — Xn|) <a+10 < oc.

Thus, by Theorem 14.2.1, {Xiy(pn)} converges a.s. Hence, {X,} converges a.s. on {p = oo} =
{sup,, X, < a}. Let a — oo, then it follows that {X,,} converges a.s. on {sup,, X,, < co}. A symmetric
argument applied to {—X,,} shows that {X,} converges a.s. on {inf, X,, > —oc}, proving our claim.
Now, since {7 < oo} D A*, the desired result is proved.[]
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General stochastic processes

Exercise 15.1.6. Let X3, X5, ... be independent, with X,, ~ .

(a) Specify the finite dimensional distributions p, 4, ..+, for distinct non-negative integers t; < ty <
v < Tk

(b) Prove that these pu, 1.1, satisfy (15.1.1) and (15.1.2).

(c) Prove that Theorem 7.1.1 follows from Theorem 15.1.3.

Solution. (a) Since the o-algebra of k-dimensional Borel sets is generated by the class of all bounded
rectangles Hp = Hfz:l I,, where I, = (an,by],(1 < n < k) it is sufficient to specify the distribution
Wiy to.....t, ON Hps. Now, we have that:

k
Ntl,tz,m,tk(H In) = P(th € In 1<n< k)

n=1

P(X:, € 1)

I
ER‘

3
Il
—

I

—=
=

5

3

S
~
—~~
X

3
Il
A

(b) To prove (15.1.1), several consecutive applications of Proposition 3.3.1 on the both sides of the
equality (%) in part (a) imply that:

k

k
pintonote ([T Ho) =TT #0 ()
n=1

n=1

k
= H Ft i) (Hs(n))
n=1

k
= Mts(l)vts@)v'“vts(k) ( H Hs(n))7

n=1
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for all Borel Hy, Hs, ..., H;, C R and all permutations (s(n))*_, of (n)*

n=1 n=1"

To prove (15.1.2) , by a similar argument used for the proof of (15.1.1), it follows that :
k—1
[ty ooty (1 X Ha X oo X Hpg X R) = H fi, (Hn) e, (R)
n=1

k—1
n=1

= s te, . tp (H1 X Hy X ..o x Hy_q),
for all Borel Hy, Ho, ..., H._1 C R.

(c) We consider the family of Borel probability measures {p, +,...+, : k € N,t; € Ndistinct} with
Mty b1, defined by

k k
/’Lt17t27---7tk(H Hy) = H fit,, (Hn),
n=1 n=1

for all Borel Hy, Ha, ..., H;, C R. Then, by part (b) it satisfies the consistency conditions (C1) and (C2).
Consequently, by Theorem 15.1.3, there is a probability space (RY, FN, P) and random variables {X,}
defined on that triple such that

Pty totn(H) = P(Xt,, Xty, .., Xt,) € H), (%)
for all k € N, distinct ¢, ..., t; € N and Borel H C R¥. Now, put
H=Rx..xRx H, xR... xR,
where H, C R is Borel (1 <n < k). Then, by (x*) :
pit, (Hn) = P(X¢, € Hy) = Ly, (Hy),

for alln e N. O

Exercise 15.2.4. Consider a Markov chain which is ¢ irreducible with respect to some non-zero o-
finite measure ¢, and which is periodic with corresponding disjoint subsets X7, ..., X;. Let B = U;&;.
(a) Prove that P"(x, B¢) =0 for all z € B.

(b) Prove that ¢(B¢) = 0.

(c) Prove that ¢(AX;) > 0 for some 1.

Solution. (a) We prove the assertion by induction. Let n = 1 and # € B = UL, X;. Then, there exists
an unique 1 < ¢ < d such that z € &, and consequently, P(z, Xj11) =1if 1 <i<d—1or P(z, X)) =1
if ¢ = d. Hence,

0< Plz,B%) < P(a, Xf) =0if 1 <i<d—1

or
0 < P(z, BY) < Pz, X{) =0 if i = d,
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implying P!(z, B°) = 0. Next, assume the assertion holds for positive integer n > 1. Then, by
P"(z, B) = 0(z € B°) it follows that:

n—i—lx c — z.d2)P"(z. B¢
P (z, B) /XP(,d)P(,B)

_ / Pz, d=)P" (2, B%) + / Pla, dz)P" (2, B°)
B c
- 0,

proving the assertion for positive integer n + 1.

