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Abstract

Markov chain central limit theorems (CLTs) and their associated variances are very important
for implementing Markov chain Monte Carlo algorithms among other applications. Haggstrom
and Rosenthal (2007) presented various results regarding the equality of different formulae for
this variance and also posed seven open problems. We resolve all seven in this paper. For
stationary, ergodic and reversible chains, we prove that whenever the normalized partial sums
satisfy a /n-CLT, the variance limit is finite if the function is square-integrable, otherwise un-
defined. Moreover, failure of the /n-CLT forces the normalized partial sums to be non-tight.
We also show that Roberts’ holding-probability condition precludes a CLT even without assum-
ing reversibility or square-integrability. Finally, we develop a general principle that expresses
Fourier coefficients as the autocovariances of an ergodic nonreversible Markov chain.

1 Introduction

The central limit theorem (CLT) for i.i.d. finite-variance random variables is well known. For ad-
ditive functionals of Markov chains, similar CLTs also exist, and the theory has been developed
along several complementary lines. Spectral methods yield CLTs for reversible chains [14, [33];
martingale-based methods treat broader classes of chains through L? bounds on conditional ex-
pectations [IT], 39, [55]; drift, mixing, and regeneration methods provide verifiable conditions on
general state spaces [2, 29, 48|; and more recent works have also investigated criteria for chain-wide
CLTs and heavy-tailed stationary distributions [5, [I0]. Such CLT results are particularly useful for
obtaining error bounds in Markov chain Monte Carlo algorithms [21], 23] [30], which often require
estimating the asymptotic variance o2 associated with the corresponding CLT.

Héggstrom and Rosenthal [27] studied three variance formulae associated with a centered func-
tion h of a stationary Markov chain (X,),>0. In their notation, A is the limiting variance of S, //n,
where S, is the partial sum of (h(X}y))r>0, B is the corresponding infinite sum of lagged autoco-
variances, and for reversible chains with square-integrable h, C' is the spectral representation of
the asymptotic variance. Formal definitions are given in Section [2 Building on the classical result
of Kipnis and Varadhan [33] on the relation between y/n-CLT and finiteness of C', Hiaggstrom and
Rosenthal established conditions under which the quantities A, B, C are all equal to each other and
to the variance o2 appearing in the CLT. The behavior of A has also been studied in many other
works. For example, chain-level conditions ensuring finiteness of A are identified in Roberts and
Rosenthal [49] and Derriennic and Lin [I5], spectral characterizations are developed in Deligianni-
dis et al. [13] for normal (not necessarily reversible) transition operators, variational and Poisson-
equation formulas for nonreversible chains are given in Huang and Mao [28], and sharper results
are available for time-sampled chains, independence Metropolis—Hastings algorithms, alternating
kernels and Gibbs samplers [12] 35, 38, 45]. Against this background, Héggstrom and Rosenthal
[27] posed seven open problems (henceforth HR Problems) regarding the behavior of A, B, C' under
more general conditions. To our knowledge, those problems have remained unresolved, and this
paper presents solutions to all of them.
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Behavior of A Behavior of S, Behavior of A, B,C

h € L*(m) /n-CLT exists A=B=C=0*<o0
h € L*(m) (Sn/+/n) not tight A=B=C=x
A, B are undefined; liminf 4,, = o2
2 _ : ) ) n )
h ¢ L*(m) \/n-CLT exists limsup A, = o0, and g = 00, Yaps1 = —00.
h ¢ L?(m) (Sn/+/n) not tight Neither A nor B can be finite

Table 1: Four exhaustive scenarios for ergodic reversible Markov chains with stationary distribution
7 and centered h € L(7); A, = Var(S,)/n and -, denotes the lag-k autocovariance.

HR Problems 2 and 6 ask, for reversible chains, whether A must be finite or undefined for a /n-
CLT to hold. Existing theories and examples suggest that the answer is affirmative [4, 19} 27, [37, [57].
We establish this conclusion assuming only tightness of (S, /v/n)n>1 and obtain a sharp classification
of the relation between the \/n-CLT and the variance quantities A and B. As shown in Table
every ergodic and reversible chain with centered h € L!() satisfies the following dichotomy: either
a 4/n-CLT holds, or the sequence (Sy/v/n),>1 is not even tight. This extends the same dichotomy
result of Chen [8, Theorem II.3.1] for Harris recurrent aperiodic chains with h € L?(7). When
h € L?(r), our additional conclusion is that tightness forces A = B = C < oo; combined with
classical results, this shows that A < oo is both necessary and sufficient for a /n-CLT. When the
CLT holds but h ¢ L?(r), we prove that A, B must be undefined: A is undefined since the variance of
S, /+/n has oscillatory behavior with limit inferior o2 and limit superior co, and B is undefined since
lagged autocovariances (which exist) alternate between oo and —oo. Thus, the qualitative behavior
exhibited by Example 14 of Haggstrom and Rosenthal [27] is unavoidable. (And, C' cannot even
be defined when h ¢ L?(r).) A key intermediate result is that, for reversible chains, tightness of
(Sn/v/n)n>1 implies square-integrability of h(Xg) + h(X1), even when h ¢ L?(r); in other words,
the non-square-integrable contribution must cancel across adjacent observations. The proof involves
a novel resolvent argument using characteristic functions. For h € L?(7), we give an alternative
regenerative proof that combines known results for cycle sums [2, 24] with a forward-backward
martingale decomposition [54] to establish C' < oo, without assuming a finite second moment of the
cycle length.

HR Problem 1 concerns the role of reversibility in such results. It is known that for nonreversible
chains, the CLT behavior can be considerably less structured [26), 27]. Our solution to HR Problem 1
provides an explicit example where h € L?(7), A < oo but B is undefined. To construct it, we
develop a general Fourier-to-Markov covariance realization principle: from any strictly positive,
continuous, even, 27-periodic function f, we can construct a countable-state, irreducible, aperiodic,
positive recurrent Markov chain with a centered h € L?(7) whose lagged autocovariances coincide
with the Fourier coefficients of f. Thus, the covariance behavior of nonreversible Markov chains is
rich enough to encode the Fourier coefficients of every function in this broad class.

HR Problems 3, 5, and 7 concern a divergence condition introduced by Roberts [47], which has
been used in the literature to establish the failure of \/n-CLT for independence Metropolis-Hastings
samplers [47], although a complete proof has not previously appeared. We fill this gap by proving
that, even without requiring reversibility or h € L?(r), Roberts’ condition cannot coexist with a
+/n-CLT. The proof involves deriving a lower bound on ¢? using holding probabilities, which extends
existing formulae for reversible chains with h € L?(7) [12, 18].

One interesting aspect of this project is that all proofs were initially obtained by the GPT-
5.6 Sol model [42]. Although we have completely re-written and verified its solutions, the essence
of our results all originated there. Our experience adds to the emerging evidence that frontier



large language model software has now reached the point where it is competitive with human
mathematicians in resolving challenging research questions, provided that their outputs are carefully
checked and revised by humans [6], which has implications far beyond the current study [I.

AT Statement of Use. GPT-5.6 Sol was used to develop the proofs, generate the figures, and
search the literature. In particular, the solution to HR Problem 2 involved a lengthy interactive
discussion and investigation into counterexamples and techniques with GPT-5.6 Sol over the course
of a week. The authors verified, substantially revised and reorganized all proof arguments, and they
assume full responsibility for the accuracy and presentation of the paper.

2 Formal Definitions and HR Problems

2.1 Notation and Background

Throughout this paper, we let P be a time-homogeneous Markov transition kernel on a measurable
space (X, F), with stationary probability distribution 7. Let E,, Var, denote the expectation and
variance under initial distribution p, and we write E; = Es,. Denote the n-step transition kernel by
P". For every measurable function f: X — R and every probability measure pu on (X, F), define

(P f)(z / Fy) P (z,dy),  (uP")(E /P” z, B)p(dz),

for every € X and E € F. We also write n(f) = [, f Py m(dzx). For convenience, we assume
that X" is a Polish space and F is the Borel s1gma—algebra S0 that the function z — P(z,{z}) is
measurable and F is countably generated. We also assume that P is ergodic, which means that
it is ¢-irreducible and aperiodic. It follows that P is also recurrent [40, Proposition 10.1.1] and
m-irreducible [40, Theorem 10.4.9], and P™(z,-) converges to 7 in total variation distance for 7-
almost every x [48, Theorem 4|. Further, there exists an absorbing set G with 7(G) = 1 such that
P restricted to G is positive Harris recurrent [40, Theorem 9.0.1].

We always use (X,,)n>0 to denote a stationary Markov chain with kernel P. Fix some h € L{(r);
that is, h is integrable with 7(h) = 0. Define for n > 1,

—_

= > h(Xy)

=0

3

El

We say that a y/n-central limit theorem (CLT) holds if, for some % € [0, c0),

S,
7% = N(Oa 02)7
where = denotes weak convergence; we use o2 to denote this asymptotic variance throughout.
We say a family of real-valued random variables (U;);cz, where Z is an arbitrary index set, is
bounded in probability or tight if

lim supP(|U;| > N) =0.
N—oo jeT

If S, /+/n converges in distribution or sup,,>; n~! Varg(S,) < co, then the sequence (S,/v/n)p>1 is
bounded in probability.



2.2 Three Variance Expressions
Denote the lag-k autocovariance by
Vi = Ex[R(Xo0)h(Xy)], k>0,
which is allowed to be infinite. When h € L?(7), |y| < oo for every k. For n > 1 and m > 0, let

1 m
A, = - Vary (Sp) , By =70 +2 Z’m. (2.1)

k=1
Note that B,, is well-defined provided that each ~; is well-defined and the resulting sum does not
contain the form co — co. When the limits exist, write

A= lim A,, B = lim By, (2.2)
m— 00

n—oo

and both limits are allowed to be infinite. We have the elementary identity

Ap =0+ 2nzl (1 - ) Ve = Z Bum, (2.3)

k=1

provided that (By,)o<m<n—1 are well-defined. Thus, A, is the Cesaro mean of By, ..., B,_1. Con-
sequently, if B exists, then A exists and A = B. We also record two useful observations about the
behavior of (Ay)n>1.

Lemma 2.1. If A < oo, then h € L*(r). If h ¢ L?(x), then max{A,, A,11} = oo for everyn > 1.

Proof. Since h(X,,) = Sp11—Sn and (X,,)n>0 is stationary, h € L?(r) whenever both S,,, S, 1 have
finite variance for some n > 1. Similarly, if h ¢ L?(7), then at least one of S, S,+1 has infinite
variance for every n > 1. The two assertions then follow. O

We say that Roberts’ condition holds if

ILm nEr [h(X0)?r(Xo)"] = oo, r(z) = P(z, {z}). (2.4)
Lemma 2.2 (Roberts, 1999). If Roberts’ condition holds, then A = oc.
Proof. See Roberts [47]. In particular, A, > nE, [h(Xo)?r(Xo)"] for each n > 1. O
When P is reversible with respect to 7 and h € L?(r), we define the spectral variance of h by
1+A
C = AN (2:5)

where &, is the spectral measure for h; that is, &,(+) = (h, £(-)h) 12(r) Where £ is the unique spectral
decomposition measure associated with P. If P is not reversible or h ¢ L?(7), we leave C' undefined.
When h € L?(7), several established results describe the relationship between the /n-CLT and the
quantities A, B, C, which we collect in the theorem below.

Theorem 2.3. Let P be ergodic, (X, )n>0 be stationary and h € L?(w) with w(h) = 0.
(i) Kipnis and Varadhan [33]: If P is reversible and C < oo, then a /n-CLT exists with 0% = C.
(i1) Higgstrom and Rosenthal [27, Theorem 4]: If P is reversible, then A = B = C € [0, x].

(iii) Peligrad [43, Theorem 1]: If sup, >y A, < 00, then a \/n-CLT exists.

Part (iii) is a direct consequence of Chen [8, Theorem II.3.1], which shows that for ergodic and
stationary chains with h € L?(7), (Sn/v/1)n>1 is tight if and only if a \/n-CLT exists.



