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Abstract

This paper gathers together different conditions which are all equivalent to geometric
ergodicity of time-homogeneous Markov chains on general state spaces. A total of 34
different conditions are presented (27 for general chains plus 7 for reversible chains),
some old and some new, in terms of such notions as convergence bounds, drift con-
ditions, spectral properties, etc., with various assumptions about the distance metric
used, finiteness of function moments, initial distribution, uniformity of bounds, and
more. Proofs of connections among the various conditions are provided, somewhat
self-contained but using some results from the literature where appropriate.

Keywords Markov chain - Geometric ergodicity - Convergence rate - Drift
condition - Spectral gap

Mathematics Subject Classification 60J05 - 60J22

1 Introduction

The increasing importance of Markov chain Monte Carlo (MCMC) algorithms (see e.g.
[2] and the many references therein) has focused attention on the rate of convergence
of (time-homogeneous) Markov chains to their stationary distribution. While it is
most useful to have explicit quantitative bounds on the distance to stationarity (see
e.g. [13, 27] and the references therein), qualitative convergence bounds are often
more feasible to obtain. The most commonly used qualitative convergence property
is geometric ergodicity, i.e. exponentially fast convergence to stationarity, which has
been widely studied (e.g. [18, 23, 29]), and indeed has become a de facto method of
assessing the value of MCMC algorithms.

In addition to fast convergence, geometric ergodicity also guarantees a Markov
chain Central Limit Theorem (CLT), i.e. the convergence of scaled sums of functional
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values to a fixed normal distribution, for all functionals with finite 2 + § moments [9,
Theorem 18.5.3] (see also [8]), or even just 2nd moments assuming reversibility [22].
Such CLTs are helpful for understanding the errors which arise from Monte Carlo
estimation (see e.g. [12, 25, 29]). However, geometric ergodicity and CLTs do not
hold for all Markov chains nor all MCMC algorithms (see e.g. [21] and [23, Theorem
22]).

For certain types of MCMC algorithms, geometric ergodicity is fairly well under-
stood. For example, it is known that an Independence Sampler is geometrically ergodic
if and only if its proposal density is bounded below by a constant multiple of the target
density [16], and that the popular Random Walk Metropolis algorithm is geometrically
ergodic essentially if and only if its target distribution has exponentially light tails [17,
25]. However, for many other complicated Markov chains and MCMC algorithms,
geometric ergodicity is not clear.

One promising way of establishing geometric ergodicity is to show that some other
properties of Markov chains imply it, or are even equivalent to it. This has been shown,
by [18, 22, 26, 29] and others, for properties such as drift conditions, spectral bounds,
and more. However, such relationships are scattered throughout the literature, are not
always stated in full generality, and are often presented as just one-way implications.
In the current work, we present a total of 34 different conditions which are equivalent
to geometric ergodicity for Markov chains on general state spaces (27 for general
chains plus 7 just for reversible chains; some previously known and some new). We
then provide proofs of all of the equivalences (somewhat self-contained, though using
known results where needed); see Fig. 1.

To illustrate the flavour of the various equivalences, consider the following:

e The usual definitions of geometric ergodicity state that the Markov chain’s distance
to stationarity after n iterations is bounded by a constant times p" for some p < 1.
But what “distance” should be used: total variation, or V-norm, or LZ(r)? And,
how does the “constant” depend on the starting state Xo = x? Must those constants
have finite expected value with respect to 7 ? What about finite jth moments?

e If the initial state X is itself chosen from a non-degenerate initial distribution
probability measure w, then will the convergence to stationarity still be geometric,
at least if u is, say, in LP(r)?

e Geometric ergodicity is well known to be implied by drift conditions of the form
PV(x) < AV(x) + blg(x) for some function V : X — [l,00] and A < 1
and b < oo and small set S. But are such drift conditions actually equivalent
to geometric ergodicity? And, can the drift function V be taken to have finite
stationary mean? finite jth moment?

e Geometric ergodicity is also related to the Markov operator P having a spectral
gap. But as an operator on what space: L{’? for what function V'? having which
finite moments? And should the “gap” be identified by removing the eigenvalue 1
directly, or by subtracting off IT, or by restricting to the zero-mean space L, ,?

e Geometric ergodicity is implied by the Markov operator norm being less than 1.
But for which operator: P, or P™ for some m € N? Regarded as an operator on
L$ or Li’,‘fo? For what choice of V? Having which finite moments?
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e If the Markov chain is assumed to be reversible, so that the operator P is self-
adjoint on L2(7), then in which of the above conditions can the operator norm be
taken to be L2()?

We shall see that the answer to these questions is, essentially, “all of the above”. That
is, we shall state many different conditions, which cover essentially all of the above
possibilities, and shall prove that they are all equivalent. In our desire to be thorough,
we might have gone a bit overboard listing so many different conditions, including
some which are just minor variations of each other. However, we believe that additional
equivalent conditions can only help: the equivalences with weaker assumptions are
easier to establish, while the equivalences with stronger assumptions are most useful
for drawing conclusions or analysing further. We know from bitter experience that
it can be very frustrating to discover a statement about geometric ergodicity which
is almost, but not quite, exactly what we can verify, or exactly what is needed to
finish a particular proof. This has led us to adopt a “the more the merrier” attitude
regarding different but similar conditions. The reader can, of course, choose to ignore
all conditions which are not germaine to their work.

As mentioned, many of the equivalences presented herein were already known;
see the Remark after Theorem 1 below. Thus, this paper falls somewhere in between
an expository/review paper and a original research paper, but we hope it is helpful
nonetheless.

Basic definitions necessary to understand the conditions, such as total variance
distance, L“’," norms, L? (1) spaces, reversibility, etc., are presented in Sect.2. Then,
in Sect. 3, all of the equivalent conditions are introduced (Theorem 1). Sections4, 5,
6, 7 and 8 are then devoted to proving all of the equivalences; see Fig. 1 for a visual
guide showing which implications are proved by which of our results. Our proofs are
somewhat self-contained, but we do use known results in the literature (especially
[18]) where needed. Finally, we close in Sect. 9 with some future directions and open
problems (Q9.1 through Q9.7).

2 Definitions and Background

Throughout this paper, ® = {X,}7°, is a discrete-time, time-homogeneous Markov
chain on a general state space X’ equipped with a o-algebra F. And, P is the corre-
sponding Markov kernel, so that P(x, A) = P[X,, € A| X,—1 = x]forall x € X and
A € F andn € N. The kernel P acts to the left on (possibly signed) measures, and to
the right on functions, by:

(uP)(A) = / P(x, A) p(dx), (PfHx) = / f(y) P(x,dy).
The higher-order transitions are then defined inductively by:

P'(x,A) = / P(x,dy) P"'(y,A), xeX,AeF, neN.
X
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We shall assume throughout P has a stationary distribution, i.e. a probability dis-
tribution 7w on (X, F) which is preserved by P in the sense that 7 P = . We define
IM:=1x ® 7 by

Mx,A) = Iy @m)(x,A) = w(A), xeX, AeF,
so that
(LID(A) = (u(Mx @m))(A) = w(X)T(A).