(b) Since 7pe = inf{n > 0: X,, € B} = inf ¢ = o0, it follows that P,(7pc < co) = 0, for all x ¢ B¢,
and, consequently, ¥ (B¢) = 0.

(c) Using part (b), we have that:

implying that ¢(X;) > 0 for some 1 <14 <d.

Exercise 15.2.6. (a) Prove that a Markov chain on a countable state space X is ¢-irreducible if and
only if there is j € X’ such that P;(7; < c0) > 0, for all i € X.

(b) Give an example of a Markov chain on a countable state space which is ¢- irreducible, but which
is not irreducible in the sense of Subsection 8.2.

Solution. (a) Let the given Markov chain on the countable state space X be ¢ irreducible. Then, for
some A = {j} € F with ¢(A) > 0, we have 74 = 7; implying P;(7; < co) > 0 for all i € X. Conversely,
let there is j € X such that Pj(7; < co) > 0 for all i € X. Then, we consider the o-finite measure ) on
F defined by:

P(A) = 5;(A),

for all A € F. Now, let A € F with ¢(A) > 0, then j € A implying that 74 < 7; and consequently,
Pi(1a < 00) > Pi(1; < 00) >0 forall i € X.

(b) Consider the Markov chain given in the solution of Exercise 8.5.20(a), which is reducible in the
sense of Subsection 8.2. However, for j = 2 we have that:

P(rs<o0) = PEn>0:X,=2|Xy=1)
2 Z Piiy Pivig -+ -Pin_2in—1Pin_22

01 5eeesbn—1

> 0,
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for i = 1,2. Hence, by part (a), this Markov chain is ¢-irreducible.[]

Exercise 15.2.8. Consider a discrete Markov chain with state space X = R, and with transition
probabilities such that P(x,-) is uniform on the interval [z — 1,z + 1]. Determine whether or not this
chain is ¢-irreducible.

Solution. Yes, this chain is ¢-irreducible. Indeed, P(x,-) has positive density (with respect to Lebesgue
measure) throughout [z — 1,2 + 1]. Then, by the convolution formula, P?(x,-) has positive density
throughout [z — 2,z + 2]. By induction, P"(x, -) has positive density throughout [x —n,x +n]. Now, if
A C X has positive Lebesgue measure, then AN [x —n,z+ n| must have positive Lebesgue measure for
some n € N. It then follows that P™(z, A) > 0. Hence, the chain is ¢-irreducible where ¢ is Lebesgue
measure. [

Exercise 15.2.10. Consider the Markov chain with X = R, and with P(x,.) = N(z,1) for each x € X.
(a) Prove that this chain is ¢-irreducible and aperiodic.
(b) Prove that his chain does not have a stationary distribution. Relate this to Theorem 15.2.3.

Solution. (a) Here P(x,-) has an everywhere-positive density (with respect to Lebesgue measure). It
follows that if A C X has positive Lebesgue measure, then P(z, A) > 0 for all x € X. So, the chain is
¢-irreducible where ¢ is Lebesgue measure. As for aperiodicity, if Xi,..., Xy is a periodic decomposi-
tion for some d > 2, then if 1 € A} then P(z1,X2) > 0. This implies that A has positive Lebesgue
measure, which in turn implies that P(xz, X3) > 0 for all z € X, even for x € Xy. This contradicts
the assumption of periodic decomposition. So, no such periodic decomposition exists, i.e. the chain is
aperiodic.

(b) This chain is equivalent to adding an independent N (0, 1) random variable at each iteration. So, if
a stationary probability distribution 7(+) existed, it would have to satisfy the property that if X ~ 7(-)
and Y ~ N(0,1) are independent, then X +Y ~ 7(:). It would follow by induction that if Y7, Y5, ...
are ii.d. ~ N(0,1) (and independent of X), then Z, = X +Y; + ... + Y, ~ x(-) for all n, which
would imply that for any a € R, we have 7((a,o0)) = lim;, oo P(Z, > a) = 1/2. This is impossible,
since we must have lim,_,o 7((a,00)) = 0. Hence, no such stationary probability distribution exists.
Hence, Theorem 15.2.3 does not apply, and the distributions P"(z,-) need not converge. (In fact,
lim;, o0 P™(z, A) = 0 for every bounded subset A.) O

Exercise 15.2.12. Show that the finite-dimensional distributions implied by (15.2.1) satisfy the two
consistency conditions of the Kolmogorov Existence Theorem. What does this allow us to conclude?