2.3 HR Problems and Solutions

Héggstrom and Rosenthal [27], Section 5| posed seven open problems. Below we describe each of them
and the corresponding solution we obtain. Throughout, we assume that P is ergodic. (Although
this assumption is not explicitly stated in HR Problems 5 and 6, it appears to be implicit.)

HR Problem 1

Problem Statement. If the Markov chain is ergodic, but not necessarily reversible nor geometrically
ergodic nor uniformly ergodic, does it necessarily follow that A = B (allowing that they may both
be infinite)? What if we assume that P = P; P» where each P; is reversible?

We interpret the question as asking whether the conclusion holds for A € L?(7), since Exam-
ple 11 of Héggstrom and Rosenthal [27] already provides a counterexample where A = co and B
is undefined due to g = 0o,y; = —oo. Higgstrom and Rosenthal [27] proved that for h € L?(r),
A = B if the chain is reversible and ergodic, or if the chain is uniformly ergodic (see their Remark
8). In particular, we have A = B on any finite state space since ergodicity would imply uniform
ergodicity. So HR Problem 1 is primarily motivated by the role of reversibility in this result. Since
the convergence of B,, implies that A, converges to the same limit, a counterexample must have a
divergent sequence (By,)n>0-

Resolution. We prove in Theorem that both assertions fail with h € L?(r), even if P = PP,
with P; reversible. Counterexamples on countable spaces are constructed, where A < oo exists,
|7k| < oo for every k, but B does not exist since liminf,, . B, < limsup,,_,., B, = oo; the \/n-
CLT also holds for our construction. The main technical contribution of our proof is a general
device, presented in Theorem [5.1] for realizing the Fourier coefficients of a given function as the
autocovariances of a regenerative Markov chain with finite excursions. Proposition [5.2] gives the
construction of the chain, and Proposition [5.3| records the key analytic decomposition result needed
to apply it. Once this realization device is established, the problem reduces to applying classical
results and counterexamples in Fourier analysis.

HR Problem 2

Problem Statement. Is there a reversible, ergodic Markov chain where a 1/n-CLT exists, but A = co?

For h € L?(r) with A = oo, several CLT results have also been established, but with a normal-
ization different from +/n [37, [57]. Bradley [4] also provided multiple examples where A = oo but
the \/n-CLT fails. For h ¢ L?(n), Example 14 of Higgstrom and Rosenthal [27] has a /n-CLT,
while A is undefined rather than infinite [27, Remark 15]. A negative answer to HR Problem 2
would demonstrate that all these phenomena are not accidental. Compared to the existing results
that use sup,,>; A, < 0o or €' < oo to establish the \/n-CLT (see Theorem , the challenge is to
proceed in the converse direction and extend the analysis beyond the condition h € L?(7).

Resolution. We prove in Theorem [3.1] that the answer is negative. In particular, we show that
1 2
sup — Varg(S2,) < 207,

n>1 «N

which implies that A cannot be infinite. Combined with Lemma this shows that A must be
undefined if a \/n-CLT exists for h ¢ L?(7). As in existing techniques to showing a Markov chain
CLT [36, [54], we construct a function d such that for k > 1

h(Xk_l) + h(Xk) = d(Xk_l, Xk) + d(Xk,Xk_l), (2.6)



and both d(Xy_1, Xy) and d(X, Xx_1) are square-integrable martingale difference sequences. How-
ever, existing theories rely on square-integrability assumptions of s, while we require only h € L(l) (m),
making the construction of a function d a central technical challenge. Our key innovation is to con-
struct d as the limit of a sequence of bounded functions with uniform L? control. The sequence
is built using the resolvent of the characteristic function of S, and the CLT is used to choose the
correct scaling that yields ; see Proposition . This decomposition reveals the hidden square
integrability created by cancellation of adjacent observations. In fact, we show that this result can
be proved under the strictly weaker assumption that (S,/v/n)n>1 is tight.

HR Problem 3

Problem Statement. Is there a reversible, ergodic Markov chain where a \/n-CLT exists, but where
Roberts’ condition lim,,—, nE [h(X0)?r(X0)"] = co holds?

By Lemma A = oo whenever Roberts’ condition holds. However, it does not necessarily
preclude a /n-CLT, since weak convergence alone does not imply convergence of moments.

Resolution. We prove in Theorem that the answer is negative without assuming reversibility and
with tightness of (Sy,/y/n)n>1 in place of the \/n-CLT assumption. Hence, Roberts’ condition does
rule out a /n-CLT for reversible and nonreversible ergodic chains. The key idea, which we isolate
in Proposition 4.2] is to condition on the successive distinct states visited and integrate out the
holding times at those states. These holding times are conditionally independent geometric random
variables, and their fluctuations cause the modulus of the conditional characteristic function to
decay multiplicatively. Under the CLT assumption, we obtain a lower bound on ¢2 in terms of the
holding probabilities.

HR Problem 4

Problem Statement. If the chain is reversible and ergodic and a /n-CLT exists, what further con-
ditions (weaker than i.i.d. or uniformly ergodic) still imply that A < co?

This question is open-ended. Various sufficient conditions ensuring A < oo without assuming the
CLT exist in the literature, including the variance-bounding property [49] and spectral criteria [13].

Resolution. Our solution to HR Problem 2, together with Theorem 4 of [27], implies that h € L?()
is a necessary and sufficient condition; see Corollary [3.7]

HR Problem 5

Problem Statement. In particular, if the chain is reversible (and ergodic) and a /n-CLT exists, and
there is § > 0 such that r(z) > 0 for all z € X, does this imply that A < co?

Resolution. We give an affirmative answer in Corollary This result follows readily from our
solutions to HR Problems 2 and 3.

HR Problem 6

Problem Statement. If the Markov chain is reversible (and ergodic) and a /n-CLT exists, and
7(h?) < oo, does this imply that A < oo?

Under the assumptions of the problem, we have A = B = C, though they may all be infinite |27,
Theorem 4|. Hence, this problem essentially asks whether a converse to the Kipnis—Varadhan
theorem holds. See the preceding discussion of HR Problem 2 for other related results.



Resolution. Our solution to HR Problem 2 shows that the answer is affirmative; see Corollary [3.6]
Combined with Theorem 4 of Héggstrom and Rosenthal [27] and the Kipnis-Varadhan theorem,
this shows that for ergodic and reversible Markov chains, if h € L?(r), then either a \/n-CLT
holds with 02 = A = B = C < o0, or (S,/v/n)p>1 is not tight and A = B = C = co. We
give an alternative, more constructive proof in Section [3.4] that reverses the standard arguments
used to establish Markov chain CLTs. In particular, we show that tightness forces the sum over
a regeneration cycle to have a finite second moment, though the length of each cycle may not be
square-integrable. This leads to an upper bound on the spectral variance C.

HR Problem 7

Problem Statement. Can the condition 7(h?) < oo be dropped from Corollaries 6 and 77

For readers’ convenience, here we include the relevant corollary statements from Haggstrom and
Rosenthal [27].

HR Corollary 6. If P is reversible and ergodic, and w(h?) < oo, and any one of A, B, and C is
finite, then a \/n-CLT exists for h, with 0> = A= B = C < 0.

HR Corollary 7. If P is reversible and ergodic, and lim, .o nE;[h?(Xo)r(Xo)"] = oo where
7(h?) < oo, then A= B = C = co.

The spectral quantity C is defined only when h € L?(w), and B < oo already implies vy =
7(h?) < 0o. So for HR Corollary 6, dropping the L? assumption is nontrivial only when A < oo.

For HR Corollary 7, Lemma shows that Roberts’ condition forces A = oco. Since C is not
defined outside L?(7), the remaining question is whether Roberts’ condition also forces B = oo.
Because vy = m(h?) = 0o when h ¢ L%(7), a counterexample must have B undefined. This can occur
either because some 7 is undefined or because B,, involves co — co; we consider the latter, more
substantive case. We also note that Roberts’ condition holds trivially if Ex [h(X0)?*r(Xo)"] = oo
for all large n. However, Roberts’ condition may also hold when

E, [h(Xo)zr(Xo)”] < 00, for every n > 1. (2.7)

We impose (2.7)) as an additional requirement.

Resolution. By Lemma the condition m(h?) < oo can be removed from HR Corollary 6. For
HR Corollary 7, we prove in Theorem that the condition 7(h?) < oo cannot be removed.
A counterexample is given, where h € L{(w) \ L?(r), both and Roberts’ condition hold,
A = oo, but B is undefined due to 79 = oo and 73 = —oo. The main idea is to introduce two
transition mechanisms, where one mechanism produces vy = 00,y = —o0, and the other ensures
that Roberts’ condition holds nontrivially. The parameters of the two mechanisms are chosen so
that each mechanism generates its intended effect without interfering with the other.

2.4 Main Theorem

We summarize our main results and their consequences in the following theorem. Detailed proofs
for HR Problems are presented in subsequent sections, and some standard results used in the proofs
are collected in the Appendix.

Theorem 2.4. Let (X,)n>0 be a stationary, ergodic Markov chain with transition kernel P and
invariant probability measure w. Let h € Li(w), and define Sy, = ZZ;& h(Xy). Let A, B,C be given
by (2.1)), (2.2) and (2.5). The following results hold.



(i) If P is reversible, then exactly one of the following four scenarios occurs.

(a) h € L3(x), a \/n-CLT exists for h with 0> = A= B = C < oo;
(b) h € L3(7), (Sp/v/M)n>1 is not tight, and A = B = C = oo,

(c) h ¢ L*(m), a /n-CLT exists for h, A is undefined since liminf, .o A, = o2 and
lim sup,,_,o, An = 00, B is undefined since yo, = 00 and o411 = —o0 for each k > 0;

(d) h ¢ L3(n), (Sn/v/N)n>1 is not tight, and neither A nor B is finite.

(it) If Roberts’ condition (2.4) holds, then A = oo and (Sp/v/n)n>1 is not tight, but B may be
undefined due to vg = o0 and y; = —0o0.

(iii) There exist a nonreversible P and h € L*(w) such that A < oo, and B is undefined since
liminf, o0 By < 00 and limsup,,_,., By = 0.

Proof. If h € L?(w), then A = B = C € [0,00], and if any one of them is finite, then a /n-CLT
holds with 02 = A < oo [27, Theorem 4, Corollary 6]. Further, by Theorem A = oo implies that
(Sn/v/M)n>1 is not tight, which proves the two possible scenarios when h € L?(rr). If h ¢ L?(n),
Lemma implies that A cannot be finite, and since 7o = 7(h?) = oo, B cannot be finite either.
By Theorem tightness of (S, /v/n)n>1 implies a /n-CLT, and the characterization of A, B when
a y/n-CLT exists follows from Corollary This proves part (i).

Part (ii) follows from Lemma Theorem and Theorem

Part (iii) follows from Theorem [5.4] O

3 HR Problems 2, 4 and 6: Implications of a Reversible CLT

3.1 Main Result and Proof

Theorem 3.1 (Solution to HR Problem 2). Let P be reversible and ergodic and (Xy)n>0 be station-
ary. Let h € L' (7) with w(h) = 0. If (Sn/v/N)n>1 is bounded in probability, then S,/v/n = N(0,0?)
for some 0 < 02 < 00, and

sup Ag,, < 202, lim Ay, = o2, (3.1)

where Ay, = Vary(S,)/n. When 0% =0, Sa, = 0 almost surely for every n > 1.

We aim to show that the non-square-integrable contribution must cancel within adjacent pairs.
Our starting point is the forward-backward martingale decomposition that has been used previously
to control h(Xo)+h(X1) [36, 54, 56]. But those works had different motivations: they typically start
with the assumption h € L?(7) to establish a CLT. Here we work in the converse direction, where
a CLT or tightness is assumed to hold, and we want to recover the square integrability of h(Xo) +
h(X7), the one-step change of Sy,,. This is accomplished through bounded “characteristic resolvent"
functions that capture the fluctuations of the entire Markovian dynamics and provide a uniformly
bounded L2-approximation to h(Xg) + h(X7). Related characteristic resolvent constructions have
also appeared in other contexts, for example in the large deviation theory [34].