If 1 is a probability measure, then (u IT)(A) = 7 (A), and u(P" — 1) = uP" —
Also, by stationarity of 7z, we have (P — I1)" = P" — Il for each n € N.

We shall assume that our Markov chain is ¢-irreducible, i.e. there exists a nonzero
o -finite measure ¢ on (X, F) such that for all x € X and A C X with ¢ (A) > 0,
there is n € N with P"(x, A) > 0. We shall also assume that it is aperiodic, i.e. there
do not exist d > 2 and disjoint Xj, ..., Ay € X of positive w measure, such that
P(x,Xjy1)=1forallx e X; (i =1,...,d—1)and P(x, X;) = 1 forall x € Xy. It
is well known (e.g. [18, 23]) that these conditions guarantee that P (x, A) — m(A)
asn — oo (see also Q9.1 and Q9.3 below). Geometric ergodicity then corresponds to
the property, which may or may not hold, that this convergence occurs exponentially
quickly.

We shall also assume that the state space (X, F) is countably generated, i.e. that
there exists Ay, Ap,... € F such that 7 = o(Aq, Ay, ...), i.e. F is the smallest
o-algebra containing all of the A;. This technical property ensures the existence of
small sets [4, 10, 20] and the measurability of certain functions [22, Appendix] (see
also Q9.2 below).

A subset S € F is called small if 7(S) > 0 and there is m > 0 and a nonzero
measure v on (X, F) such that P"(x, A) > v(A) forallx € Sand A € F,ie.if
all of the m-step transition probabilities from within S all have some “overlap”. This
property is very useful for coupling constructions and for ensuring convergence to
stationarity (see e.g. [18, 23]).

The total variation distance between two probability measures 1¢1 and 7 is defined
by:

ler — pallyy = sup |1 (A) — u2(A)| = < sup ‘/fdm /fduz
AeF \f|<1

(see e.g. [23, Proposition 3(b)]). Given a positive function V : X — R, we define [18,
p- 390] the V-norm | f|y = sup I‘J;Ex))l We let L7 be the vector space of all functions

f:X - Rsuchthat|f|v < oo andletLvO ={f €Ly : n(f) = 0}. Then, we
define the V-norm of a Markov kernel P as

1Pl = sup IPfly; [P, = sup [Pfly.
feLy ’ feLy
[flv=1 [ flv=1
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For a (possibly signed) measure ., we define || il 1p ) for I < p < 0o by

pt (X)) +u(X), if p=1
p du .
”M”Lp(ﬂ) = ‘d ) dr, ifpgmrw

otherwise.

(If p = 1 and u <K 7, then the two definitions coincide.) We let L?(;r) be the
collection of all signed measures w on (X, F) with ||l < 00, and define the
L? (;r)-norm of a transition kernel P acting on the set L” (;r) by:

”P”Ll’(n) = sup ||,U«P(')||Lp(71)-
Hl/«”LP(n):l

(Note in particular that the L? (;r) are collections of signed measures, while LC",O and
LC",O’O are collections of functions.)

The transition kernel P is reversible with respect to 7 if w(dx) P(x,dy) =
w(dy) P(y,dx) forall x, y € X. This is equivalent to P being a self-adjoint operator
on the Hilbert space L?(7), with inner product given by

du d
v):/—“—vdn
dr dm

In particular, ( = [vi& 1 dr = wu(X). We also let 7t := {u e L%(n) :
w(X) = 0} be the set of 51gned measures in Lz(n) which are “perpendicular” to m,
i.e. for which (u, ) = u(X) = 0. Our conditions (xxviii) through (xxxiv) are only
proven to be equivalent for reversible chains (though see Q9.4 below).

Finally, given an operator P on a Banach space (i.e. a complete normed vector
space) V, e.g. V = LYY or L?(1), the spectrum of P, denoted by S(P) or Sy(P),
is the set of all complex numbers A such that A/ — P is not invertible (see e.g. [28,
p- 2531]). And, the spectral radius of P is the numberr(P) = ry(P) = SUpPyes,,(p) 1Al

3 Main Result: Statement of Equivalences

We now provide a list of 27 conditions which are always equivalent to geometric
ergodicity of Markov chains, and an additional 7 (for 34 total) which are also equiva-
lent for reversible chains. Some of the conditions are very similar to each other, but are
included to allow for maximum flexibility when establishing or using geometric ergod-
icity in both theoretical investigations and applications. For ease of comprehension,
similar conditions are grouped together under common subheadings.

Theorem 1 Let P be the transition kernel of a ¢-irreducible, aperiodic Markov chain
® = {X,,} with stationary probability distribution & on a countably generated mea-
surable state space (X, F). Then, the following are equivalent (and all correspond to
being “geometrically ergodic”):
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Geometric Convergence in TV:

i)

ii)

iii)

Vi)

@ is geometrically ergodic starting from w-a.e. x € X with constant geometric
rate. This means there is fixed p < 1 such that for w-a.e. x € X there is
C, < oo with

[P () = ()| py < Cxp"  foralin eN.

There exists A € F with m(A) > 0 such that ® is geometrically ergodic
starting from each x € A. This means for each x € A, there are p, < 1 and
C, < oo with

|P"(x.) =7 ()| py < Cxp} foralln €N.

There exists p € (1, 00) such that ® is geometrically ergodic starting from
all probability measures in L (1v). This means there is some p € (1, 00) such
that for each probability measure |1 € LP (1) there are constants p,, < 1 and
C, < oo with

|wP"()=7()|py < Cupli  forallneN.
For all p € (1, 00), ® is geometrically ergodic starting from all probability
measures in LP (7v) with geometric rate depending only on p. This means for

each p € (1,00), there is p, < 1 such that for each probability measure
w € LP(m) thereis Cp ;, < 00 with

|uP" () =7()|py < Cpuply foralln €N,
There exists a small set S € F such that ® is geometrically ergodic uniformly

over starting states within S. This means there are constants ps < 1 and
Cs < oo with

sup | P"(x,) =w()||y < Csp§ foralln €N.
xes§

There exists a small set S € F such that ® is geometrically ergodic starting
[from the stationary distribution restricted to S. This means there are constants
ps < land Cg < oo with

|zsP"() =7 ()| py < Csp§ foralln €N,

where mg is the probability measure defined by mg(A) = (SN A) / 7 (S)
for A e F.

Geometric Return Time

(vii) There exists a small set S € F and constant k > 1 such that

sup E,[k5] < o0
xes

@ Springer



Journal of Theoretical Probability

where tTg is the first return time to S, and E,. is expected value conditional on
Xo = x.

V-Function Drift Condition

(viii) There exists a w-a.e.-finite measurable function V : X — [1, o0], a small
set S € F, and constants .. < 1 and b < oo with

PV(x) < AVx)+bls(x) forallx € X.
(ix) For all j € N, there exists a mw-a.e.-finite measurable function V. : X —

[1, 00], asmallset S € F, and constants ). < 1 andb < oo withw(VI) < oo
and

PV(x) < AV(x)+bls(x) forallx e X.

