STA447/2006 HW#4 Solutions - OUTLINE ONLY

NOTE: What follows is just an outline of the homework solutions, taken
from the textbook’s solutions manual. These solutions may be incorrect or
incomplete; more complete explanations may be required to earn full points
on the homework.

8.17. X, iz a birth and death chain, The death vates (jumping into the lake)
arve pu; = i, while the birth rates (jumping out of the lake) are A; = 2{3 — i).
Setting w(0) = ¢ and plugging into the recursion (3.5) gives
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Adding up the #'s gives (8 + 1246 + 1) = 2¥e 0 ¢ = 1/27 and we have
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(b} Each frog is a two state Markow chain that stays in the sun 2/3%s of the
time and in the lake 173 of the time. Thus the number in the sun should be
Bincimial(3.2/3). Sinee the Binomial probabilities e

3y = (23 #(2) = 3(2/3°(1/3) #(1)=31/3P°(2/3) =(0)= (1/3)*

this agress with the previous answer.



8.19. Let X; be the mumber of working machines, X, i a bivth and death chain,
Taking into account the number of repairmen working X = 1/2. 4 = A = 1.
The death mte iz proportional to the mimber of machines working so g = 1/20,
piz = 2710 and pa = 3720, Setting 7(0) = ¢ and plugging into the recursion
(4.5) gives
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Miding up the 7's Elves U000 = GO0 = G - H}f‘.,.".'i = '_‘.'{in{‘i-ii-rtl.".'i a0 o= 32003 and
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m(3) =
(b} w(0) + m(1) = 63 /2663 = .0237 of the time. (c) (G000 + 1200 + 60)/2663 =
TR /2663 = 2.7

B.25. Let X; he the number of customers in the system. X, = o birth and
death chain with Ay = A bralla =0, and g, = p+ (n = 14 It bllows fom
(3.0) that
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IFd =0, we have Ay funpr — 0 88 n — oo, Henee if NV is large enough
and = N then A, fp, 0 £ 172 and the desived conclusion follows from the
argument in Example 3.5, (b) When § = p, pp = npoand
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It follows that the stationary distribution is Polsson with mean AJp.



5.4, Using (1.1) we have
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From this and (1.3) it follows that
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k) Wald's equation, (1.5), implies that

ETy =EM - E¥:

Sinee t; 8 uniform on (0, 1) we have EY; = 12 Using (a) now
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6.1. Using the delmition of conditional probability gives P(B. = 1| B = 2) =
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The expression in braces is
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4. (a) EY; = Jrﬂ ED,ds =0 (b) To dbo this, we we a trick
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{c) Clearly EY.Y: = EY? + EY. (Y~ ¥.). s0 we only have to compute the seond
terim. T do this we imitate the computation in (b)
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6.39. By (4.3) we want to find a probability distribution so that the two stocks
are each martingales, ie.,

W + Wpy —Lps =0 — 20y +5py + 10ps =0
Substituting g = 1 = gy — pa we have
i + 2py = 16 ~ 30p, = Bpg = =10

Multiplving the second equation by G6/5 and adding it to the Gt we have
Hpy =4 = pp = 2. Solving now gives py = .3 and py = 5. An option to buy
Netseape ot M) payvs off 0in case 1,5 in case 2, and 1 in case 3, so the oplion
is worth Opy +5ps + 10 =04+ 1+ 5 =10