Define a joint coupling I' on X x X by

[(dz,dy) = n(dz)P(x, dy).

Since we assume (Xy,),>0 is stationary, (Xo, X7) ~ I'. The following two propositions are the key
construction and novelty of our approach, which we prove in Section [3.3]



Proposition 3.2. If (S,/v/n)n>1 is bounded in probability, then there exists a real-valued function
d € L*(T") such that
Ex[d(Xo, X1)*] < o0,
E[d(Xo, X1) | Xo] =0 m-almost surely,
h(z) + h(y) =d(z,y) + d(y,z) for I'-almost every (xz,y) € X x X. (3.2)

Proposition 3.3. If S,,/\/n = N(0,0?%) for 0 < 02 < o0, then the conclusions of Proposz'tion
hold with the following strengthening:

E.[d(Xo, X1)?] < o°.
Proof of Theorem[5.1] Let d be given by Proposition [3.2] Define
My = d(Xp—1, Xp), My = d(Xg, Xp—1).

Then (My)r>1 is a forward martingale-difference sequence with respect to the filtration Fj =
o(Xo,...,Xy), and (M )p>1 is a reverse martingale-difference sequence with respect to the reverse
filtration F} = o(Xg_1, Xk, ...). In particular, since P is reversible,

E[M | Fiyal = E[d(Xg, Xi—1) | Xi] = E[d(Xp, Xp11) | Xi] = 0.

See, e.g., Wu [54, Theorem 2.5 for a complete proof. Write HdH%Q(F) = E,[d(Xo, X1)?]. Then,
Er[MZ] =E, [(M})?] = ||dH%2(F) , and by the pairwise L2-orthogonality within each sequence,

n—1 2 n—1 2
(Z M2k+1> =Er (Z M2*k+1) =n HdH%%r) : (3.3)
k=0 k=0

By (3.2)), the even sum subsequence yields the decomposition

n—1

Sop = Z [h(Xak) + h(Xok+1)] Z Maj41 + Z M3y (3.4)
k=0

Using 7(h) = 0, (a + b)? < 2a? + 2b% for a,b € R and (3.3)), we have

2

2 n—1
Var,(S2,) = [Sgn | <2E, (Z M2k+1> + 2E, (Z M;kJrl) =4n HdH%Q(F)
k=0

Since ||d||%2(r) < 00, this shows that

lim sup — Vars(San) < 2 dl 2y < 0. (3.5)
n 2n

Let Vi = (Xog, Xogt+1) for & > 0. Then (Vi)r>o is a stationary and ergodic Markov chain,
though it is not necessarily reversible. Let H(z,y) = h(x) + h(y), which is in L?(T). By part (iii)
of Theorem condition implies that a y/n-CLT holds for the partial sums of (H(Vj))x>o0,
i.e., Son/v2n = N(0,0?) for some 0 < 02 < co. By Slutsky’s theorem, the odd sum subsequence
converges weakly to the same limit, and thus S,,/v/n = N(0,0?%). So by Proposition we can
further choose d such that ||d||L2 < 02, proving the bound (3.1).



To prove As, — 02, we apply the CLT for martingale differences (see Lemma [A.3)) to sequences
(Magy1)k>0 and (M3, | )k>0, both of which are stationary and ergodic. This yields

n—1

1

. 1 n—1 .
% kZ:OMQk-H — N (0, ||d”%2(1“)) ) J, = % kZ:OMQk-H = N (0, HdH%Q(F)) )

In =

By (3.3), this implies that both (J2),>1 and ((J¥)?),>1 are uniformly integrable. Consequently,
by (3.4), (S3,/n)n>1 is also uniformly integrable, and thus Asg,, converges to 2.
Finally, letting n = 1, we get

E-[S3] = Er [(R(X0) + h(X1))?] < 40 (3.6)
Hence, if 02 = 0, h(Xo) + h(X1) = 0 almost surely, which completes the proof of Theorem O]

Remark 3.1. Theorem actually holds for a general state space (X, F). The current proof only
requires that F be countably generated so that ergodicity can be used to obtain convergence in
total variation distance; see Lemma [3.8 in Section [3.3] However, in Lemma we show that one
can always restrict P on a general space to a countably generated sigma-algebra for the stationary
process (h(Xy))n>0. In particular, Lemma implies that invariance, reversibility, ¢-irreducibility,
and aperiodicity can be preserved under this restriction.

3.2 Sharpness and Consequences of Theorem (3.1

By stationarity and (3.6)), Theorem implies that, for every k > 1, h(Xj) + h(Xj_1) is square-
integrable with variance bounded by 402. We give a simple example showing that the factor 4 in
general cannot be improved.

Proposition 3.4. Let X = {—1,1} and P be the transition matriz with P(x,x) = 6, P(x,—x) =

1 =6 for some 0 < § < 1. Let h(xz) = x. Then, Vary(S2) = 49, while a \/n-CLT holds with
2 0
1—4

g

Hence, 0=2 Var,(S2) =4(1 — ) = 4 as § | 0.

Proof. The second largest eigenvalue of P is A\ = 26 — 1. Hence, the spectral formula yields o2 =
(1+X)/(1=X)=6/(1—96). And a direct calculation gives Var,(Ss) = E,[S5] = 44. O

When h ¢ L?(7) but a /n-CLT holds, the fact that h(X}) + h(Xp_1) is square-integrable can
be used to precisely characterize the behavior of A, B.

Corollary 3.5. Let P be reversible and ergodic and (X,)n>0 be stationary. Let h € Li(r)\ L?(r),
and assume a \/n-CLT holds for h with 0 < 02 < co. Then,

liminf A, = 02, limsup A, = 0o, 7o = 00 and Yop+1 = —00 for k > 0.
n—oo n—o00

Proof. By Lemma h ¢ L?(r) yields limsup,,_,., A, = oo. By Theorem Agy, — 02, which

implies liminf, ;oo A, < o2. Moreover, since u + u? is lower semicontinuous and S,/\/n =

N(0,02), Fatou’s lemma yields lim inf, ;. A, > 02, and thus liminf, . A, = 2.

10



For the lag-k autocovariance, note that

2k—1

h(Xo) = h(Xo) = Y (—1V[h(X;) + h(Xj41)],
j=0

where the sum of each adjacent pair, h(X;)+h(X;41), is in L?. Hence, h(Xo) — h(Xa;) € L?. Since
for any a,b € R, the negative part of ab, denoted by (ab)~, satisfies (ab)~ < (a — b)?/4,

Er [(h(Xo)h(Xak)) "] < ~Ex [(M(X0) — h(Xax))?] < oc.

> =

Meanwhile, because
h(X0)? + h(Xax)? = (h(Xo) — h(Xar))? 4+ 2h(X)h(X2;) is not integrable,

the positive part of h(Xo)h(Xgr) cannot be integrable, which proves 79, = oo. An analogous
argument shows that h(Xg) 4+ h(Xor,1) € L? and consequently 7g41 = —00. O

Combining Theorem [3.1| with the results of Haggstrom and Rosenthal [27], we also obtain solu-
tions to HR Problems 4 and 6.

Corollary 3.6 (Solution to HR Problem 6). Let P be reversible and ergodic and (X, )n>0 be sta-
tionary. Let h € L*(mt) with w(h) = 0 satisfy a v/n-CLT. Then, A < cc.

Proof. By Theorem 4 of Higgstrém and Rosenthal [27], if h € L?(r), then A exists as an extended-
real limit of the sequence A,. By Theorem the existence of a /n-CLT implies that As, < 202
for each n, and thus A < cc. O

Corollary 3.7 (Solution to HR Problem 4). Let P be reversible and ergodic and (Xy,)n>0 be sta-
tionary. Let h € L*(m) with w(h) = 0 satisfy a /n-CLT. Then, A < co if and only if m(h?) < oco.

Proof. By Lemma A < oo implies h € L?(r). By Corollary h € L?(7) implies A < co. [
3.3 Proofs of Propositions and
For 0 < p <1, let N, have a geometric distribution and be independent of (X,),>0. Thus,

P(N, =n)=p(1—p)" ', n=1,2,.... (3.7)

All expectations below include the randomness of N,. Define N, =N, —1. Let S, = 37—, h(Xy)
denote the sum starting at index 1, and define Sy = 0. Pick ¢ # 0 and define § = ¢,/p. Define the
“characteristic resolvent” functions by

Tolast) =By [750 ] gy(ast) = Ex [£75%] = 00 231,
We will omit the dependence on ¢ and simply write f,(x), gy(x). Define
cp =7(fp) =Ex [exp (iengﬂ .
The proof of the propositions relies on two properties of f, and g,. The first shows that f,

becomes asymptotically independent of z as p | 0, and if the \/n-CLT holds, we can also find the
limit of ¢,. This is the only point in the proof that requires the use of the ergodicity assumption.

11



Lemma 3.8. For m-almost every x, |f,(z) —cp| = 0 as p L 0. If S,,//n = N(0,0?), then

1
li = .
20 P T T 2022

The second ingredient is a bound on the L?-norm of the normalized one-step difference. For
p € (0,1), define a complex-valued difference quotient

9p(y) = (Pgp)()
ifc, '

Dp(x’ y) =

The centering by (Pgp)(z) ensures that Dp(Xo, X1) has conditional mean zero given Xj.
Lemma 3.9. For any fivzed t # 0 and 0 < p < 1 such that ¢, # 0,

2|1 — ¢ .
21— pPley]

We defer the proofs of both lemmas to the end of this subsection and first show how they imply
the two propositions.

2
1D 1220y <

Proof of Proposition[3.3 Using Sy = 0 and the Markov property,
fo(@) = p+ 3 (1= p)' B, [exp (65) | = p+ (1= p)(Pgy) (@), (3.8)
k=1

Taking expectation on both sides yields
e =p+(1=p)n(g) =p+ (L=p)ap(t),  G(t) = Er [V, (3.9)

By Lemma the family (/pSn,)o<p<1 is also bounded in probability, and their characteristic
functions are equicontinuous at zero. In particular, we can choose t such that supg,<; [¢p(t) — 1| <

1/2, and by (3.9), this implies

1
sup |cp — 1] < - (3.10)
0<p<1 2
Adding and subtracting fy,(z) in the numerator of Dp(z,y) yields
)~ 11fy(y) | £ ~ 11y (2)
D D =
p(@y) + Dply, 2) ifc, + ifc,
— (P — (P
L B = (PR)@) | ) - (Pa)y) .
ifcy ifcy
Since |gp(x)| < 1 for every x and 6 = t,/p, by (3.8),
—(P 2
sup |22 = Pw)@) | VP o) < 2P (3.12)
reX 0 ‘t’ reX |t|
For the first two terms on the right-hand side of (3.11)), we have
i0h(z) _
i 2 1 i T, (3.13)
pl0 Cp pl0 10

12



The first claim follows from (3.10) and Lemma and the second follows from 6 = t,/p and that
lim,|(e* —1)/2z =1 for complex 2. So we obtain from (3.11)), (3.12) and (3.13)) that

liig[Dp(x,y) + Dp(y,x)] = h(z) + h(y), for I'-almost every (z,y) € X x X. (3.14)
P

By (3.10) and Lemma we have

2 8

sup ||Dp||ig(r)§ sup §t2. (3.15)

0<p<1/2 0<p<i/2 2 (1 —p)?

Hence, we can choose a sequence (p;);>0 such that p; | 0, and then the uniform upper bound (i3.15)
implies that (Dpj )j>0 is a bounded sequence in L?(T',C). Then, possibly reindexing, there exists a
subsequence (D), ) >0 weakly convergent to a limit D € L?(T',C), that is,

/Dpj (x,y)F(z,y)(dz,dy) — /D(a:,y)F(a:,y)F(dx, dy) for every F € L2(I’,(C);

see, for example, Kallenberg [31, Chapter 3]. Let R denote the reversal operator defined for functions
F: X xX—Cby
(RF)(z,y) = F(y,z).