V-Uniform Convergence

x) There exists a m-a.e.-finite measurable function V : X — [1, oo] such that
D is V-uniformly ergodic. This means there is p < 1 and C < oo such that

sup |[P"f(x)—nm(f)| < CV(x)p" forallx € X andn € N.
|fl<v

xi) For all j € N, there exists a w-a.e.-finite measurable function V. : X —
[1, oo] with w(V/) < oo, such that ® is V-uniformly ergodic. This means
there is p < 1 and C < 00 such that

sup |P"f(x)—m(f)] < CV(x)p" forallx € Xandn € N.
[flsV

xii) There exists a m-a.e.-finite measurable function V : X — [1, oo], and con-
stants p < 1 and C < 00, such that for each probability measure u on X
with u(V) < oo,

sup |uP"(f) —m(f)| < Cu(V)p" forallneN.
|fl<v

xiii) For all j € N, there exists a m-a.e.-finite measurable function V. : X —
[1, o] with m(V/) < oo, and constants p < 1 and C < 0o, such that for
each probability measure  on X with u(V) < oo,

sup |uP"(f) —n(f)| < Cu(V)p" foralln € N.
flsV

Spectral Gap

xiv) There exists j € N and a 7-a.e.-finite measurable function V: X — [1, o0]
with w(V/) < o0, such that P has a spectral gap as an operator on
LS?, meaning 1 is an eigenvalue of P (which must have multiplicity 1 by
Lemma 4.7), and there is p < 1 such that

Spe(P) \ {1} € {zeC:lz] =p}.
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xv) For all j € N, there exists a m-a.e.-finite measurable function V: X —
[1, o0] with w(V/) < oo, such that P has a spectral gap as an operator
on L7, meaning 1 is an eigenvalue of P (which must have multiplicity 1 by
Lemma 4.7), and there is p < 1 such that

Spe(P) \ {1} € {zeC:lz] = p}.

Spectral Radius

xvi) There exists j € N and a 7w-a.e.-finite measurable function V : X — [1, 00]
with m(V/) < oo, such that P — T1 has spectral radius less than one as an
operator on L7, i.e.

rLoVo(P —1II) < 1.

xvii) For all j € N, there exists a w-a.e.-finite measurable function V. : X —
[1, co] with w (V') < oo, such that P — T1 has spectral radius less than one
as an operator on LSP, i.e.

rL?/o(P —1II) < 1.

xviii) There exists j € N and a mw-a.e.-finite measurable function V : X — [1, 00]
withw (V7)) < 00, such that P has spectral radius less than one as an operator
on Ly, ie.

FL%(P) < 1.

xix) For all j € N, there exists a mw-a.e.-finite measurable function V : X —
[1, co] with m(V/) < o0, such that P has spectral radius less than one as
an operator on L‘f,oo, ie.

VL?,?O(P) < 1.
LS Operator Norm

xx) There exists j,m € N and a mw-a.e.-finite measurable function V : X —
[1, oo] with m (V') < oo, such that

HP'"—H”L%o <1

xxi) For all j € N, there exists m € N and a w-a.e.-finite measurable function
V: X — [1, o0] such that m1 (V') < oo and

”Pm - n”L;O <L
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xxii) There exists j,m € N and a mw-a.e.-finite measurable function V. : X —
[1, co] with m(V/) < oo, such that

[P <1

xxiii) For all j € N, there exists m € N and a -a.e.-finite measurable function
V:X — [1,c0]withm(V/) < 0o, such that

[P, <1

xxiv) There exists j € N and a ww-a.e.-finite measurable function V : X — [1, 00]
with T (V/) < o0, and constants p < 1 and C < oo, such that

||P"—l'[||Lc‘,/O < Cp" foralln eN.

xxv) For all j € N, there exists a w-a.e.-finite measurable function V : X —
[1, o] with m (V') < oo, and constants p < 1 and C < oo, such that

||P"—l'[||Lc‘,/O < Cp" foralln eN.

xxvi) There exists j € N and a mw-a.e.-finite measurable function V : X — [1, 00]
with t(V/) < o0, and constants p < 1 and C < oo, such that

|| P" ”L?/O,o < Cp" foralln e N.

xxvii) For all j € N, there exists a w-a.e.-finite measurable function V : X —
[1, co] with & (V/) < 00, and constants p < 1 and C < 00, such that

|| P" < Cp" foralln e N.

I
Ly

Conditions Assuming Reversibility

Furthermore, if ® is reversible, then the following are also equivalent to the above:

xxviii) © is L?()-geometrically ergodic starting from any probability measure
in L*(r) with uniform convergence rate. This means there is p < 1 such
that for each probability measure . € L? (1), there is a constant C w < 00
such that
[P () — n(.)||L2(n) < Cu,p" foralln eN.

xxix) There exists p < 1 such that for each probability measure u € L* (1),

[P () =7 2y < It =Tlp2y 0" foralln €N.
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xxx) P has a spectral gap as an operator on L* (1), meaning that 1 is an eigen-
value of P (which must have multiplicity 1 by Lemma 4.7), and there is
p < 1 with

Sp2y(PI\{1} € {z € C:z] < p}.
xxxi) P — I1 has spectral radius less than one as an operator on L*(), i.e.
rppgn (P —1I) < 1.
xxxii) P — I1 has operator norm less than one as an operator on Lz(n), ie.
1P —Tll2qy < 1.
xxxiii) P has operator norm less than one as an operator on w=, i.e.
1Pl < L.
xxxiv) Pl 1 has spectral radius less than one as an operator on 't e
rp (P) < 1.

Remark A number of the above equivalences are already known, as follows. The
fact that (vi) implies (/) was shown in [30] on countable state spaces and then in
[19, Theorem 1] on general state spaces. The equivalence of (vi), (vii), and (viii),
together with the fact that they imply (i), was presented in [18, Theorem 15.0.1].
The equivalence of (viii), (x), (xx), and (xxvi) was presented in [18, Theorem 16.0.1].
The equivalence of the group (i), (vi), (x), (xi), (xxi), and (xxiii) was presented in
[22, Proposition 1], and the equivalence (assuming reversibility) of the group (xxviii),
(xxix), and (xxxiii) was presented in [22, Theorem 2], together with the fact that the first
group implies the second. The reverse implication, that the second group implies the
first, was then shown in [26]. Discussions related to the spectral gap conditions (xiv)
and (xv) and (xxx) appear in [14]. The equivalence of (xiv) and (viii) is shown in [15,
Proposition 1.1], and the equivalence of (xxxi) and (i) for reversible chains is shown in
[15, Proposition 1.2]. Our Theorem 1 is an attempt to combine and bring together all
of these various results, and add others too. (Since initiating this work, we also learned
of the recent review [1], which presents certain equivalences for reversible chains in
terms of mixing conditions and maximal correlations, which complement some of our
conditions (xxviii) through (xxxiv). In addition, the recent volume [5] expands upon
much of the material in [18].)