Solution. Since (15.2.1) specifies the probabilities for random variables specifically in the order
Xo,X1,...,X,, the probabilities for random variables in any other order would be found simply by
un-permuting them and then applying the same formula (15.2.1). Hence, (C1) is immediate. Similarly,
since (15.2.1) specifies the probabilities for the entire sequence Xo, X1,...,X,, the probabilities for
just a subset of these variables would be found by integrating over the missing variables, i.e. by setting
A; = R for each of them, thus automatically satisfying (C2). Hence, since (C1) and (C2) are satisfied,
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it follows that there must exist some probability triple on which random variables can be defined which
satisfy the probability specifications (15.2.1). Informally speaking, this says that Markov chains on
general state spaces defined by (15.2.1) must actually exist. [

Exercise 15.3.6. Let & = {1,2}, and let Q = (g;;) be the generator of a continuous time Markov

process on X, with
-3 3
(3 %)

Compute the corresponding transition probabilities P! = (pgj) of the process, for any ¢ > 0.

Solution. For given generator matrix @), an easy argument by induction shows that (Check!):

m 32m—1(_1)m _32m—1(_1)m
¢ _<—2-32m1<—1>m 2.32m1<—1>m> mz 1.

Now, by Exercise 15.3.5, it follows that:

P' = exp(tQ)

X um
_ Y m
= I+) —Q

m=1

00

tm 32m—1 —1)™ _32m—1 —1)m

= I+ Z - 2mf(1 ) m 2m71( )m

ol | —2.37mmL(—1)m 2,32m—1(_)
— 1+ 3 3 =1 (9;55) é =1 (;3%);)’”

= Zm 1 m! L+ % ;7.2:1 m!

Exercise 15.3.8. For a Markov chain on a finite state space X with generator @, prove that {m;}icx
is a stationary distribution if and only if 7Q = 0, i.e. if and only if ), mq;; = 0 for all j € X.

Solution. First, let {m;};cx be a stationary distribution. Then, by equation 15.3.4 and finiteness of
X it follows that:

Phj — i
> magy = Zm (lim ———)
=
— lim diex ipij — Diex Tilij
t—0+ t
= lim T
t—0+ t



Chapter 15: General stochastic processes 69

forall j € X, ie. 7Q = 0.
Conversely, assume 7@ = 0, then by Exercise 15.3.5 we have that:

P! = 7mexp(t.Q)

oo tm
= n(l+ Z %Qm)
m=1 ’
tm

= 7+ Q™!
m=1

= 7‘(’,

for all ¢ > 0. Hence, 7 is a stationary distribution.l

Exercise 15.3.10. (Poisson Process.) Let A > 0, let {Z,,} be i.i.d. ~ Exp(\), and let T,, = Z1 + Z> +
.+ Zp for n > 1. Let {N;}+>0 be a continuous time Markov process on the state space X = {0, 1,2, ...},
with Ny = 0, which does not move except at the times T,,. (Equivalently, N; = #{n € N: T,, < n};
intuitively, N; counts the number of events by time ¢.)

(a) Compute the generator @ for this process.

(b) Prove that P(N; < m) = eM(M\)™/m! + P(N; <m —1) for m =0,1,2, ....

(c) Conclude that P(N; = j) = e M(At)7 /5!, i.e. that Ny ~ Poisson(At).