By the reversibility of P, G € L*(I",C) implies RG € L*(T',C), and [(RF)Gdl' = [ FRGI (i.e.,
R is unitary). Hence, RD,, — RD weakly in L?(T',C), and thus

Dy, + RD,, — D + RD weakly in L*(T',C). (3.16)

Since R is unitary and using the bound (3.15)),

< Q' (3.17)

sup || Dy, + RDy, HiZ(r) )

<1 _swp |D,
0<p,;<1/2

2
loowy =4 sup

Define H : X x X — R by H(x,y) = h(z) + h(y). By (38.14), D), + RD,, — H, I'-almost
everywhere. Combining (3.17) with Fatou’s lemma implies H € L?(I",C) and that

Dy, + RD,,, — H both strongly in L'(I',C) and weakly in L*(I',C). (3.18)

Indeed, the strong convergence in L'(I",C) is due to uniform integrability, which, together with
Hoélder’s inequality, implies that as j — oo, for any bounded measurable G,

/(Dpj +RD,,) Gdl' — /HGdF. (3.19)

Since bounded measurable functions are dense in L?(T',C) and the uniform bound holds (3.17]
(3.19) holds also for G € L?(I",C), which proves the weak convergence in L?(T', C) stated in (3.18].
Since weak limits are unique, (3.18) and (3.16]) imply we have the identity

D+7RD = H. (3.20)

Finally, define
d(z,y) = Re (D(z,y)).

13



Then d is real-valued and belongs to L?(I"). We verify that d satisfies the three conditions given
in the proposition statement. First, (3.20)) yields d(x,y) + d(y,z) = h(x) + h(y) for T-almost every
(z,y) € X x X. Second, by weak lower semicontinuity of the norm and (3.17)),

Er[d(Xo, X1)?) = ld}a(ey < limind 1D [F2qr) < oo. (3.21)

Third, let K = {F € L*(T,C): E[F(Xo, X1) | Xo] = 0}, which is a closed linear subspace. Since
D,, € K for every p, the weak limit D also belongs to IC, which implies that E[d(Xo, X1) | Xo] = 0.
This concludes the proof of Proposition O

Proof of Proposition[3.3. Since the v/n-CLT implies (S, /v/1)n>1 is bounded in probability, all con-
clusions and proof arguments for Proposition still hold. It only remains to prove the improved

bound for HdHig(F). By Lemma and ({3.21)),

2‘1—6 |

) o Dj 2
‘ <lminf -———57— =
PJHLQ(I) - hj—>loof t2(1 *pj)Qlcpj| ’

d||32p < liminf ||D
lllzery < timinf |
where the last step uses the limit of ¢, given in Lemma [3.8 This concludes the proof. O
Proof of Lemma[3.8§ By the definition of f, and the memoryless property of N,

fo(7) = Ey [ewgﬁpl{ﬁp<m}} e [ei()gﬁ"l{ﬁpzm}}

03" A
—E, [ 1g ] + (= D) Es 55 £ (X))
for every fixed m > 1. Let ¢ = 1 — p. Since IP’(NP <m)=1-q", we get

[fp(x) = (P fp)(2)] <

<2(1—q™) +q™

B, [P0 15 ]+ 0B [0 £, (Xon)| — Ealfy (X))
E; [(eieé‘m - 1) fp(Xm)] }
<2(1-¢")+q"E,

e 1] <4,

With 6 = t,/p, we apply the dominated convergence theorem to the preceding bound to obtain
lim [ f(z) — (P™ fp)(z)] = 0.
0

Meanwhile, since |f,(x)| < 1 for every x and ¢, = 7(fp), by the variational characterization of the
total variation distance,

(P fp) (@) — ¢p| < 2|P™ (2, -) — 7l|Tv-

Since P is ergodic, ||P™(z,-) — 7|ty — 0 for m-almost every x as m — oco. Applying the triangle
inequality and letting m — oo shows that |f,(z) — ¢,| goes to 0.
Now assume the \/n-CLT exists. By Lemma and (3.9)),

1
lime, = lim ¢,(t) = ——5 5=
oo o = W8 00 = Ty

which concludes the proof. O
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Proof of Lemma[3.9 Since |gp(x)| = |fp(x)| and using (3.8), the conditional variance of D, is

|cp*0° B [| Dy (Xo, X1)I* | Xo] = E [lgp(X1) — (Pgyp)(Xo)|* | Xo]
= E[| f,(X1)* | Xo] — |(Pgp)(Xo)|*.

Taking expectation over Xy ~ 7 yields
|Cp|292 ”Dp||i2(r) = ||fp||i2(7r) - HngH%z(ﬂ)
Using the identity (3.8)) and || f, — pHiQ(ﬂ) = prH%Q(ﬂ) —2pRe(m(fp)) + p?, we get

1 1

HDpHQm( ) — ]292 prHLz - W 1fp —pH%%r)

e

2Re(cy) — ol 2emy (2~ 1) —p
21— p)2leyl?

Since ”fp”gm(ﬂ) > |7 (fp)]? = lep[?, we have

2Re(cp) — [l foll72(m (2 =) —p < 2Re(cp) — |2 = p) —p
< 2(Re(cp) — lep|*)

— 2Re(G(1 — ¢,))
< 2lep||L = .

The claimed bound then follows. O

3.4 An Alternative Proof for HR Problem 6

Although Theorem readily resolves HR Problem 6, it does not provide any upper bound on the
asymptotic variance o?. But when h € L?(r), additional spectral and regenerative tools become
available. This motivates us to provide an alternative proof which yields an upper bound on o2 by
reversing the standard arguments used to establish the /n-CLT.

To explain our bound, we first recall the minorization condition and the resulting regenerative
construction of the chain P. By Meyn and Tweedie [40, Theorem 5.2.1|, we can choose an integer
m > 1, a measurable set D with 7(D) > 0, and a constant 3 € (0, 1] such that

Pm(xaE)ZﬁlD(x)T(D(E)v rekX, EeF,

where the probability measure mp is defined by mp(-) = (-1 D)/m(D). Note that Meyn and Tweedie
[40, Theorem 5.2.1] states the minorization condition as P™(x, E) > én(E) for x € D and E C D,
and we have renormalized the minorization constant by 8 = ém (D). Define the residual kernel

L(z,E) = P™(2, E) — Brp(E)1p(2). (3.22)

Define the skeleton chain (Yj)r>0 by Yi = Xgpm. Define the m-step block-sum function ¢g and
the corresponding partial sum by

,_.

3
|

_

—
P’h
§=0 k=0
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The function g gives the expected sum of h(X,,) over the next m steps conditional on the current
state. Since h € L?(7) and P is an L?(7)-contraction, g € L?(7). We construct a split chain by
lifting the skeleton chain up a dimension with Bernoulli random variables [40, Chapters 5 and 13].
Define (I, Yi)i>0 with I, € {0,1} by the transition probabilities

P(Iy =1,Yy41 € E| Yy =z) = frp(E)1p(2)
P(Ik =0,Yy1 €F | Y, = x) = L(QZ,E)
Marginally (Y} )r>o still has transition kernel P™. Unless otherwise stated, the split chain is initial-

ized with Yy ~ m, and E denotes expectation under the resulting split-chain law. When Yy ~ u, we
write £,. Define regeneration times 1 <7 <72 <--- by

{ri:i>1}={k+1:I; =1, k>0}.
For ¢ > 1, define a sequence of i.i.d. random variables by

Ti+171

Zy = Z 9(Yy).

k=1;

Each Z; is the sum of g(Yj) accumulated over a regeneration cycle. The length of each cycle,
T;+1 — Ti, has a finite mean, but its second moment is not necessarily finite. However, it can be
proved that E[Z?] is finite under the tightness assumption, which further yields an upper bound on
o2. The proof of the following theorem is deferred to the Appendix.

Theorem 3.10. Let P be reversible and ergodic and (X,)n>0 be stationary. Let h € L*(rw) with
w(h) = 0 and B,D, g, (Yi)k>0, (Th)n>1,(Zi)i>1 be as defined above. If (Sp/v/n)n>1 is bounded in
probability, then

where 02 = A =B =C and

4 HR Problems 3, 5 and 7: Implications of Roberts’ Condition

4.1 A Holding-Time Lower Bound on o2

Theorem 4.1 (Solution to HR Problem 3). Let P be ergodic and (Xp)n>0 be stationary. Let
h € LY(r) with w(h) = 0. Define r(z) = P(x,{x}) and q(x) = 1 —r(z). If (Sp/\/N)n>1 is bounded
in probability, then h =0 on {q = 0} m-almost surely, and

X QEW X (0. ]
/{M} h(a)* 2 n(dr) < o (41)
Consequently,

e lim nE, [R(X0)*r(Xo)"] = 0. (4.2)

If S,/v/n = N(0,02) for 0 < 02 < 0o, then we also have

QEW z) < o?
/{M} af L wde) < o (4.3)
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Conditional on the sequence of distinct states visited by the chain, the holding times at each
state are independent geometric random variables. The holding time L at state x has conditional
variance Var(L | z) = r(x)/q(z)?. Multiplying it by stationary frequency of new holding periods
q(z)7(dz) and the squared contribution h(z)? yields

pr(z) $2@F "
ala)m(de) h(w)* s = bl w(d)

which can be thought of as the variance per unit time generated purely by the geometric holding
times. This is exactly the integrand in . Moreover, since these geometric fluctuations are
conditionally independent, they cannot be canceled by the subsequent evolution of the jump chain.
The main step of our proof is to turn this observation into an upper bound on |¢,(t)], as formalized
in the following proposition; see Section [.2] for the proof. Since this inequality arises entirely from
the holding times, it does not involve second moment of 5),.

As in the proof of Proposition introduce the geometric random variable N, independent of
(Xn)n>0 with density given by Define the characteristic function of /pSy, by

¢p(t) = EqleVPoNr].

For m > 1, define the truncation set A,, and bounded weight a,,(z) by
A= {2 q(z) > m), B@)| <m},  an(z) =

Proposition 4.2. For every m > 1 and t # 0, we have

1

li < —
1msup’¢p( )| = 1—|—t2Gm/2’

pd0
where Gy, is defined by
= T)am\T) T ar) = T 2@7(‘ i
G = [ a(@an(@)nian) = [ b ). (1.4

Proof of Theorem[{.1 By Lemma (v/PSN, )o<p<1 is bounded in probability with equicontinuous
characteristic functions, which implies that there is some ¢y # 0 such that

1
. -1
onf 1op(to)l = 5
It then follows from Proposition [.2] that
1 1
< - 4.5
27 1+ 83Gn/2’ (4.5)

and thus G, < 2/t3. The sets (A,,) increase to {g > 0}, so by the monotone convergence theorem,

/ h(a:)Qr(x) m(dr) = lim G, < oo,
{¢>0}

q(x) m—o0
which proves (4.1)).

Consider states with g(z) = 0. For every € > 0, on the event {¢(Xo) = 0, |h(Xo)| > €}, we have
|Snl/v/n > ey/n. Since (S,/v/n)n>1 is bounded in probability, the probability of this event must
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be zero. Letting ¢ range over the positive rationals shows that h(x) = 0 for m-almost every = with
r(x) = 1. Now using the elementary inequality

”<§ ke T <
nr- < r STT 0 0<r<1i,
k=1
we get that
X)) r(Xo)
< (X2 (Xo)" < h(X)P— K0y se (X)) ,
0 < nh(Xo)™r(Xo)" < h(Xo) = (X0) (Xo) 1= (X LrXo<1)

The right-hand side is integrable due to (4.1). Since lim,,_,o, nr™ = 0 for each r € [0, 1), dominated

convergence proves ((4.2)).
Finally, when the CLT assumption holds, for every ¢t € R, Lemma yields

1
li )= ————.
Z}E)lqbp( ) 1+ 0%t2/2
So the inequality (4.5)) can be replaced by
1 1

<
14+ 02t2/2 = 1+ 3G, /2’
which yields G,, < o2. Monotone convergence then proves ([4.3)). O

Remark 4.1. The proof of Theorem [£.1]is closely related to the jump-chain representation, in which
successive distinct states are separated by conditionally independent geometric holding times. This
representation is standard for Metropolis—-Hastings chains [16] and has been recorded for general
Markov kernels by Vihola et al. [53] Proposition 24]. Moreover, an exact counterpart of is
present in the earlier theory for reversible chains with h € L?(r); see Doucet et al. [18, Proposition 2]
and Deligiannidis and Lee [I2, Theorem 1|. Our contribution is to recover the sharp inequality
directly from the CLT assumption, without assuming h € L?(7), convergence of A, or reversibility.