Most of the remainder of this paper is devoted to proving Theorem 1. The proof
is divided up into different sections below, in terms of which types of conditions
are considered: Sect.4 provides some preliminary lemmas, Sect.5 relates to various
“Geometric” conditions, Sect.6 relates to various conditions involving V functions
and LC",O bounds, Sect.7 relates to various spectral conditions, and Sect. 8 relates to
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Fig.1 Diagram illustrating which of this paper’s results (yellow edge labels) provide proofs of implications
between which of the different equivalent conditions (nodes). (All arrows touching a green rectangle assume
that the chain is reversible.)

various conditions for reversible chains. To help the reader (and ourselves) keep track,
Fig. 1 provides a diagram showing which of our results prove implications between
which of the equivalent conditions. Our proofs are somewhat self-contained, but we
use known results from the literature (especially [18]) where appropriate. Section9
then presents some future directions and open problems.

4 Preliminary Lemmas

We begin with some preliminary lemmas, which are used freely in the sequel, and can
be referred to as needed.
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Lemma 4.1 Let P be the transition kernel of a ¢-irreducible, aperiodic Markov chain
with stationary distribution 7w on a countably generated state space X. Then for any
measurable subset A C X such that w(A) > 0, there exists a small set S, such that
S C A

Proof This result goes back to [4, 10, 20], and uses that F is countably generated; see
e.g. Theorems 5.2.1 and 5.2.2 in [18]. O

Lemma 4.2 Let P be the transition kernel of a ¢-irreducible, aperiodic Markov chain
with stationary distribution w on a countably generated state space X. Then, the
function D), : X — [0, 00) defined by D, (x) = ||P"(x, ) — 7w (:)|lpv is measurable.

Proof This follows from [22, Appendix], which proves that for any bounded signed
measure v(-, A) on a countably generated space such that the function x +— v(x, A)
is measurable for each fixed A € F, the function x > sup,crv(x, A) is also
measurable. O

Lemma 4.3 Forprobability measures (11 and 12, |11 — p2llty = % leer — w2l -

Proof Recall that ||i1 — pallty = supyer [n1(A) — p2(A)]. Let v = pi + po so

that u; < v, and let f; = %. Then w1 (A) — uz(A) = fA[fl (x) — fo(x)]v(dx).
This is maximized when A = A4 = {x : f1(x) > f2(x)}, and its negative takes the
same maximum when A = Af_. Hence,

It — pally = wi(As) — pa(Ay) = /A LAG) — 0] v(dx).

But then

I = m2llpiey = (11— )™ (X) + (1 — p2) ™ (X)
= / [fl(X)—fz(X)]v(dX)+/ [f2(x) — f1(x)]v(dx)
Ay AS

=2 : [f1(x) = f2(x)]v(dx)

2 |y — p2llpy -
o

Lemma 4.4 For any signed measure p K 1, we have |1l L1y < |l p2(r) (though
one or both of those quantities might be infinite).

dp d
x d:l: d; dm. Hence, if |u| is the measure with

= [y ] (D dr =+ (X) + w7 (X) = |1l 11 ¢y Also

du 2 du 2
= R = _— d = s
I el 2 /X dr /X (dn) 7 = 2o
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and

dr \?
I7ll2y = /;((E) dr = /X(l)zdn = 1

So, by the Cauchy—Schwarz inequality,

||/L||Ll(n) = (lul,m) < [ul ||L2(7r) ||7T||L2(n) = ||M||L2(n) (H = ||M||L2(n)-

O
Lemma4.5 Foralll < p <s < 0o, we have L* () C L? (7).
Proof Letl < p <s < oo, and let u € L*(r) so |||l ps () < 0o. Then,
du|? du |®
P — hutind hatind _ s
”M”Lp(n) = ‘/X dr dr < A (1 + dr dr = 1+ ”M”Ls(n) < 00,
sou € LP(x). O

We next present some lemmas which mention spectra of operators.

Lemma 4.6 Suppose an operator P on a Banach space V can be decomposed as
a direct sum P = Py @& P, where ¥V = V| x V, and each P; is an operator on
V;, meaning that P(hy, hy) = (Pihy, Pyhy) for all hy € Vy and hy € V,. Then
Sy(P) = Sy, (P1) U Sy, (P), i.e. the spectrum of P is the union of the spectra of the
sub-operators P and P;.

Proof Since P = P; @ P, therefore P has the block decomposition

P 0
P = (O P2>
with respect to V = Vi x V. If A ¢ Sy, (P1) U Sy, (P), then there are inverse
operators A; on V; such that (Al; — P;)A; = A;(A; — P;) = I; fori = 1, 2, whence

(M — P)(A1, Ap) = (A1, A))L — P) =11 & I, = 1,50 A ¢ Sy(P). Conversely,
if . ¢ Sy(P), then A1 — P has some inverse operator, so in block form we have

My — Py 0 A B\ (A B M — Py 0
0 Ay — Py Cc D) \C D 0 Ay — P>
. (L O
=1 = <0 12>'

Itfollowsthat (A1 —P1))A = A(AM1—P)) = lI1and AL—P>,)D = DAL, —P>) = Iy,
so that A ¢ Sy, (P1) U Sy, (P2). O

@ Springer



Journal of Theoretical Probability

Lemma4.7 Let P be the transition kernel of a ¢-irreducible Markov chain with sta-
tionary distribution 7w (-), and let V : X — [1, 00] be a m-a.e.-finite measurable
function. Then, the following hold:

1) |flv < lifandonlyif|f(x)| < V(x) forall x € X.

2) Ifthereis j € Nwithw(V7/) < oo, then 1 (V) < 0.

3) If P is a bounded operator on LS, then SLoo(P) \ {1} € SLoo (P).

4) The number 1 is an eigenvalue of P with multlpltcny 1, regardmg P as an operator
on LP () forany 1 < p < oo. Furthermore, if 1(V/) < oo for some j € N, then
this also holds regarding P as an operator on LS or L°°0

5) If there are & < 1 and b < 0o and a small set S € F with PV(x) < AV (x) +
bls(x) forallx € X, then 7 (V) < oo.

Proof 1) If | f|y <1, then foreach x € X,

Lf ol
Vix) —

=Iflv

from which we conclude that | f| < V. Conversely, if | f| < V, then for each
X X
X, |‘{Ex;| < 1,and thus | f|y = sup,cy |\j;§x;| <1

2) This follows since we always have V (x) < V/(x) + 1. [In fact, since V > 1, the
“+1” is not actually necessary.]

3) Any f € LY can be written as f = fo + ¢ where fo € Ly and ¢ = (f).
Then Pf = Pfy + c. It follows that P has the direct sum representation P =
Py & Ir, where I is the identity operator on R. Hence, by Lemma 4.6, S L (P) =
SLoo (PYUSR(IR) = SLoc (P)U{1}. So, SLoo(P)\{l} - SLoo (P), as clalmed

4) S1nce P is ¢-irreducible W1th stationary probablhty measure 7, it follows that
P is “positive” as defined on [18, p. 235]. Hence, P is recurrent by [18, Propo-
sition 10.1.1]. Then, [18, Theorem 10.0.1] shows that 7 is unique, i.e. P has
a unique invariant probability measure. This implies by [5, Proposition 22.1.2]
that 1 is an eigenvalue of P with multiplicity 1 on any L” () space. Furthermore,
if 7(V/) < oo, then | f| < CV implies that 7(| f|/) < C/n(V/) < oo, so in that
case L{’ and LC{/O,() are subspaces of L/ (i), and hence the result holds on LS and
L"o0 too.