Solution. (a) Since the exponential distribution has memoryless property, it follows that:
P(Nt+At >1+ 1|Nt = Z) = P(E_A,_l <t+ Atuﬂz < t7ﬂ+1 > t)
= P(Zipn SO+t -T|T; <t, Zig1 >t —1T5)
= P(Ziy1 < At)
= 1l—exp(—AA1),

for all ¢ € X. Consequently,

Y P(Niypr =i+ 1Ny =) I 1 —exp(—A AT N
it1 = lim = lim =
G+l At—0t At At—0t At ’
and,
C lim P(Nt+At:i|Nt:i)—1:_/\
i At—0+ At ’

for all 4+ € X. Next, by considering Z]EX gij = 0 for all i € X, it follows that Zj# iv19ij = 0 for all
i € X. On the other hand, ¢;; > 0 for all j # 4,7 4+ 1 and , consequently, ¢;; = 0 for all j # 7,7 + 1 and
1 € X. To sum up , the generator matrix has the form:

A A 0 0
0 -A A 0
Q= 0 0 —x A

(b) For the Poisson process N(t) with rate parameter A\, and the mth arrival time T,,,(m > 1), the
number of arrivals before some fixed time ¢ is less than m + 1 if and only if the waiting time until the
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m + 1th arrival is more than ¢. Hence the event {N(t) < m + 1} = {N(t) < m} occurs if and only if
the event {T},,41 > t} occurs. Thus, the probabilities of these events are the same:

P(Nt <m) = P(Tp41 > t). (%)

Next, since Z ~ Exp(A) = Gamma(l, ), (1 < k < m), by Exercise 9.5.17 and induction it follows
that T,,, ~ Gamma (m, A), (m > 1). Therefore, by equality (x) and integration by parts it follows that:

P(thm) = P(Tm+1>t)
(A m)\—)\x
= / 7(33) ¢ dx
t

m!
00 . _e—)\m
_ /t Oy d( =S Y
. *B_AI - ooe—)\x -
= ()" (—)li +/t —m(\r) \dz

At)t
= e_’\tu + P(T,, > t)
m:

|
At)t
= e*’\ltu + P(N: <m —1),

m)!

for all m > 1.

(c) By part (b), we have that :

forallt >0and j =0,1,2,.... O

Exercise 15.3.12. (a) Let {NV;}+>0 be a Poisson process with rate A > 0, let 0 < s < ¢, and let Uy, Uy
be i.i.d. ~ Uniform]0,t].

(a) Compute P(N; = 0|N; = 2).

(b) Compute P(U; > s,Us > s).

(c) Compare the answers to parts (a) and (b). What does this comparison seem to imply?

Solution. (a)

P(N, = 2|N, = 0)P(N, = 0)
PN, = 2)
P(N,_y = 2)P(N, = 0)
PN, = 2)
e—A(t—s) —5))2 s
(I

e—M(\t)2
2!

)%

P(N, = 0|N, = 2)

t—s

:(t
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(b)
P(U1 > s5,Ug > S) = P(U1 > S)P(UQ > S)

- ([

_ (t ; 8)2'

(c) By comparing part (a) and part (b), we have that:

P(Ns = 0[Ny =2) = P(Ur > s,Uz > s) 0<s<t.

Exercise 15.4.4. Let {B;}+>0 be Brownian motion, and let X; = 2t 4+ 3B; for t > 0.
(a) Compute the distribution of X; for ¢ > 0.

(b) Compute E(X?) for t > 0.

(c) Compute F(X;X;) for 0 < s < t.

Solution. (a) If Y ~ N(u,0?), then aY +b ~ N(au + b,a0?), where a # 0,b € R. Hence, from
B ~ N(0,t) it follows that X; ~ N(2¢,9¢),t > 0

(b)
E(X?) = var(Xy) + E*(X;) = 9t + (2t)* = 4> + 9t.
(c)
E(X:X;) = E((3Bs+2s)(3B; +2t))
= FE(9BsB; + 6tBs + 6sB; + 4st)
= 9E(BsB;) + 6tE(B,) + 6sE(B;) + 4st
= 9s+4st.(0 < s <t)
O

Exercise 15.4.6. (a) Let f : R — R be Lipschitz function, i.e. a function for which there exists a € R
such that |f(z) — f(y)| < a|r —y| for all 2,y € R. Compute limy,_,q+ (f(t +h) — f(t))?/h for any t € R.
(b) Let {B;} be Brownian motion. Compute limy,_,o+ E((B(t + h) — Bt))?/h) for any ¢ > 0.

(c) What do parts (a) and (b) seem to imply about Brownian motion?