Corollary 4.3 (Solution to HR Problem 5). Let P be reversible and ergodic and (X,)n>0 be sta-
tionary. Let h € Ly(m). If (Sp/v/M)n>1 is bounded in probability and infycx P(z,{z}) > & > 0,
then A < oo.

Proof. By Theorem the tightness of (S,/v/n)n>1 implies that Roberts’ condition fails and
actually, nE. [h(Xo)?r(Xo)"] — 0. Hence, for sufficiently large n, we have

00 > nEx [h(Xo)?*r(X0)"] > né"Ex [h(X0)?] .

Since § > 0, this means m(h?) < co. By Theorem a /n-CLT also holds, and then the conclusion
follows from Corollary [3.6] O

Remark 4.2. By Theorem Sn/v/n = N(0,02) for some 0 < 0% < oo, and then one can use
Theorem to obtain a sharper bound on 7 (h?). Since r(z)/(1 —r(z)) > 6/(1 —§) on {r < 1},
and h =0 on {r =1}, we obtain that

1—
m(h?) < T(SGQ < 0.
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4.2 Proof of Proposition

Proof of Proposition[{.2. For the chain (X,,)n>0, the successive distinct states form a jump chain
(Yi)k>0. Explicitly, on {g > 0}, define the jump kernel

P(x,E) —r(x)lg(z)
q() '

Qz,E) =
Extend @ arbitrarily to {g = 0}. Then

P(x,dy) = r(x)d(dy) + q(z)Q(z, dy), Q(z,{z}) = 0 whenever ¢(z) > 0.

Then we realize N, by independently killing the path after each recorded observation with proba-
bility p. Hence, if the current state is x, the three possible outcomes have probabilities

(1=pr(z), (A-pz), p,

corresponding respectively to a surviving self-transition, a surviving departure from zx, and killing.
The observed holding period terminates at each step with probability

dp(z) =1 = (1 =p)r(z) = q(z) + pr(z), (4.6)

and its length is geometric with parameter dy,(z). Moreover, by the standard competing-risks
property of geometric random variables, the observed holding time is independent of the terminal
type, conditional on the current state. Conditional on departure, the next distinct state has law
Q(z,-), again independently of the holding time.

Let Yp,..., Yk, be the K + 1 successive distinct states observed before killing, and let L; be
the observed holding time at Y;. The final holding period is the one terminated by killing. Hence,

KP
Sny = 3 Lh(Y;). (4.7)
j=0
Let G, = o(Kp,Y0,...,Yk,) denote the observed jump chain. Our argument above shows that
Ly, ..., Lk, are conditionally independent given G,, and

Lj | Gp ~ Geom(dp(Y5)), 0<j <K,

In particular, the final terminated period has the same conditional law as every preceding holding
period, which is the primary motivation behind this geometric killing mechanism.
Define '
W, (t) = E [P | G, |

Then, ¢,(t) = Ex[¥,(t)]. To find an upper bound on ¥, (), we use (4.7) and conditional indepen-
dence between Lo, ..., Lk, to get

Ky
(t)] = H‘E[ ityPh(Y))Ls | G ] = [ e b0,
§=0
where we define, for p € (0,1) and t € R,
bpt(z) = —log ‘E [eit\/ﬁh(x)]“} ‘ , L ~ Geom(dy(x)).
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Pick any 1 € (0,t2/2). We prove in Lemma below that every holding period at z produces
an unavoidable decay proportional to pa,(z), yielding the following upper bound on |¥,(¢):

2

Ky
t
|\I]p(t)’ < exp |:_ <2 - 77) pR 7m:| s Rp,m = Zam(}/j)a
Jj=0

for any 0 < p < po(m,t,n), where po(m,t,n) > 0 is constant independent of z. Jensen’s inequality
yields ¢, (t)| < E[W,(t)], and thus

|pp(t)| < E [exp <—t2 3 277pRp,m)] . (4.8)

To convert (4.8)) into a deterministic upper bound, we need to show that pR,,, converges.
Consider the following pathwise representation of Ry, :

Np—1
Rp,m = am(XO) + Z Wk,m7 Wk,m = am(Xk)l{Xk;éXk,l}' (49)
k=1

A routine calculation using stationarity gives Er [W ] = Gy, where G, is given by (4.4]). Since
am < m*, the stationary sequence (Wk,m)k>1 is bounded and ergodic. Birkhoff’s ergodic theorem
therefore gives

n
1 Z Wim — Gm almost surely. (4.10)
"=
Because N, — oo in probability, the ergodic average in equation , evaluated at the independent
random index NN, — 1, converges to G, in probability. The initial term in equation is bounded
and therefore vanishes after multiplication by p. As p | 0, the rescaled horizon satisfies pN, = T
with 7' ~ Exp(1). So Slutsky’s theorem gives

Np—1
p(N, — 1
PRy = pam(Xo) + (N:—l) ; Wim = TGp,.

Since u +— e~ is bounded and continuous on [0, 00) for ¢ > 0, it follows from (4.8]) that

Jin sup | (t)|<]E[ < r-2g T)] !
im su exp | — m = ,
po S EPATT 1+ (/2 — 1)Gnm

where the last step follows from the Laplace transform for 7' ~ Exp(1). Letting n | 0 proves the
proposition. O

Lemma 4.4. Fizm > 1,t# 0, and n € (0,t2/2). There exists po = po(m,t,n) > 0 such that, for
everyx € X and 0 < p < po,

bpi(x) >p <t22 - 77) am (). (4.11)

Proof. We first find an expression for b, (). For L ~ Geom(d) on {1,2,...}, the characteristic
function and its squared modulus are
deiz

E[ez’zL] — W’ ‘E[ezzLH

2 d?
A2 +2(1—d)(1 —cosz)’

(4.12)
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Using equations (4.6) and (4.12)), we obtain

2(1 — p)r(z){1 — cos(t\/ph(x))}
{g(x) + pr(z)}?
Now consider the bound (4.11)). Tt is immediate outside A,,, because the right-hand side vanishes

and by > 0. On A, the quantities |t,/ph(z)| converge to zero uniformly as p | 0. Using 1 —cosu ~
u?/2 as u — 0, we get

1
bpt(x) = B log [1+ (4.13)

2{1 — cos(t/ph(x))}

pt2h(x)?

— 1 uniformly on A,,.

The ratio is interpreted as 1 when h(x) = 0. Since g(z) > m~! on A,,, we also have

(1 —p)g(z)?
{a(z) + pr(z)}?

Hence, using (4.13)), Taylor expansion of the logarithm and a,, < m*, we get

— 1 uniformly on A,,.

2
bpt(z) = %am(aﬂ){l + o(1)} uniformly on A,,.

The asserted lower bound follows for sufficiently small p. O

4.3 A Counterexample under Roberts’ Condition

Theorem 4.5 (Solution to HR Problem 7). There exist a reversible, irreducible, aperiodic countable-
state Markov chain and h € L() \ L*(7) such that

Er [h(X0)*r(Xo)"] < o0 for everyn > 1,
nEr [h(X0)*r(Xo)"] — oo,
A=o00, m=-0%

consequently, B is undefined since v = w(h?) = co.

Our construction involves two classes of states. The “oscillating states” are modeled in the same
way as the sign-alternating construction in Example 14 of Haggstrom and Rosenthal [27], and they
will supply the infinite second moment and the negative lag-one product. The other class consists
of “sticky states” with long holding times, which will supply Roberts’s condition and contribute only
a finite amount to the second moment. If one allows E [h(X0)*r(Xo)"] = oo for all large n, then
Roberts’ condition holds trivially, and simpler counterexamples can be constructed.

Proof of Theorem[.5. Let the state space be
X ={0}U{oke,ske:k>1, e€{-1,1}}.

The letters o and s stand for oscillating and sticky, respectively. Set
[ee} 0 -1 21
=(1+2) 47F42) 87F) ="
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and define a probability measure by
m(0) =k,  m(ope)=r4AT",  m(spe) =r87F.

From an oscillating state, the chain either changes sign or returns to the hub:

1 1
P(oge,0p,—c) = 2 P(ope,0) = 7 (4.14)

From a sticky state, it either remains in place or returns to the hub:
P(sgeospe) =1—47%  P(sp.,0) =47"

From the hub, put

1
P(0,01c) = 54—’“, P(0, spc) =327,
o0 [ee]

56
P0O,0)=1-—) 4792y 327F =, 4.15
(0,0) ; ; 93 (4.15)

All remaining transition probabilities are zero. Equations f define a Markov kernel.

A routine calculation using the detailed balance condition verifies that P is w-reversible. Every

state communicates with 0, and 0 reaches every state with positive probability; hence the chain

is irreducible. The self-loop in makes it aperiodic. Since the chain is irreducible with a

countable state space and an invariant probability distribution, it is positive recurrent as well.
Define h: X — R by

h(0)=0,  h(oke) =e2",  h(sp.) =2

The sign symmetry gives w(h) = 0. Moreover,
7(|h]) = Qﬁi(lfk +87F)2k = §/<; < 0.
3
k=1
On the other hand,
m(h?) =2k (47F+87F)db =2 (14+27%) = 0. (4.16)
k=1

k=1

Therefore h € Lj(w) \ L?(rr). The divergence in (4.16) comes entirely from the oscillating family,
each level of which contributes the same positive amount.

The holding probabilities satisfy 7(og c) = 0, and r(sy) = 1 —47F. The value of r(0) is irrelevant
because h(0) = 0. For n > 1,

o0 o0
Er [P(X0)’r(Xo)"] =26 87F4F(1—47F)" <26 27F = 2k < .
k=1 k=1

Let K, := [log,(2n)]. For k > K, one has n4~* < 1/2, and Bernoulli’s inequality gives

(1-4F)">1-na k>

N
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Consequently,

Er [h(XO)Qr(XO)n] >R Z 27k = 2l Kn > o~ loa(2n) >
h=Fon \ﬁ

It follows that
[ (X0)] 2 [ — o

which also implies A = co by Lemma [2.2]
Consider 1. The self-transitions at s . yield

E, [(h(Xo)h(X = QHZ 8R4 (1—47) = 2/-@50:2—’“(1 —47") < oo,

while transitions from oy . to oy _. yield

E[(h(Xo)h(X —%24 ’“4"1 = i
k=1

k=1

So 1 = —oo, while 79 = 7(h?) = +0c0. Consequently, B is not well-defined. O

5 HR Problem 1: Nonreversible Counterexamples to A = B

5.1 A Fourier-to-Markov Representation Theorem

Our solution to HR Problem 1 relies on a new representation theorem that connects the Fourier
transform of 2m-periodic functions to countable-space ergodic Markov chains. For an integrable
2m-periodic function v, write

1 [T ,
(k) = o / v(0)e ™0 dp,

and define its symmetric Fourier partial sums and Fejér means at the origin by
. LIRS
S0 = X 50, M0 = X (1- 55w (5.0
|k|l<N [k|<N

Theorem 5.1. Let f be a strictly positive, continuous, even, 2w-periodic function. There exist a
countable-state, irreducible, aperiodic, positive recurrent Markov chain with stationary distribution
7 and a centered h € L?(7) such that

= Balh(Xo)h(Xe)] = 3 F(k), k>0,

The proof separates into a probabilistic component and an analytic component. Proposition
provides the probabilistic one, where we construct an excursion-based Markov chain for realizing a
given mixture of finite autocorrelations. See Section [5.2] for the proof.

Proposition 5.2. For g > 1, let a9 = (ag,05---s0aq,,~1) be finite real vectors such that
0o lg—1
D)
g=1 j=0
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There exist a countable-state, irreducible, aperiodic, positive recurrent Markov chain P with station-
ary distribution ™ and a centered h € L?(7) whose autocovariances satisfy

0o Lg—1—k

1
=g Z Z Qg jGq itk k>0, (5.2)

g=1 j=0

where the inner sum is zero when k > {,. Moreover, the construction can be modified so that
P = P1 Py, where each P; is reversible with respect to .