5) The implication “(iii) = (i)” of [18, Theorem 14.0.1] with the choice f(x) =
(1 —A) V(x) shows that 7 (f) < oo, 1i.e. (1 —X) 7 (V) < o0, hence 7 (V) < oo.
[In fact, once we know that 7 (V) < oo, then since PV < AV + b, it follows that
n(PV)<a(V +b),ie.n(V)<An(V)+b,and hence 7 (V) < b /(1 —M).]

O

Lemma 4.8 Let P be the transition kernel of a reversible Markov chain with stationary
distribution 7, such that P is a bounded operator on L*(1). Then, the following holds:

1) The operator P — Il is self-adjoint.

2) Foreach u € Lz(n) the signed measure |1 — ,l,L(X)T[ is orthogonal to 1.
2 2

3) FO}" eaCh I’L € L (7'[) ”M I‘L(X)ﬂ”LZ(jT) ||M||L2(7T) I’L(X) .

4) Spaimy(PI\{1} € Sy (P).
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Proof 1) For p,v € L%(r), we have (u(P — IT), v) = (uP,v) — (uIl, v). Now,
since P is reversible, it is self-adjoint on L%(xr), so (uP, v) = (vP, ). Also, we
compute that (uI1, v) = (uW(X)m, v) = u(X)v(X) = (vIl, u). Hence, (w(P —
IT), v) = (v(P — II), u), so P — I is self-adjoint.

2) Let u € L?(n), then,

(w—pn(X)m, ) = (u, w) — w(X)(mw, w) = (, ) — (u, ) 17l 20y
3) Let u € L?(r). Then,

2

d
= w2 = /X ‘ﬁ(y) — () (D] 7(dy)

d 2 d
=/ [(d_“(y)> _2M(X)—M(y)+u«(é\?)2} m(dy)
X T dmr

= 1117 ) — 21(X)7 + 1(X)?

= 1172y — ().

4) Any signed measure o € L?(rr) can be decomposed as i = o + ¢ 7, where ¢ =
(w, ) = (X)), and (po, ) = po(X) = 0,0 o € wt. Then uP = puoP +c.
It follows that P has the direct sum representation P = P|,1 @ Ir with respect
to L>(wr) = 7' x R. Hence, by Lemma 4.6, Spay(P) = S,1(P) U {1}, so
Sp2(my (P)\ {1} € S;1(P), as claimed. O

Lemma 4.9 Let P be atransition kernel from a reversible Markov chain with stationary
distribution 1. Then,

1P =Hl2qy = IPllye-

Proof Any u € L?(7r) can be written as u = po+c m, where ¢ = u(X) and pg € 7+

so uo(X) = 0. Then poll = po(X) T =0, so
w(P—=T1I) = (uo+cm)(P—-TII) = poP+cm—0—cm = poP.
Also ||,U«||L2(7T) = ||M0||L2(7T) + c? > ||,U«0||L2(n)~ Hence,

(P —TD][;2
”P — H||L2(7Z) = sup L*(m)
0<lill oy <oo ItllL2er)

o Pl L2

— L@
0<llpll 2,y <00 loll L2y + ¢
This supremum is achieved when ¢ = 0, i.e. when u = g € 7=+, so that

@ Springer



Journal of Theoretical Probability

Nwo P12

1P —Tll2e = = PllzL.

0<lluoll 2y <00 ol 22
proent

5 Proofs for Geometric Conditions

We now begin proving the actual equivalences of the various conditions in Theorem 1,
as per the plan illustrated in Fig. 1. We begin with some results related to some of the
“geometric” conditions.

Proposition 5.1 (iv) = (iii).

Proof Immediate upon e.g. choosing p = 2 and setting C;, = C»,,, and p,, = p> for
each probability measure i € L% (7). O

Proposition 5.2 (iii) = (vi).

Proof By Lemma 4.1, there exists a small set S C X. Since by assumption P is
geometrically ergodic starting from all probability measures in L () it suffices to
show that 7g € L? (). Now for any measurable A C & we have,

_asn4A) 1
ms(a) = TS —n(S)/Allsdn

which implies % = 1g/m(S). Thus

J,

Proposition 5.3 (vi) = (i).

dT[S p

dr

<

/ L P
x m(S)P m(S)r-1

Proof This is the result of [19, Theorem 1], which generalizes the countable state
space result of [30]. O

Proposition5.4 (i) = (ii).
Proof Immediate upon choosing A = X, and p, = p forallx € X" O
Proposition 5.5 (ii) = (v).

Proof Let A € Fwithm(A) > Oand |P"(x,-) — 7w ()llpy < Cx p} forallx € Aand

n € N.Foreachn € N,let D,, : A — [0, 0c0) by D,;(x) = |[|P"(x, -) — 7 (:)|lpv. Then
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each D, is measurable by Lemma4.2, hence so are the functionsr, s, M : A — [0, 00]
defined by

r(x) = limsup[D,(x)""], s(x) = [r(x) +11/2, M(x) = sup[D,(x)/s(x)"].

n—oQo

In particular, for each n € N, we have M(x) > D,(x)/s(x)", hence D,(x) <
M(x)s(x)".

Next, note that (ii) says that for each x € A, D,(x) < Cyp?, so r(x) <
lim sup,,_, o [Cx p;’]l/” = py < L. Hence r(x) < s(x) < 1. In particular,
lim sup,,_, o [Dn(x)Y/"] < s(x). Hence, there is N (x) € N such that forall n > N (x)
we have D, (x)'/" < s(x), i.e. D, (x)/s(x)" < 1. Then,

M(x) < max[Dy(x)/s(x)', Da(x)/s(x)?, ..., Dy ®)/s)¥®, 1] < oco.

Now, since s and M are measurable, so are the nested subsets
1
Bi = xeA:s(x)S]—%,M(x)Sk, k € N.

Since s(x) < 1and M (x) < oo foreach x € A, we must have Uk B = A. Continuity
of measures then implies that limg_, oo T (Br) = 7 (A) > 0, so there is K € N with
7 (Bg) > 0. By Lemma 4.1, there exists a small set S € Bg. Then for x € S, we
have x € Bg,sos(x) <1 — % and M (x) < K. It follows that for x € Sandn € N,

[P"(x.) =7 ()| py = Dalx) < Mx)s(x)" < K(l—%)n.

This establishes (v) with Cs = K and ps = 1 — +. o
Proposition 5.6 (v) = (vi).

Proof This follows since

|zsP"() =7 ()| gy = sup|nsP”(D> — (D)

_ sup|— f [P"(x, D) — 7(D)](dx)|
w(S) Js
< supsuplP"(x,D)—n(D)I
D xeS§

= sup [ P"(x. ) = () |3y
xes

< Cs ps.

