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Abstract

One-shot coupling is a method of bounding the convergence rate between two copies of a Markov chain in total variation
distance, which was first introduced in Roberts and Rosenthal (Process Appl 99:195-208, 2002) and generalized in Madras and
Sezer (Bernoulli 16:882-908, 2010). The method is divided into two parts: the contraction phase, when the chains converge
in expected distance and the coalescing phase, which occurs at the last iteration, when there is an attempt to couple. One-shot
coupling does not require the use of any exogenous variables like a drift function or a minorization constant. In this paper, we
summarize the one-shot coupling method into the One-Shot Coupling Theorem. We then apply the theorem to two families
of Markov chains: the random functional autoregressive process and the autoregressive conditional heteroscedastic process.
We provide multiple examples of how the theorem can be used on various models including ones in high dimensions. These
examples illustrate how the theorem’s conditions can be verified in a straightforward way. The one-shot coupling method
appears to generate tight geometric convergence rate bounds.

Keywords One-shot coupling - Convergence rate - Iterated random functions - Markov chain - Total variation distance -
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1 Introduction

The study of Markov chain convergence rates focuses on
evaluating how fast a positive recurrent Markov chain con-
verges to its stationary distribution. On one hand, a great
deal of progress has been made in bounding the conver-
gence rate for Markov chains defined in discrete state spaces
(Saloff-Coste 1997; Rosenthal 1995a, 2016). On the other
hand, despite the major developments made in bounding
Markov chains in continuous state space, many applications
of continuous state space Markov chains do not have estab-
lished convergence rate bounds. For example, convergence
rate bounds applied to Markov chain Monte Carlo (MCMC)
models, which are useful for deciding the size of the burn-
in period (Hobert and Jones 2001; Geyer 2011), do not have
known upper bounds on their convergence rate (Geyer 2011).
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Users need to rely on ad-hoc convergence diagnostics (e.g.,
Gelman and Rubin 1992), which offer no guarantees.
Methods using the drift and minorization conditions (e.g.,
Rosenthal 1995b; Baxendale 2005), which guarantee geo-
metric ergodicity (Definition 2.5), are the most studied
techniques for bounding Markov chains in continuous state
space (Roberts and Rosenthal 2004; Hobert and Jones 2001).
The minorization condition is satisfied for a Markov chain
{X,}n>1 under the following circumstances: there exists a
small set K, a probability measure Q and a positive number
€ > Osuchthat P(- | X, = x) > €Q(:) forx € K. The drift
condition is satisfied if there exists a positive function V, and
constants « > 1 suchthat E[V(X,4+1) | X, = x] < V(x)/«
(Meyn and Tweedie 1993; Roberts and Rosenthal 2004).
Bounds generated using the drift and minorization condi-
tions have been applied to a wide array of problems such as
(Rosenthal 1996; Tan et al. 2013; Hobert and Jones 2001).
Despite the widespread use of bounds generated by the
drift and minorization conditions, there are drawbacks. First,
it can be a challenge to identify a small set K and drift func-
tion V (Madras and Sezer 2010). Second, it is shown in Qin
and Hobert (2020) based on results from Jerison (2016) that
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bounds that use the minorization condition do not scale well
in high dimensions.

Alternatively, methods for finding Markov chain con-
vergence rate bounds on the Wasserstein distance have
been shown to scale well in high dimensions (Durmus and
Moulines 2015; Qin and Hobert 2020), so bounding the total
variation distance by first bounding the Wasserstein distance
is a common technique used in the literature (Qin and Hobert
2020; Madras and Sezer 2010; Jin and Hobert 2021).

One-shot coupling, which bounds the Wasserstein dis-
tance as an intermediate step (Madras and Sezer 2010),
provides an upper bound on the convergence rate in total
variation distance of a Markov chain. This method does not
need to identify any exogenous sets or functions, like the drift
and minorization conditions. Further, the one-shot coupling
method has already been shown to scale well in certain high-
dimensional examples Roberts and Rosenthal (2002); Pillai
and Smith (2017) and will be shown in this paper to scale well
in high dimensions for the Bayesian regression Gibbs sam-
pler (Example 4.7) and the Bayesian location Gibbs sampler
(Example 4.13).