Proposition reduces the probabilistic construction to finding finite vectors (a(‘J))qzl. To

connect this problem with Fourier analysis, let a = (ag,...,a-1) € R¢ and define
=1 ) 12
pal2) =Y a2, Ta(6) = |ale?)
j=0

A direct expansion gives
{—1—k

Tu(k)= Y ajajn, k>0, (5.3)
j=0

where the sum is zero when & > ¢. Thus, the autocorrelation sequence of a finite vector is the
Fourier coefficient sequence of the squared modulus of a polynomial. Since Proposition [5.2] involves
a sum of such autocorrelation blocks, we seek a corresponding decomposition into a sum of squared
polynomial moduli. Proposition [5.3] provides this analytic result. See Section [5.3] for the proof.

Proposition 5.3. Let f be a strictly positive, continuous, even, 2mw-periodic function. Then there
exist finite real vectors al? = (aq,0;- -+ aq,e,~1) for ¢ > 1 such that, uniformly in 0,

2

o |tg—1
FO) =1 age’) . (5.4)
qg=1]35=0

In particular, for every k > 0, f(k:) = 29 where i is given by (5.2). Moreover, f(O) < 00.

Proof of Theorem [5.1] First, apply Propositionto obtain the vectors (a(q))qzl. Since f(O) < 00,
the vectors (a(Q))qzl satisfy the assumption of Proposition which proves Theorem . O

Remark 5.1. Theorem [5.1] is similar in spirit to Herglotz’s theorem, which can be used to show
that the autocovariances of every stationary Gaussian process can be realized through the Fourier
transform of a finite symmetric positive measure [44]. At an analytical level, there exist results
similar to Proposition which also decompose positive continuous functions into sums of positive
trigonometric polynomials; see, for example, Rudin [51, Theorem 2.4.2 and Exercise 2.4.3] and the
explicit discussion in Chen and Yuan [7, Section 4.1].

5.2 Proof of Proposition [5.2

We first provide a basic construction of P with the given expressions for (y4)r>0 and then show
how to modify it so that P = P, P> with reversible Py, Ps.
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Proof of Proposition[5.4 (Basic Construction). Let the state space be
X ={0}U{(g.5,4) g >1, e€{-1,1}, 0<j <Ly},

We let 0 be the “regeneration state” of the chain. From 0, the chain stays at 0 with probability 1/2;
otherwise, it selects a block ¢ > 1 and an independent symmetric sign &, deterministically traverses
the states (q,¢,0),...,(q,&,¢; — 1) and then returns to 0. See Figure [1| for a graphical illustration.
Let pq denote the probability of selecting a block ¢ at 0, which is given by

274 o~ 274
=—, Cp=y —.
P coly g =1 tq

For later use, define
-~ o Z —1
:quéq, a:<1+2> .
q=1

Note that ¢ < co. The transition matrix can now be expressed by

P(0,0) =

P(O, q,E 0) 4 forg>1, =41,

P((q,2,5), (g, +1)) =1 forg>1, e=+1, 0<j<{—1
((,se 1),0) =1 for g >1, e==+1.

Every state communicates with 0, and the self-loop at 0 makes the chain aperiodic. The dynamics
of the chain is visualized in Figure [l The mean return time to 0 is

1 > Pq ?
Sy Y T+ 1) =1+ <co
g=1ec{-1,1}

Hence the chain is positive recurrent. A routine calculation using renewal theory yields the station-
ary distribution:

70)=a, w(qe )= % (5.5)
Define the function h by o
h(0) =0,  h(g,ej)= 6%;)(].
The symmetric sign € gives m(h) = 0, while
Lg—1 ap 0o Lg—1
&Pq q,J _ 2
;Ee{z;l};) 4 ap, ;JZOGQJ < 00.
Starting from 0, every future nonzero excursion carries a fresh symmetric sign, and therefore
Eolh(X:)] =0, t>0. (5.6)

If the chain starts at (g, ¢, j), its motion is deterministic until the current excursion ends; after the
return to 0, the conditional mean is zero by (5.6). Thus

. Qq,i+k
(th)(q,f‘:,]) = 1{j+k<€q}€\;%- (57)
q
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Using stationarity and ([5.5)) and (5.7)), we obtain

Ve = Ex[h(X0)(P"h)(Xo)]
lg—1—k

S ) ()

g=1lec{-1,1} ;=0 “Pq
1 o0 qulfk
=3 Z Z Qq,j0q,j+k>
qg=1 5=0
which completes the proof. O

Remark 5.2. The finite excursion architecture used in our proof is a classical regenerative construc-
tion [52]. It was shown in Glynn [24] that covariance functions and spectral quantities of stationary
regenerative processes can be represented in terms of quantities defined over individual excursions.
A closely related construction already appears in Haggstrom and Rosenthal [27, Example 11 and
Remark 13|, where each visit to 0 initiates a deterministic finite excursion. Our construction allows
an arbitrary finite sequence a(? on each excursion and introduces an independent symmetric sign
so that correlations across different excursions vanish.

h = Cqlq,t,—1

one paired branch for
each ¢ > 1

h = —CqQq,0,—1

-1/2.

Figure 1: Dynamics of the basic excursion chain. Here ¢, = ()

We now give a factorized construction where P = P; P>, and both Py, P» are reversible. The key
observation is that each deterministic forward step can be factorized into two reversible reflections:
express j — j+1asj — —j — 1 —(—j), with all operations performed modulo the cycle length L.

Proof of Proposition (Factorized Construction). Let pg, £, o be defined as in the basic construc-
tion, and set L, = £, + 1. The basic construction uses one common regeneration state 0 for all
excursions. Here we replace that common hub by a separate zero-valued anchor for each signed
block, and we define the new state space by

X°={U{(g,e,4):q>1, e {-1,1}, j € Zy,},
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where Z;, = {0,1,...,L — 1} with addition and subtraction performed modulo L. The additional
state * is regarded as a cycle of length one. For j € Zj,, introduce the two reflections

Ri(j)=—j (mod L), Kp(j)=1-j (modL),

They satisfy K(Rr(j)) =7+ 1 (mod L).
Let v be the probability measure on the anchors given by

1
v(x) == v(q,e,0) = %.

Define P; to resample from v at every anchor and to apply the first reflection elsewhere:

Piw,) = v = or (q.2,0),
1 m’ )= . .
O(ge,Re, (i) () T =(a:€,7), j#0.

Define P» by fixing x and applying the second reflection on each nontrivial cycle:

PQ(*? *) =1, PQ((Q757j)7 ((LgvKLq(j))) =L

Both Py, Py are reversible with respect to the distribution 7° defined by

o « ° . ap
™ (*)25’ ™ (CLEM?):Tqa

JEZ Lg-

Indeed, on the anchor set one has 7° = av, so the refreshment step of P; satisfies detailed balance.
At non-anchor states, both P; and P» are involutions within one cycle whose positions all have equal
m°-mass, and thus they are also reversible.

Let P = P, P, (we use the convention that P; P, first applies P; and then P»). At a non-anchor
state, P moves from (q,¢,j) to (¢,&,j + 1(mod L,)) deterministically, while at an anchor P selects
a new signed block according to v and moves to its first position. So P has the same excursion
dynamics as the basic construction, except that each signed block has its own anchor. We visualize
its dynamics in Figure [2l The state x supplies a self-loop, so the chain is aperiodic; irreducibility
and positive recurrence follow as before.

Finally, define the observable h° by letting it vanish at every anchor state:

B (%) = h°(g,2,0) = 0.
For non-anchor states, as in the basic construction, define

ho(g,e,j) =et=t 4> 1ee{-1,1},1<j <,
apg

Then the expression for 75 can be obtained by exactly the same calculations. In particular, sign
symmetry gives 7°(h°) = 0, and starting from any anchor, the next non-null cycle has a fresh
symmetric sign, so all covariance across different cycles vanishes. O
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non-anchor { (g,2,7) JE{ (¢,€,—7 mod Lq)%ﬂl\q,s,j + 1 mod Lg) }

P=PPFP:1

anchor

Pqu//4

repeated product steps on a selected nonnull cycle:
1—2— .- — ¢, — 0 (anchor), then refresh

Figure 2: Dynamics of the chain in the factorized construction.

5.3 Proof of Proposition
Proof of Proposition[5.3. We first show that f can be presented as

f=Y Tn, (5.8)

where the convergence holds uniformly and every 7, is a nonnegative even trigonometric polynomial.

For each m > 1, let
m
m=f— ZTk
k=1

denote the residual after the m-th approximation. Set ro = f.

We construct r,,, inductively. Suppose that r,,_1 is strictly positive, continuous, and even. By
Fejér’s theorem (see Lemma , IMprm—1 — Tm-1llcc = 0, My7p,—1 is nonnegative because the
Fejér kernel is nonnegative, and it remains even [32], Chapter I|. Choose sufficiently large n,, such
that

1.
Mo, "1 — Tm—1llco < 5 inf  r,_1(0).
oe[—m,x]

Instead of subtracting all of this approximation, we subtract only half; that is, we let

1
Tm = iMnmrm—la "m = Tm—1 — Tm
The approximation bound implies
3 1
irm—l <Tn,< Zrm—la Zrm—l <rm < Zrm—L

Hence both the removed piece and the residual stay nonnegative, the residual remains strictly
positive, and the residual decreases geometrically:

3 m
e < (3) " 11

This proves that (5.8) holds uniformly.
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By the Fejér—Riesz theorem [22] (see also Lemma [A.10)), for each m there is a polynomial

dm
(I)m(z) = Zcm,jzj such that Tm(e) == ‘(bm(eie)F‘
7=0

Write ¢, j = T, + 1Ym,j. For k >0,

dm—k
Tn(k) =) Cmjsk Cmj.
=0

Because T, is even, this Fourier coefficient is real, and taking the real part gives

dm—k dm—k
Ton(k) = Y TmjTmjrk+ Y YmYm.jtk- (5.9)
i=0 =0

Thus each T, contributes at most two finite real autocorrelation blocks, namely (xm,j)?;”o and

(ym,j);l':”o. Zero vectors may be discarded, and we index all remaining vectors by g. Recalling (/5.3)),
we see that the two terms on the right-hand side of ([5.9)) are also Fourier coefficients of trigonometric
polynomials, which gives the pointwise identity

2 2
dm dm
Ton(0) = > wm €| + > yme??| . (5.10)
j=0 j=0

Combining (5.8) and (5.10) proves the uniform decomposition (5.4)); taking Fourier coefficients gives
the expression for f(k). Finally, f(0) = (2m)~' [T f(0)df < co. O

5.4 Solution to HR Problem 1

Theorem 5.4 (Solution to HR Problem 1). There exist a countable-state, irreducible, aperiodic,
positive recurrent Markov transition kernel P with stationary distribution ™ and a function h € L?(r)
with w(h) = 0 such that

A= lim A, =1, liminf B, =1, lim sup B,, = o0.
n—00 n—o00 n—00

The construction can be modified so that P = Py Ps, where Py and Py are reversible Markov transition

kernels. Moreover, h satisfies a /n-CLT.