Solution. (a) By considering :

A2lt+h—t?

0 <|(f(t+h) — F0)7 /0] < o,
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and limy,_,o+ a®.h = 0, it follows that, lim,_,o+ (f(t + h) — f(t))?/h = 0, for any ¢ > 0.

(b) Since L(Byyn — Bt) = N(0,t +h —t) = N(0,h) = L(Bp,), we have that :

Var(By) + E*(Bp)

lim E((Bji, — B:)%/h) = i
oy BB = B = T, TR
. h + 0?
= 1m
h—0t h ’
= 1.

(c) Let By, t > 0 be Lipschitz function. Then, by part (a), limj,_,g+ (Bi+n—Bt)?/h = 0, and consequently,
by Part (b),
0= lim E((Bn — By)?/h) =1,
i B{(Bin — B /h)
a contradiction. Therefore, B:,t > 0 is not a Lipschitz function, yielding that at least one of four
Dini-derivatives of By,t > 0 , defined by :

By, — B

D*B, = limsupM,
h—0+ h

B, — By

D By = limsuptith,
h—0+ h

.. o Biynh— By

DB =1 f——)
#Br = Hmint =5

B, — B,
D_B, = liminf -t _"t=h
h—0+ h

is unbounded on [0, 00). O

Exercise 15.5.2. Let {X;}er and {X] };er be stochastic processes with the countable time index 7.
Suppose {X;}ser and {X] };er have identical finite-dimensional distributions. Prove or disprove that
{X:}er and {X;}yer must have the same full joint distribution.

Solution. We show that if the distributions of both stochastic processes { X;};er and { X }ier satisfy
the ”infinite version” of the equation (15.1.2), then the answer is affirmative. For this case, let T' =
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{tn}>2,. Then,two applications of Proposition 3.3.1. yield:

o o o
P(I[ X, € [[ En) = P( lim (I] Xt € Hy x o x Hy x R x L))
n o0
m=1 m=1

m=1

(o)
= JLH;OP(H X, € Hy x..x Hy xR x..)
m=1

— nllnéoP(HlXtm € Hy x ... x Hy)

n
= nh—%loP(H X, € Hix..xHy,)

m=1

o
= 7}1—>H010P(H1Xtm €Hy x..xHy,xRx..)
m=

o0
= P(HILH;O(H Xy, € Hi x ... x Hy xR x ...))

m=1
/ > / >
= P(]] X, € I Hw)
m=1 m=1

for all Borel H,;, CR(1 < m << o0.

Exercise 15.6.8. Let { B;}+>( be standard Brownian motion, with By = 0. Let X; = fg ads—l—fg bdBg =
at + bB; be a diffusion with constant drift u(z) = a > 0 and constant volatility o(z) = b > 0. Let
Z; = exp[—2a.X;/b?].

(a) Prove that {Z;};>0 is a martingale, i.e. that E[Z;|Z,(0 < u < s)] = Zs for 0 < s < 1.

(b) Let A,B >0 and let Ty = inf{t > 0: X; = A} and T_p = inf{t > 0 : X; = —B} denote the first
hitting times of A and — B, respectively. Compute P(T4 < T_p).

Solution. (a) Let ¢ = —2a/b?, so Z; = exp[cX;]. Then by the independent increments property,

E[Zi|Z,(0<u<s)] = E[ZZ:)Zs)|Zu(0 < u < 5)]
= FE[Zs exp(c(Xi — X)) Zu(0 < u < 8)]
= Zs Elexp(c(X: — Xy))]. (%%)
But X; — Xs = a(t —s) + b(B; — Bs) ~ N(a(t — s), b*(t — 5)), s0 X; — Xs = a(t — s) + by/t — sU where
U ~ N(0,1). Hence,
Elexp(c(X; — X,))] = Elexp(ac(t — s) + beyv/t — sU)]
= explac(t — s) + b2 (t — 5)/2]
= expla(—2a/b?)(t — s) + b*(4a®/bY) (t — 5)/2]
= exp[—(2a?/b%)(t — 5) + (2a%/b*)(t — 5)]
xp|0]
= 1.