Proposition 5.7 (vi) = (vii).
Proof This is the content of the “(i) = (ii)” implication of [18, Theorem 15.0.1]. O
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6 Proofs for V-Function and L” Conditions

Proposition 6.1 (xxv) = (xxiv).

Proof Immediate (just choose j = 1). O
Proposition 6.2 (xi) = (xxv).

Proof Let f € L7 such that | f|y = 1. Then, | f| < V, and, if (xi) holds, then for
eachx € X andeachn € N,

[P f(x) =TI(H@)| = |P" f(x) =7 ()] = sup [P"(x, f) —7(/)] = CV(x)p",

Ifl=sv
which implies

P fly — sup PO =TD@I L PF@ =7 (D]

<Cp",
oy V@) i 7R

and therefore,

| P" =TI e = sup [(P" =TD)fly < Cp".
v feLy

[flv=1
O
Proposition 6.3 (xxiv) < (xxvi), and (xxv) < (xxvii).
Proof (=) Letn € N. Given that L‘f,‘io CLy, ||Pn||L?,°O <||P"— 1'I||Lovo < Cp".
(&) If f € LYY such that | f|y = 1, we have '
(P" =T flyv = [(P" —=1x ® P"m) flv
=|P"f —(P"m)flv
=|P"(f —m(fDlv
<I|P"(f =7 (fNlv
(f =)L) <[P, IS =7y
< [P s, AF1y + 12O
<Cp"(+m(V))
< C/,On,
where C' = C(1 + (V) < oo. O

Proposition 6.4 (xxii) < (xx), and (xxiii) < (xxi).
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Proof If | P™" — H||L°V° < 1, then for f € L“’,‘fo,

||Pm||Loo = sup |[P"fly= sup [(P"—TID)flv
V.0
R feL®

V.0 FELTy
|fly=1 |fly=1
< sup [(P" —TD)f|y = |P" —TI|, < 1,
feLy v
Ifly=1

so that also || P"[[pee < 1.
Conversely, if s = [P" Iz, < 1, then for f with [f|y < landk €N,

[P —TD) fly = |[P™ (f =7 (f)lv
=P . 1=
V.0

=

iz, =7l

<s*If —m(Hlv
<s*(flv +1m(HIv)
< sk +n(v)).

From Lemma 4.7, we must have 7(V) < oo. Hence, there exists n € N such that
s"(1 + m(V)) < 1. Thus, taking m* = mn, we have that, for each | f|y <1,

I(P™ — ) fly <1

o

and therefore, < 1.
LOO
\%4

Proposition 6.5 (viii) = (ix).

Proof First of all, we must have 7 (V) < oo by Lemma 4.7. Then, given j € N, let
V =V son(Vi)=n(V) < oco.lItfollows from Jensen’s inequality and concavity
that

PV < PV < Vv +blg) < AV b1,
with A = 117 < 1and b = b'/J < oo, thus showing (viii). O

Proposition 6.6 (xx) < (xxiv), and (xxi) < (xxv).

Proof Suppose first that s = | P™ — H||Lc&o < 1 for some m € N. Let « =
P — 1'I||Lc‘>/o, and let n € N. If n < m, we have that

[P =01 = [P~ 7] < < s 61

@ Springer



Journal of Theoretical Probability

Ifn > m,thenn = mt + £, for some t € Nand 0 < ¢ < m, and hence
L o (e e R (G P
— al H(Pm _ H)t”Loo < alsl < als—l(sl/In)n.
\%4

1/m

So, taking C = maxi<,<m o"s~ 1 and p = s'/™ we conclude that for each n € N,

P" —TI||,0 < Cp".
| ”LV =tp

Conversely, if | P" — ||z < Cp" for all n € N, then we can simply choose a
large enough m € N that Cp™ < 1, to obtain that || P"" — H”L;O <Cp" < 1. O
Proposition 6.7 (xxiv) = (x).

Proof Since | P" — l'Ilng/c < Cp", we have foreachn € Nand | f|y < 1 that
|(P" =D flv < ||P" — H||L%o |flv < Cp"Iflv < Cp".

Hence, foreachn e N, | fly < landx € &,

P"F@) =7 (NI _ P @) =@ _

Vx) Vix) = €t

By Lemma 4.7, |fly <1< |f] <V,soforeachn e Nandx € &,

sup [P"f(x) —m(f)l = sup |P"f(x)—m(f)] =CV(x)p".

[flsV [flv=1
O
Proposition 6.8 (x) = (xii), and (xi) = (xiii).
Proof This follows from the triangle inequality. If (V) < oo and | f| < V, then
WP f = 2 (f)] = ’/X PP (npdy) — n(f)’
= V P"f(y)u(dy)—/ ﬂ(f)u(dy))
X X
< [ 1P 7o) =] way
< [ s [Py~ m() iy
X IflsV
< [ cvere uay
X
=Cup)p".
Hence, sup|sj<y InP" f — 7 (f)| < Cu(V) p" foralln € N. O
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Proposition 6.9 (ix) = (xi).

Proof This is the content of [19, Theorem 1], following [30]; proofs also appear in
[18, Theorem 15.0.1(iii)] and [23, Theorem 9]. And since the same function V is used
in both conditions, its moments are preserved. O

Proposition 6.10 (xii) = (i).

Proof Let 1 be a point-mass at x, so that u(A) = 1 if x € A otherwise u(A) = 0.
Then w(V) = V(x), so from (i),

[P ) = 7Oy = [P =70 gy = ‘;lllplluP"(f)—n(fﬂ

IA

lfslllpV|MP”(f)—7T(f)| < Cu)p" = CV)p"

Hence, (i) holds with Cy = C V(x). O
Proposition 6.11 (vii) = (viii).

Proof The existence of a drift function V satisfying the condition (viii) follows from
[18, Theorem 15.2.4]. O

Proposition 6.12 (xiii) = (iv).

Proof Let p € (1,00), and let u € L?(;r) be a probability measure. Let j € N be
large enough that 1 + % < p,sothatu € L1+§ () by Lemma 4.5. Then choose V in
(xiii) such that 7 (V/*1) < oco. Then, using the notation

1/r
Ifll- = (/Xlﬂrdﬂ)

for functions f : X — R, since ﬁ + = 1, we have by Holder’s inequality that

1
[

du
nV) = / V(x)p(dx) = / Vi(x) (—(X)>7T(dX)
X X dr
du . ,
< V]l - - yIi+tH1/G+D .
= WVl Hdrr H1+} 7 ) ”M”L”%(n) =
Then,
1
[nP" ) = 7Oy = 5 sup [P (f) =7 (f)]
Ifl1=1
1
= 5 suwp lwP"(f) — ()l
Iflsv
1 n
< ECM(V);O ,
. . 1
so (iv) holds with C), ,, = 3 C (V) < oc. O
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7 Proofs for Spectral Conditions

Proposition 7.1 (xiv) < (xviii), and (xv) & (xx).