Proof of Theorem[5.) Let f be a strictly positive, continuous, even, 2w-periodic function. By
Theorem we can construct a countable-space and ergodic P and a function h such that ~; =
f(k) /2. In particular, by Proposition P can be expressed as P = P1 P, with Py, P, reversible
with respect to 7. Since f is even, f(k) = f(—k), and by ,

1

Ay = S(Maa f)0), By = %(snf)(()), (5.11)

where M,, and S, are defined by (j5.1)).
By Fejér’s theorem, (Myf)(0) — f(0). Meanwhile, ordinary Fourier partial sums need not
converge for continuous functions. Therefore, it only remains to find a function f such that

f(0) =2, 1}£i£f(8Nf)(0) =2, lim sup(Sy f)(0) = . (5.12)

N—oo
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Here we simply use a classical example due to Fejér:

OB %2 sin <2T 2* ! \9|> . f0)=2+449(0), Oc[-mm]
r=1

Note that f is strictly positive since

The well-known properties of the function g, which we review in Lemma imply that f satis-

fies (5.12). By (5.11)), B, does not converge, while A4,, — 1.
Finally, since h € L?(7) and A < oo, by part (iii) of Theorem h satisfies a y/n-CLT. O

Remark 5.3. For the factorized construction P = P; P, used in our proof, the transition kernels
Py, P> are reversible but are not conditional-expectation projections. Consequently, although The-
orem [5.4] resolves HR Problem 1, it does not imply the same conclusion for two-component Gibbs
samplers, which provided one of the motivations for this problem.
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A Appendix: Auxiliary results

Lemma A.1. Let P be a Markov kernel on an arbitrary measurable space (X, F) and let h : X — R
be measurable. There is a countably generated sigma-algebra G C F such that

1. h is G-measurable;
2. for every E € G, the function © — P"(x, E) is G-measurable for any integer n > 1.

In particular, the restricted Markov kernel Pg(x, FE) := P(x, E), for E € G, is a Markov kernel on
(X,G), and all finite-dimensional distributions of (h(Xy))n>0 for P coincide with using Pg.

Proof. Exercise 1.17 of Revuz [46] shows that for any countable collection of sets in F, there exists
a sub-sigma-algebra G such that G is countably generated, and for every E € G, the function
x — P(x, F) is G-measurable. Hence, we can apply this result with the countable set

C={{zr€X:h(zx) <q}:qeQ}

where Q denotes the rationals. For completeness, here we explicitly show how G is constructed.
First, let Ay be the algebra generated by C, which is still countable. Suppose A, is a countable
algebra contained in F. Since P is a Markov kernel, P(-, F) is F-measurable for every E € A,.
Hence for each E € A, and ¢ € Q, the set {x € X : P(z,E) > q} € F. Let A,;1 be the algebra
generated by A, and {{z € X : P(x,FE) > q} : ¢ € Q,E € A,}. The algebra added at step r is
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countable since both Q and A, are countable. By induction, each A, is a countable algebra, and
the sequence (A, ),>o is increasing. Define

Aoo = U Ara
r=0

and let G = 0(Ax). Then G is countably generated, and h is G-measurable since Ay C Ano.

Define D = {E € G : P(-,F) is G-measurable}. This is a A-system by the properties of P. If
E € A,, then every rational strict superlevel set {x : P(x,E) > ¢} is in A1 C G. Therefore,
P(-, E) is G-measurable since a real-valued function is measurable whenever its rational superlevel
sets are measurable. So A, C D. Since Ay is a w-system, the m — A theorem concludes G = D.
This proves the second required condition with n = 1. An induction argument using

Pz, E) = /X P2 (y, E)Ps(x, dy)

extends this to every n > 1.

We have shown that Pg(z, E) = P(z,E). Assuming Pj(x, E) = P"(x, E) and using the in-
duction again, we find that Pg“(x,E) = P""(z,E). So the process (h(X,))n>0 has the same
finite-dimensional distributions under Fg. O

Lemma A.2. Let (U,)n>1 be real-valued random variables. For 0 < p < 1, let N, ~ Geom(p) be
independent of (Up)n>1; in particular, E[N,] = p~L.

1) If (Up)n>1 s bounded in probability, then (\/pN, Un_ )o<p<1 1S also bounded in probability, and
= p P p
their characteristic functions are equicontinuous at zero.

(i3) If U, = N(0,02) for some 0 < 0% < oo, then
(pNp, Un,) = (T, 2), (A1)
where Z ~ N(0,02), T ~ Exp(1), and T and Z are independent. Consequently,
VPN, Uy, = VT Z,

and for everyt € R,

limE [eithNPUNP} = !

pl0 1+ o022)2°
Proof. We first prove part (i). For every €, R > 0, we have

B(1\/pN, Un, | > B) < B(IpNy| > 1) + P ([Ux,| > RVE)
<e+supP (\Un\ > R\@) ,
n>1

since E[pN,] = 1. Since U, is bounded in probability, for each fixed ¢ > 0, we can choose R
sufficiently large so that the supremum term is bounded by ¢, and thus P(|\/pN, Un,| > R) < 2e.
This proves that (/pN, Un,)o<p<1 is bounded in probability. The conclusion about characteristic
functions follows from Lemma

Consider part (ii). Let f and g be bounded continuous functions. Independence between NV,
and (Up)n>1 gives

E [f(Un,) 9(pNp)] = Y B(N, = n)g(pn)E[f (Un)]. (A.2)
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Replacing E[f(U,)] by E[f(Z)] in introduces an error that can be bounded by
> PN, = n)lg(pn)|[ELf (V)] ~ EIF(2)]] < gl [ELf(UN,) | Nl ~EBIF(2)]]|.  (A3)
n=1

Since N, — oo in probability as p | 0 and U, = Z, we have E[f(Un,) | Np] — E[f(Z)] in probability.
Further, |E[f(Un,) | Np)| < ||f]loo, and thus the dominated convergence theorem implies that the
right-hand side of ({A.3)) goes to zero as p | 0. Together with p/N, = T, this proves

liw E [£(U,) 9(p,)] = ELf (2)]lim Elg(pN,)] = B[ (Z)Elg(T)]. (A.4)
Taking f(u) = €™ and g(v) = €**¥ in (A.4) gives convergence of the joint characteristic functions to
that of (T, Z). Lévy’s continuity theorem proves (A.1)). The convergence of \/pN, Un, follows from

the continuous mapping theorem, which also implies the convergence of the characteristic function.
The characteristic function limit is obtained by iterated expectation:

E [eitw /PNp UNP:| Ny [E[eitﬁZ ’ T]:| _ / 67$t202/267xdw _ 1 ,
0 ]. + t20'2/2
which concludes the proof. O

Lemma A.3 (Billingsley, 1999, Theorem 18.3). Let (&,)n>0 be a stationary, ergodic martingale-
difference sequence with respect to its natural filtration. If s* == ]E[fg] < 00, then

1 n—1 )
\/ﬁkzofk — N(0, s?).

Lemma A.4 (Bednorz et al., 2008, Theorem 3.4). Let (Zy)r>1 be independent and identically
distributed real-valued random wvariables and R = Zle Zi, with Ry = 0. Let (J,) be positive
integer-valued random variables such that for some ¥ € (0, 00),

In — 19, in probability.
n

If (R, //N)n is bounded in probability, then E(Z1) = 0 and E(Z}) < .

Lemma A.5 (Kallenberg, 1997, Lemma 4.2). A family of random variables (Y;)iez is bounded in
probability if and only if their characteristic functions are equicontinuous at zero.

Lemma A.6 (Kac occupation formula). Let Q be an ergodic Markov kernel with invariant proba-
bility measure u, and let E be measurable with u(E) > 0. Write

T4 =inf{n >1:X, € E}.

Then, for every nonnegative measurable f,

Tgfl Tgfl
u(f) = / (dn) By | 3 50| = u(B) By | 3 £(X)
E k=0 k=0

The identity extends to signed f € L'(u) by applying it to f+ and f~.
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Proof. The assumptions on @ imply that P, (74 < co) = 1 for p-almost every z [17, Corollary

5.2.13]. The occupation identity is then exactly Douc et al. [I7, Theorem 3.6.5]. O]

Lemma A.7 (Douc et al., 2018, Lemma 22.5.4). Let Q) be reversible with invariant probability p.
If |Q™(z,-) — pllrv — O for u-almost every x, then, for every h € L*(u) with u(h) = 0,

(h,Q"h)r2() — 0 and En({-1,1}) =0,
where &, is the spectral measure of h.

Lemma A.8 (Glynn and Whitt, 2002, Theorem 2.1). Let (X,) be a positive-recurrent classically
regenerative process. Let Ty < Th < --- be regeneration epochs, suppose the noninitial cycles are
i.i.d., and put pp = E(Ty — T1) < 0o. For a reward f define

T—1
Zily) = > {F(Xk) =7}

k=T; 1

Then )
ZZ;O f(Xg) —ny
\/ﬁ

= N(0,0?)

if and only if
EZy(7) =0,  E[Z(y)’] = pro® < oc.

Lemma A.9 (Fejér’s theorem). Let v be an integrable 2m-periodic function, and define
(MM@—Z(MNHUWe.
[k|<N

If v is continuous at x, then (Mpyv)(x) — v(x). Ifv is continuous everywhere, then the convergence
is uniform. Moreover, if v > 0, then Myv > 0 for every N.

Lemma A.10 (Fejér-Riesz theorem). Let T': [—m, 7] — R be given by

such that T(0) = |¢(e'?)|? for 6 € [—m, 7).
Lemma A.11 (Fejér’s example). Let g: [—m, 7] — R be defined by

< 1 2% 41
g@:22m<5”®.
]:

J

Define g(k) = (2m)~' [T_g(0)e~*? df, and
S0 = X 3, txo0 = 3 (1= ) aw,

|k|<N |k|<N
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Then, g is continuous with g(0) =0, (Sng)(0) > 0 for every N >0, and

limsup(Syg)(0) = oo, liminf(Syg)(0) =0, (Mng)(0) = 0.

lim
N—o00 N—oo

Proof. This is Fejér’s classical example of a continuous function whose Fourier series diverges at
0 [20, Chapter 8.8]. The series defining g converges uniformly since

[e.e]

1 72
lg(0)] < ZP = e
j=1

It is shown in Duren [20, Chapter 8.8] that limsupy_,..(Sng)(0) = oo and
(Snvg)(0) >0, for every N > 1.

On the other hand, Fejér’s theorem and g(0) = 0 imply (Mpyg)(0) — 0. Together with the
nonnegativity of (Syg¢)(0), this forces liminfy_,o(Sng)(0) = 0. O

B Appendix: Proof of Theorem [3.10

B.1 Main Proof

The proof of Theorem [3.10] consists of three steps. The first step is to reduce the problem to
the analysis of ), g(Y%). In Proposition we show that tightness of (S,/v/n)n>1 transfers to
(T,./v/N)n>1, and in the converse direction, to prove o < oo, it suffices to control sup,, n~! Var(T},).
Note that Proposition [B:1] is independent of the minorization condition and holds for any integer
m > 1.

Proposition B.1. If (S,/v/n)n>1 is bounded in probability, then (T,/v/n)n>1 is also bounded in
probability. Moreover, if

1
limsup — Var (7,,) < M < oo,

n—oo N

then 02 =C < M < 0.
The second step is to show that E[Z?] < co. Our proof uses Bednorz et al. [2, Theorem 3.4].
Proposition B.2. If (T,,/\/n)n>1 is bounded in probability, then E(Z?) < oco.

To convert E[Z?] < oo into a linear variance bound for Tj,, we need to convert the cycle clock
to one-step clock and handle the last incomplete cycle at a deterministic time n. In particular,
the sum accumulated in the incomplete cycle is not necessarily square-integrable. The forward-
backward martingale decomposition developed by Wu [54] enables us to overcome this difficulty.
Let L be the residual kernel defined by 7 and let 7 = 71 denote the first regeneration time.
Define

00 T—1
u(w) =Y (g)(z) =B, | > g(¥5)
j=0 Jj=0

The standard theory of Nummelin [41] shows that wu is well-defined 7-almost everywhere and satisfies
the Poisson equations. For completeness, we give a proof of this fact in the following lemma. An
important point is that u is not necessarily in L?(7).
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Lemma B.3. The function u is well-defined and finite w-almost everywhere. Further,
g=u— Lu=u— P"u, m-almost everywhere,
and mp(u) = 0.
The forward and backward martingale differences are defined by
& = u(Y;) — Pmu(Yi_1), € = u(Yj_1) — P™u(Y;).

The final key result we need is the identity E[¢?] = S7(D)E[Z?], which says that the stationary
quadratic variation per step equals the cycle-sum variance times the regeneration rate S (D). This
identity is well known; see, for example, Meyn and Tweedie [40, Equations (17.13) and (17.44)].
However, usual formulations require u € L?(7) or E[7?] < oo, neither of which necessarily holds in
our setting. Hence, we formally establish it in Proposition which only requires E[Z?] < co.