Il
@

Substituting this into (xx), we have: E[Z;|Z,(0 <u < s)]=Z;(1) = Z,.
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(b) Let p= P(Ta < Tp), and let 7 = min(T4,7_p). Then 7 is a stopping time for the martingale. So,
by Corollary 14.1.7, we must have E(Z,) = E(Zy) = exp(0 4 0) = 1, so that pe®d + (1 — p)e B =1,
whence p(eCA — e_CB) =1- C—CB’ SO p = (1 _ e_CB)/(eCA _ e—cB)' 0

Exercise 15.6.10. Let {pgj} be the transition probabilities for a Markov chain on a finite state space
X. Define the matrix @ = (gi;) by (15.3.4.). Let f : X — R be any function, and let ¢ € X. Prove that
(Qf)i (i-e.; D pcx %k fr) corresponds to (Qf)(i) from (15.6.4).

Solution. Using (15.6.7) and finiteness of X', we have that:
E;(f(X — (X
@A) = tim 2 Kore) = [(Xio))

t—0+ t

—  lim E(f(Xeo+t) — {(Xto)\Xto = 1)
t—0t

> e (Pl fe — infr)

t—0+ t

— lim Z(%(pfk — Oit) f)

1
= lim = (py, — 6ik) fr
hex t—0t t

= > ainln

keX

= (@f)i

The finiteness of A" allows us to interchange limit lim,_,o+ with sum ), in the 5th equation above.
O

Exercise 15.6.12. Suppose a diffusion {X;}¢>0 has generator given by (Qf)(x) = =2 f (z) + L f" (z).
(Such a diffusion is called an Ornstein-Uhlenbeck process.)

(a) Write down a formula for dX;.

(b) Show that {X;}+>¢ is reversible with respect to the standard normal distribution, N (0, 1).

Solution. (a) By equation (15.6.6) it follows that:

’ 1 7 —X 1 »
p(@)f (@) + 50%(@) " (@) = 2 f (@) + 2 f (@),
and, consequently, p(z) = 5% and o(x) = 1. Now, by recent result and equation (15.6.2) we conclude

that : ¥
dX, = dB; — {dt.

(b) The standard normal distribution has probability distribution
2
—x

1
ola) = = exp(—)

—oo < T <00,
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and, therefore, p(z) = —% = 1
15.6.9.00

. Besides, o(z) = 1, and the desired result follows by Exercise

Exercise 15.7.2. Consider the Ornstein-Uhlenbeck process { X }+>0 of Exercise 15.6.12, with generator
Q) @) = £ (2) + 5F' (@),

(a) Let Y; = X? for each t > 0. Compute dY;.

(b) Let Z; = X} for each t > 0. Compute dZ;.

Solution. (a),(b) For fu(x) = z"(n > 1), o(x) = 1, and p(z) = —% an application of the equation
(15.7.1) yields:

d(fn(Xt)) = f;z(Xt)U(Xt)dBtJr(f;w(Xt)M(Xt)Jr%fg(Xt)Uz(Xt))dt

—nXP +n(n—1)X?

= nX"'dB; + ( 5 )dt.
O
Exercise 15.8.6. Show that (15.8.4) is indeed equal to (15.8.5).
Solution.Using change of variable method and
O(—z)=1—P(x)
for all x > 0 we have that:
/°° e " max(0, Py exp(oz + (r — 30)T) — q)ef% d /°° e " (Pyexp((oz + (r — 30°)T) — q)efg d
i = X
—o0 2rT Log(4)—(r—4o?)1)) 2nT
o0 1 —(z — oT)?
= P, d
O/iu«ag(%)—(r—;ﬂm) Vart CP o

2

w [ RN
5 (og(FE)~(r—502)T)) VorT 2T

o

dx

[ee] 1 _g2
= Po/ —— exp(——)ds
L (log( )~ (r+ 3o2)T)) V2T 2

a

T oo 1
— qe " / —— exp(——)ds
L (log(44)~(r—}o?)T)) V2T 2

1 Py 1 5
= PO‘I’(U T(log(?) +(r+ 57 )T))
T 1 Py 1 o
- qe ‘I’(ﬁ(log(?) +(r— 57 )T)).

Exercise 15.8.8. Consider the price formula (15.8.5), with r, o, Py and ¢ fixed positive quantities.
(a) What happens to the price (15.8.5) as T' N\, 07Does this result make intuitive sense?
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(b) What happens to the price (15.8.5) as T' /* co?Does this result make intuitive sense?