Proof (=) Since 1 is an eigenvalue with multiplicity 1 by Lemma 4.7, with corre-
sponding eigenvectors the non-zero constant functions which are not in LSy v.0» W€ must
have SLoo (P) C SLoo(P) \ {1}. So, if (xiv) holds, then SLoo (P) C SLoo(P) \ {1} C
{zeC: |z| < p} for some p < 1. This implies that L, (P) <p<l

() Ifp = =rLy, (P) < 1, then since SLoo(P) \ {1} C SLoc (P) by Lemma 4.7,
we have

Spp(P)\{1} € Spe (P) € {ze€C:z] < p}.

Proposition 7.2 (xviii) < (xxii), and (xix) < (xxiii).

Proof (=) By the spectral radius formula ( [28], Theorem 10.13), p = ”(P|Lf,°0) =
inf,>1 IIP”III/n Hence, for any pg < 1 with p < pp, there exists m € N such that
1Pl e, < /Jo <L

(<) If ||Pm||Loo < 1 forsomem € N,

r(P|Loo)_mf||P”||1/” ]|P'"||”’” 1,

and thus, (xxii) holds. O
Proposition 7.3 (xvi) < (xxi), and (xvii) < (xxii).

Proof (=) Given that po = r(P — 1) = inf,,1 || P" — || }/%, for po < p < 1, there
- Vv
exists m € N such that [| P — 1'I||Lc‘>/o < p™ < 1. Therefore, for some m € N,

1P" = Tl < 1.

(&) If ||P" — 1'I||L$/o < 1 for some m € N, given that r(P — II) =
inf,>1 |P" — H||Loo, we have

l/n l/m

F(P—TD) = inf | P"— 1|12 < | P — 1|2
n>1

8 Proofs for Reversible Conditions

Proposition 8.1 (xxxii) = (xxix).

Proof Letp = |P — H||Lz(n) < 1. Then, for each signed measure p € Lz(rr),
(P = IDOl 2y < o lrllp2ery -
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Letp € L?(r)bea probability measure and letn € N. By Lemma 4.8, u — u(X)wr =
W —  is orthogonal to 7, so (u — )IT = 0, and hence

pP" —m = (u—m)P" = (u—m)(P" =) = (u — 7)(P — )"
Therefore,

< lpu=7lr2@m ” pP" — HHLZ(U)

<l =7llg2m o".

O
Proposition 8.2 (xxix) = (xxviii).
Proof If (xxix) holds, for each probability measure p € L*(r)andn € N,
”prn() - JT()”LZ(T[) = ”H' - JT”LZ(n) pn = C}Llonv
with Cljv = ”,u — 7T||L2(7T)' O

Proposition 8.3 (xxviii) = (iii).

Proof If (xxviii) holds, then by Lemmas 4.3 and 4.4, foreachn € Nand p € L2(m)
we have

1 1
[1P"O) = 7Oy = 5 [1P"O = 7O g1y = 5 (PO = 7O 2,
1
< 5 CM p".

This shows (iii) with p =2 and p, = p. O
Proposition 8.4 (iv) = (xxxiii).

Proof Take p = 2 in (iv). Then it follows from the “(iii) = (ii)” implication of
[22, Theorem 2] (which is proven by contradiction, using reversibility and the spectral
measure of P acting on L2(7)) that there is p < 1 such that

ILPll2zy = pllill2e
for all probability measures u € L?() with u(X) =0.Hence, |Pll,r <p <1 0O
Proposition 8.5 (xxxiii) < (xxxiv).

Proof This follows immediately from the fact (e.g. [3, Proposition VIII.1.11(e)]) that,
by reversibility, r, 1 (P) = || P]| L. O
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Proposition 8.6 (xxxiii) = (xxxii).

Proof From Lemma 4.9 it follows that
1P =Tl 2y = IPllze-

Hence, if || P||;1 < 1, then [|[P — Il 27y < L. O
Proposition 8.7 (xxxi) < (xxxii).

Proof Since P isreversible, P —ITis self-adjoint by Lemma4.8. Therefore, r L2(r) (P—
I1) = [[P — I||12(7) (e.g. [3, Proposition VIIL.1.11(e)]). Hence, |[|P — IT|[;2(7) < 1
if and only if rLz(ﬂ)(P -1 < 1. O

Proposition 8.8 (xxx) < (xxxiv).

Proof (=) If (xxx) holds, there is p < 1 such that
Si2e(P) € (JU{ e C: Al < p).

Since 1 is an eigenvalue of multiplicity 1 by Lemma 4.7, with corresponding eigen-
vectors the non-zero constant multiples of 7 which are not in 71, we must have
Sp1(P) € S (P)\{1}. Hence, S, (P) € {A € C : [A] < p}. Therefore,
r(Pl,u) <p<l.

(&) Ifr,i(P) < 1,thereis p < 1 with S, 1 (P) € {x € C : |A] < p}. So, by
Lemma 4.8,

S (PIN{1} € Spu(P) € (A eC: Al <ph

9 Future Directions and Open Problems

Our Theorem 1 above provides a fairly complete picture of equivalences of geometric
ergodicity. However, it does lead to some additional questions which remain, including:

Q9.1 We have assumed throughout that the chain is ¢-irreducible and aperiodic.
Those properties are certainly required for, and implied by, geometric ergod-
icity. But do they need to be assumed explicitly? Many of our equivalent
conditions imply them, so that they do not actually need to be mentioned.
But some of our conditions do not, e.g. the drift conditions (viii) and
(ix). So, which of our equivalences continue to hold without assuming
¢-irreducibility and aperiodicity?

Q 9.2 We also assumed that our state space (X, F) is countably generated, which
holds for e.g. the Borel subsets of R and of R, but not for e.g. the Lebesgue-
measurable subsets. It is a very standard assumption (e.g. [18, p. 66]), used
to ensure the existence of small sets [4, 10, 20] and the measurability of
certain functions (e.g. [22, Appendix]). But which of our equivalences would
continue to hold without it?
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Q 9.3 The property of aperiodicity is not necessary for other important proper-
ties such as Central Limit Theorems which involve averages of functional
values like % >"M | h(X;). The weaker notion of variance bounding essen-
tially corresponds to geometric ergodicity without aperiodicity, and still
implies CLTs. Many equivalences to variance bounding have been proven
for reversible chains; see [24]. But can equivalences similar to our The-
orem 1 be derived for the variance bounding property without assuming
reversibility?

Q 9.4 Our later conditions (xxviii) through (xxxiv) were only shown to be equiv-
alent for reversible chains. But are there explicit counter-examples to show
that they are not equivalent in the absence of reversibility? Or are some
of them are still equivalent to geometric ergodicity, even without assum-
ing reversibility? (For a start on this, [15, Theorem 1.3] proves that without
reversibility the implication (xxxi) = (i) still holds, but [15, Theorem 1.4]
makes use of [7] to show that the converse might fail.)

Q 9.5 Our equivalences are for the fairly strong property of geometric ergodicity.
But are there similar equivalences for the even stronger property of uniform
ergodicity, i.e. the property that ||P"(x,:) — 7z (-)|lry < C p" from n-
a.e. x € X where C does not depend on x? (For a start on this, see [18,
Theorem 16.0.2].)