Proposition B.4. If E[Z?] < oo, then
E[¢}] = Br(D)E[Z]].

Proof of Theorem [3.10, The sequence (&;);>1 is a martingale-difference sequence since (Y%)g>0 is
a stationary Markov chain with transition kernel P™ and 7(g) = 0. By reversibility and the
stationarity of (Y%), (5;) j>1 has the same properties with respect to the reverse filtration. The
Poisson equation given in Lemma [B.3] therefore gives, almost surely,

9(Yj-1) +9(Y;) = w(Yj1) = P"u(Yj1) + u(Yj) — P"u(Y;) = &5 + ;.

This yields the decomposition of the sum

Tnzg ;Zsﬁ@ + 5 100%) — o)), (B.)

Compared to an ordinary forward Poisson decomposition

Tn = ZSJ + u(}/()) - U(Yn)a (BQ)

J=1

the endpoint terms in (B.1)) only involve g instead of w.
Since @,{* are martingale-difference sequences, Wlthln each sequence the differences are L?(7)-
orthogonal to each other, and thus we obtain from ) that

2 Ve @ < || g #1900 — gl ey
j=1

2 =0 e

= Jr (€] + o [€)7] + 190) — o0l
< \/nE 2] + \/nE ()] +2v/x(?)

By reversibility and since the process is stationary,

E[2] =E[€)?] = / fu(y) — P™u(a)]2P™(x, dy)m (dz).

35



Propositions and yield E[¢2] = fn(D)E[Z?] < co. Hence, using g € L?(7), we get

n—oo N n—00 \/ﬁ

By Proposition this implies 02 = C < Bn(D)E[Z?] < oo. Theorem further yields that
02=A=B=C and S,/v/n = N(0,0?).

To conclude the proof, it remains to show that 03 = E[¢?]. Since E[¢?] < oo, we can apply
Lemma@ to obtain that n~1/2 > 71 & converges weakly to the Gaussian limit with variance E[¢2).
By Lemma u is finite 7-almost everywhere, and thus n~'/2[u(Yy) — u(Y,,)] — 0 in probability.
So the forward decomposition shows that T}, /v/n = N(0, 03) with 03 = E[£2]. O

2
lim sup lVaLr(Tn) < limsup (\/E[E%] + 7r(gQ)> < pr(D)E[Z}] < .

B.2 Proof of Proposition
Proof. Define a filtration of the stationary Markov process by Hy = 0{Xo, ..., Xgm}. Define

m—1
Wi, = h(Xkm+j)
§=0
so that
n—1 n—1m—1 nm—1
S W= MXimsj) = Y h(Xi) = Spm.
k=0 k=0 j=0 i=0

By assumption and since m is constant, n~1/2 Z;é Wi is bounded in probability. Define
n—1
Dy =Wy —g(Ys), M,=) Dy
k=0

Then Dy is Hyyi-measurable and E[Dy | Hg] = 0, so (My,)n>0 is a martingale with respect to
(Hn)n>0. This gives a decomposition

1 1 & 1 1

T = —— Yi) = —=Spm — —=M,.
Since (Sp/v/n)n>1 is bounded in probability, it remains to show that (M, /\/n)p>1 is bounded in
probability. Since h, g € L*(r), Dy, is also square-integrable with E[D; D] = 0 for j # k. Using the
stationarity, we get n !E(M2) = E(D3) < co. Chebyshev’s inequality then yields the tightness of
(Mn/\/’rl)n21 and thus (Tn/\/ﬁ)nzl

Now assume that lim sup,, ., n~! Var(T},) < M < co. Let &;" denote the spectral measure of g
with respect to P". By Rosenthal [50], Proposition 1],

14+ A

1
= Var(T, T 2em(an),
* Var H/[_l,l] e

with the convention 2/0 = oo. Hence, the limit on the right-hand side is bounded by M. Define

GA)=(14+X)/(1 =), and for N > 0, define Gy = G A N. Define ¢,,(\) = ZT:_ol M. Since Gy
is bounded, we have by Conway [9, Theorem 2.3] that

/g(m)(GN(Pm)g)(w)W(dm)Z/GN(Am)wm(A)zé’h(d/\)-
X
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Here we used that ¢,, is bounded on [—1,1]. Passing to the limit with monotone convergence gives

1+A,, 1+ Am
%mlul__Afg(dk)=‘4‘1”1__anmcv2&4dkl

Now we have the lower bound for —1 < A < 1 using ¢, (A) = Z;”;Ol N = (1-X™)/(1—\) with

14+ A7 o LA (1?2
o e _1Am<1A)

1AL
1A 1-)2
m—1
1+ A 9
| —— AZ
PP
1+ A
— 1=\

By Lemma En({1,—1}) = 0. Therefore, integration over the above lower bound with respect
to &, yields

1+ A / 1+ A
M > “TRemgn) > En(dN) = C,
[4ﬂ1—Ag( ) [4&1—Ah()

which completes the proof. O

B.3 Proof of Proposition

Proof. Let p = Br(D) > 0. Let w, denote the number of regenerations by time n and w, the
number of complete cycles by time n:

n—1
u)n:z:Lr€7 Wy = (wn — 1) 4.
k=0

Since E[Iy | Yi] = B1p(Yk), by the martingale strong law of large numbers and the ergodic theorem,

En pm(D) = p, almost surely.
n

It also follows that w, /n — p almost surely.
Decomposing the sum, for all sufficiently large n with w, > 1,

n—1 Wn,
Tn=) 9(Yi) =R +) Zi+Ry,
k=0 i=1
where
T1—1 n—1
R =) gW), Ri= > g
k:(] k:T@n‘Fl

Since wy,/n — p almost surely, P(1; < oo) = 1. This implies R~ /y/n — 0 almost surely.
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Define the most recent successful regeneration time not exceeding n by
7o =max({0}U{k+1<n:I=1}).

Define E,, = n — 7, so that F,, is the number of times after the most recent successful regeneration
and before time n. If there have been no regenerations by time n, then 7,, = 0 and E,, = n. On the
set {1 <n}, we have 75 1 =7, and

n—1 E,
Ri =" 9(Vi) =) 9(Yny).
—, o

Then for any € > 0, a union probability bound gives, for each fixed M < oo,

M
1 1
P|—|R} >e>§IP’r >n)+P(E,>M+P| — g(Yo_i)| > €
(Jalns (> n) 4B > M) +F | 223 o)

Taking the limit with respect to n — oo gives

n—00 \F n—00

Now for n > M, the stationarity of the split chain implies

lim sup P (|R+| > 6> <limsupP(E,, > M).

P(E, > M) <Py =In-y41=-=1Ip-1=0)
=P(lo=5L="-=1Iy1=0),

where the right-hand side goes to zero as M — oo since wy, /n — p almost surely. Hence, |R;7|/\/n —
0 in probability. Moreover,

ZZ = [T, — R~ —R}] on{m <n}.

Since P(13 > n) — 0, the left-hand side is bounded in probability.

To obtain a strictly positive clock, replace wy, by @,V 1; then (@, V1)/n — p almost surely. Since
wp,/n — p in probability, P(w, = 0) — 0. It follows that n_l/ 2 anw Z; is bounded in probability.
Applying Lemma [A.4] completes the proof. O

Remark B.1. A simpler proof of Proposition is to first use Chen [8, Theorem II.3.1] to show
that T, /v/n = N(0,0?) and then apply the result of Glynn and Whitt [25] (see Lemma [A.8)).

B.4 Proof of Lemma [B.3
Proof. Define

We first verify that w is well-defined m-almost everywhere. Define
=> (g (= Z\g\ ., N={zeX:H() =oo}
7=0
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When the split chain is initialized with Yy ~ mp, the path (Yj)o<j<r has the law of a complete
regeneration cycle. The stationary regeneration rate of the split chain is p := fx (D).
Hence, applying Kac’s occupation formula (see Lemma |A.6) to the split chain yields

T—1
m(lgl) = pEry | > _191(Y;)| = pEry[H(Y0)] = prp(H). (B.4)
§=0

Since g € L%(7), mp(H) = 7(|g])/p < oo and thus 7p(N) = 0. Since H = |g| + LH, we have
LH < H, and by induction, L/H < H for each j > 1. Therefore, np(L/H) < mp(H) < oo, and
thus (mpL?)(N) = 0. Combining these results and applying Kac’s occupation formula to 1 yields

7(N) =7(1n) = pErp i ()| = pZ(WDLj)(N) =0.
j=0 J=0

Therefore, the series defining u converges absolutely and u is well-defined and finite m-almost ev-
erywhere. Moreover, u(x) = E,[R;(g)] wherever the series converges absolutely. Since u = g + Lu,
this yields the first Poisson equation g = u — Lu.

Using 7(g) = mm(h) = 0 and replacing |g| with g in Kac’s occupation identity yields

0 =m(g) = pro(u).

Therefore, mp(u) = 0. Since
P™(x,-) = L(z,-) + f1p(x)mp ("),

we get P"™u = Lu, w-almost everywhere. This proves the second claimed Poisson equation. O

B.5 Proof of Proposition
Proof. Write p = m(D). Let R; be defined by (B.3)). By the definition of u and Jensen’s inequality,

o (u?) = / B, [R, (9)]2m0 (1) < B[R, (9)?] = E[Z2] < co.

Here we used that, under Yy ~ mp, R;(g) has the same distribution as Z;. Since P"u = u — g and
g € L*(mp), we also have P™u € L?(mp). We have the decomposition

B[] = /X [uly) = Pru(a) L. dy)(d) + p /X /X fu(y) — P™u() o (dy)mp (da).
By Lemma mp(u) = 0, and thus
[ [ 1) = Pt Prodnm ) = mo(u) + mo((Pmw?)
X JX

So we can express E[¢?] as
E[7] = 7(a) + prp(u?), (B.5)
where

a(x) :/X[U(y)—P"LU(l‘)]?L(fﬂ,dy)+ﬂlo(l‘)(PmU)(fﬂ)2- (B.6)
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To characterize E[ZZ], we use another martingale argument. For this martingale argument,
initialize the split chain with Yy ~ mp and define the filtration G, = o(Yp, o, Y1,...,In—1,Yy).
Define the martingale with respect to the filtration G,, and its difference by

n - EWD[ ( ) | gn] An—i—l = Mn+1 - Mn-

By Jensen’s inequality,
Ero [Mp] < Enp[R-(9)%] = E[Z}] < o0.

Therefore, M, is an L? martingale, and by Lévy’s upward convergence theorem,
My 25 Erg [Re(g) | Goc) = Rr(9),

where the equality holds since 7 < co almost surely. The convergence happens in L? so that

lim Ero[M2] = Eny[R:(9)?] = E[23].

n—roo
It remains to find an expression for lim, oo Exy[M2]. By construction, we can express M,, as

(nAT)—1

9(Ye) +u(Yn)linerys
k=0

and in particular My = u(Yp). It is also clear that A, y; = 0 if n > 7. Hence, writing M,, =
My + Z?;ol A1 and using the orthogonality of L?-martingale differences, we get

(nAT)—1

E?TD [MEL] = IE7FD MO 7TD ZAJ+1 - 7"-D 2) + IE7TD Z AjJrl : (B°7)

Since Yy ~ mp, we can use the Poisson equation g = u — P™u. If j < 7 and I; = 0, then
Ajer = g(¥) +u(Vi1) — u(Y)) = (Y1) — P u(Y)).
If j <7and [; =1, then Aj 1 = g(Y;) —u(Y;) = —P"u(Y;). So
Ery (85111 G5) = 1jena(Y)),

where a is defined in . Since a is nonnegative, by Lemma ,

T—1
m(a) = pEnrp Za( i)| = pExr ZEWD A]—&-l | gj = pEr, ZA]—H
=0

Then, by monotone convergence and (B.7)),

7—1
p7m(@) = En |3 A2, | = lim Evo [M2) - mp(u?) = E[Z2] — mo(u?),
§=0
Comparing with (B.5)) completes the proof. O]
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