Solution.(a)

(log(22) + (r — 10?)T)

og(Le r+ 1g2
i (o PR+ (30D i

—rT
- P
A, — ) —qe (

)

equals to Py — q if Py > q, %(PO —q) if Py=gq, and 0 if Py < q.

This result means that a fair price for the option to purchase the stock at a fixed T' ~ 0, for a fixed
price ¢ > 0 and the current price Py of the stock is Py — q, %(Po —q), or 0 provided that Py > ¢, Py = q
or Py < g, respectively.

(b)

| (log(£2) + (r + Lo)T) (log(£2) + (r — 1o?)T)
A1 (Fo®( T o T

This result means that a fair price for the option to purchase the stock at a fixed T" ~ oo, for a fixed
price ¢ > 0 and the current price Py of the stock is FPy.[]

) —qe” "B



Appendix A

Mathematical Background

Exercise A.3.2. Use the definition of limit to prove that:
(a) limp o0 = = 0.
(b) limy, 00 L — 0 for any k > 0.

=1

nk
(c) limy 00 o

Solution.(a) Let 1 > € > 0 be given. Then, for N = [1] + 1 and any n > N it follows that:

|1 0] = <1_
n B N

S

(b) Let 1 > € > 0 be given. Then, for N = [(£)1/¥] + 1 and any n > N it follows that:

Logotot ot 1
nk T nk T ONE T ([(%)1/1@] + 1)k ((%)Uk)k = €.
(c) Note that :
1 1 1
21/”1 — 1 = = — n c N.

<
np 2k TSI

Thus, by similar argument presented in part (a) the assertion follows. [J
Exercise A.3.8. Prove that > -2, (1/ilog(i)) = cc.

Solution. The reader is reminded that by Cauchy condensation test, for a non-increasing sequence

o0
f(n) of non-negative real numbers, the series Y f(i) converges if and only if the “condensed” series
i=1

0 . .
2)2’ f(2") converges. Here, for f(i) = m, the condensed series equals » 2, @, which equals
1=

infinity by statement (A.3.7) with @ = 1. The result follows. [

Exercise A.4.4. (a) Let R, S C R, each be non-empty and bounded below. Prove that inf(RUS) =
min(inf R, inf S).
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(b) Prove that this formulae continues to hold if R = ¢ and or S = ¢.
(c)State and prove a similar formulae for sup(R U S).

Solution. (a) Since R C RU S, it follows by definition that inf(R) > inf(R U S). Similarly, inf(S) >
inf(R U S). Accordingly, min(inf(R),inf(S)) > inf(R U S). The other side of inequality is a direct
application of Proposition A.4.2 (Check !).

(b) This is strightforward result of inf ¢ = 0.

(c) Note that for any A C R:

inf(A) = —sup(—A), (%)
Sup(A) = — lnf(*A)
Hence, by an application of part(a) and twice application of (x):
sup(RUS) = —inf(—(RUS))
—inf(—(R)U —(9))

= —min(inf(—R),inf(-S))
= —min(—sup(R), —sup(9))
= max(sup(R),sup(S)). O

Exercise A.4.6. Suppose {a,} — a and {b,} — b, with a < b. Let ¢, = a,, for n odd and ¢,, = b,, for
n even. Compute liminf, ¢, and lim sup,, ¢,.

Solution. By repeated applications of Exercise A.4.4 and continuty of bivariate function f(z,y) =
min(x,y) on the real line we have:

lin%inf cn = liyrln inf({ck}72,,)
= liTILIl inf({czk}zo:[nmﬂ U {@kﬂ}ii[n/z]ﬂ)
= lign inf({bgk},‘z‘;[n/g]ﬂ U {a2k+1}?:[n/2]+1)
= liTILIl min(inf {bog } 32, /2111, Inf{@2n+1}52 91 11)
= min(li%n inf{bok } 7 /20415 h,Iln inf{agk+1}Z 9 41)
= min(b,a)
= a.

Similarly (check!):

limsupc, =b. O
n