Q 9.6 In the other direction, are there similar equivalences for the weaker prop-
erty of polynomial ergodicity, i.e. the property that | P"(x, ) — 7 (:) ||y <
C, n~% for some o > 0? (For some discussion and results related to this
property, see e.g. [6, 11].)

Q9.7 And, are there similar equivalences for the even weaker property of simple
ergodicity, i.e. the property that just || P"(x, ) — 7 (-)|lty — Oasn — oo
from r-a.e. x € X, without specifying any rate? (For a start on this, see e.g.
[18, Theorem 13.0.1].)

We leave these questions as open problems for future work.
Note added in proof

It follows from Proposition 16 on page 3607 of Annals of Applied Probability, 25(6)
(2015) that we can also include the additional equivalent condition:

vii’) There exists a small set S € F and constant x > 1 such thatif V (x) = E, (™)
forall x € X, then PV (x) < AV (x) + bW¥g(x) for all x € X, where A =
k' < landb =sup,.5 V(x) < o0.

Acknowledgements We thank Jim Hobert, Galin Jones, and Gareth Roberts for encouraging us to write

this paper and thank the anonymous referee for a very careful reading and helpful report.

Funding This work was supported in part by Discovery Grant RGPIN-2019-04142 from the Natural Science
and Engineering Research Council (NSERC) of Canada.

Data Availability Data sharing is not applicable to this article as no datasets were generated or analysed
during the current study.

@ Springer



Journal of Theoretical Probability

Declarations

Conflict of interest The authors have no competing interests to declare that are relevant to the content of
this article.

References

10.

11.

12.
13.

14.

15.

16.

18.
19.

20.

21.

22.

23.

24.

25.

26.

Bradley, R.C.: An exposition of some basic features of strictly stationary, reversible Markov chains. J.
Time Ser. Anal. 42(5-6), 499-533 (2021)

Brooks, S., Gelman, A., Jones, G.L., Meng, X.-L. (eds.): Handbook of Markov Chain Monte Carlo.
Chapman & Hall, London (2011)

Conway, J.B.: A Course in Functional Analysis, 2nd edn. Springer, New York (1990)

Doeblin, W.: Eléments d’une théorie générale des chaines simples constantes de Markov. Annales
Scientifiques de I’Ecole Normale Supérieure S7(I1I), 61-111 (1940)

Douc, R., Moulines, E., Priouret, P., Soulier, P.: Markov Chains. Springer Nature, Switzerland (2018)
Fort, G., Moulines, E.: Polynomial ergodicity of Markov transition kernels. Stoch. Proc. Appl. 103,
57-99 (2003)

Higgstrom, O.: On the central limit theorem for geometrically ergodic Markov chains. Probab. Theory
Relat. Fields 132(1), 74-82 (2005)

Hobert, J.P., Jones, G.L., Presnell, B., Rosenthal, J.S.: On the applicability of regenerative simulation
in Markov chain Monte Carlo. Biometrika 89, 731-743 (2002)

Ibragimov, I.A., Linnik, Y.V.: Independent and Stationary Sequences of Random Variables. Wolters-
Noordhoff, Groningen (1971)

Jain, N., Jamison, B.: Contributions to Doeblin’s theory of Markov processes. Z. Wahrsch. Verw. Geb.
8, 19-40 (1967)

Jarner, S.F., Roberts, G.O.: Polynomial convergence rates of Markov chains. Ann. Appl. Probab. 12,
224-247 (2002)

Jones, G.L.: On the Markov chain central limit theorem. Probab. Surv. 1, 299-320 (2004)

Jones, G.L., Hobert, J.P.: Honest exploration of intractable probability distributions via Markov chain
Monte Carlo. Stat. Sci. 16, 312-334 (2001)

Kontoyiannis, 1., Meyn, S.P.: Spectral theory and limit theorems for geometrically ergodic Markov
processes. Ann. Appl. Probab. 13(1), 304-362 (2003)

Kontoyiannis, 1., Meyn, S.P.: Geometric ergodicity and the spectral gap of non-reversible Markov
chains. Probab. Theory Relat. Fields 154(1), 327-339 (2009)

Liu, J.S.: Metropolized independent sampling with comparisons to rejection sampling and importance
sampling. Stat. Comput. 6(2), 113-119 (1996)

. Mengersen, K.L., Tweedie, R.L.: Rates of convergence of the Hastings and Metropolis algorithms.

Ann. Stat. 24, 101-121 (1996)

Meyn, S.P., Tweedie, R.L.: Markov Chains and Stochastic Stability. Springer, London (1993)
Nummelin, E., Tweedie, R.L.: Geometric ergodicity and R-positivity for general Markov chains. Ann.
Probab. 6(3), 404-420 (1978)

Orey, S.: Lecture Notes on Limit Theorems for Markov Chain Transition Probabilities. Van Nostrand
Reinhold, Washington (1971)

Roberts, G.O.: A note on acceptance rate criteria for CLTs for Metropolis—Hastings algorithms. J.
Appl. Probab. 36, 1210-1217 (1999)

Roberts, G.O., Rosenthal, J.S.: Geometric ergodicity and hybrid Markov chains. Electron. Commun.
Probab. 2, 13-25 (1997)

Roberts, G.O., Rosenthal, J.S.: General state space Markov chains and MCMC algorithms. Probab.
Surv. 1, 20-71 (2004)

Roberts, G.O., Rosenthal, J.S.: Variance bounding Markov chains. Ann. Appl. Probab. 18(3), 1201-
1214 (2008)

Roberts, G.O., Tweedie, R.L.: Geometric convergence and central limit theorems for multidimensional
Hastings and Metropolis algorithms. Biometrika 83, 95-110 (1996)

Roberts, G.O., Tweedie, R.L.: Geometric L2 and L1 convergence are equivalent for reversible Markov
chains. J. Appl. Probab. 38, 37-41 (2001)

@ Springer



Journal of Theoretical Probability

27. Rosenthal, J.S.: Quantitative convergence rates of Markov chains: a simple account. Electron. Commun.
Probab. 7, 123-128 (2002)

28. Rudin, W.: Functional Analysis. International Series in Pure and Applied Mathematics. McGraw-Hill,
New York (1991)

29. Tierney, L.: Markov chains for exploring posterior distributions. Ann. Stat. 22, 1701-1728 (1994)

30. Vere-Jones, D.: Geometric ergodicity in denumerable Markov chains. Q. J. Math. 13(1), 7-28 (1962)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

@ Springer



	Equivalences of Geometric Ergodicity of Markov Chains
	Abstract
	1 Introduction
	2 Definitions and Background
	3 Main Result: Statement of Equivalences
	4 Preliminary Lemmas
	5 Proofs for Geometric Conditions
	6 Proofs for V-Function and LinftyV Conditions
	7 Proofs for Spectral Conditions
	8 Proofs for Reversible Conditions
	9 Future Directions and Open Problems
	Acknowledgements
	References