The one-shot coupling method described in Roberts and
Rosenthal (2002) works by first converging the expected dis-
tance between two copies of a Markov chain. At the last
iteration, the probability of coupling is evaluated when the
expected distance between the copies is small. This contrasts
with the drift and minorization technique, which attempts to
couple the two Markov chain copies every time they enter
some fixed small set K.

In this paper, we introduce the One-Shot Coupling The-
orem 3.1, which aims to summarize the method defined in
Roberts and Rosenthal (2002) and Madras and Sezer (2010)
for straightforward applications. The One-Shot Coupling
Theorem is used as the foundation for bounding the con-
vergence rate for all of the examples in this paper, which
can be partitioned into two families: the random functional
autoregressive process and the ARCH process. In Sect. 4, we
introduce the Sideways Theorem 4.2, which is new and is an
application of the One-Shot Coupling Theorem. We apply
it to various examples of random functional autoregressive
processes (Definition 4.1). In Sect. 5, we provide conver-
gence rate bounds using the One-Shot Coupling Theorem to
various ARCH processes (Definition 5.1).

Proofs for the theorems presented in this paper are
found in the appendix, Sect. 5.2. The code used to gen-
erate all of the tables and calculations can be found on
github.com/sixter/OneShotCoupling.

2 Background and notation

Let {X,},>1 and {X},},>1 be two copies of the Markov chain
over the state space X and define £(X,) to be the distribution
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of the random variable X,,. We define 7 to be the stationary
distribution of the Markov chain.

2.1 Total variation distance

We are interested in measuring the distance between the dis-
tribution of two Markov chains. To measure this, we use the
total variation metric.

Definition 2.1 (Total variation distance) The total variation
distance between the laws of two random variables, X and
X', defined on the state space X is

I£(X) — LX) = SuI/}YIP(X €A) - P(X €A
Ac

where £(X) represents the distribution of the random vari-
able X and A is a measurable set.

If the random variables, X, X’ € R have defined density
functions fx, fx’ over the reference measure A,

1
I1£(X) — LX) = 5 /lex(X) — fx'(X)|A(dx) ey

Total variation distance has natural probability interpre-
tations. It is the maximum difference in probabilities of an
event. It is the error in an expected bounded loss function
when a given measure is used as a proxy for another (Gibbs
and Su 2002). Finally, it can be seen as the percentage of
samples of £(X) which cannot be regarded as samples from
L(X") (Proposition 3(g) Roberts and Rosenthal 2004).

Historically, total variation distance was the common
metric for measuring Markov chain convergence rates
(Roberts and Rosenthal 2004; Meyn and Tweedie 1993;
Jones Jones2004; Hobert and Jones 2001), and hence, there is
arich literature of attributes that can be deduced from finding
convergence rates in total variation (Jin and Tan 2020). For
example, mixing times in total variation distance can be used
to determine whether the Markov chain is asymptotically
uncorrelated (Theorem 2 of Jones (Jones2004)), uniformly
integrable (Theorem 3 of Jones (Jones2004)), whether the
central limit theorem (CLT) applies (Theorem 9 of Jones
(Jones2004) or Section 5.2 of Roberts and Rosenthal (2004)),
or whether it is convergent based on the total variation mix-
ing times of another Markov chain (Theorem 8 of Dyer et al.
(2006)).

The following are properties of total variation, which will
be used in conjunction with the One-Shot Coupling Theorem
3.1 to establish upper bounds on the convergence rate for the
examples in this paper.

Proposition 2.2 states that the total variation between two
random variables is equal to the total variation of any invert-
ible transform of the same random variables. This proposition
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resembles Lemma 4.13 of Levin et al. (2017) and Lemma 3
of Madras and Sezer (2010).

Proposition 2.2 Let X, X' € X be two random variables and
let g : X — Y be an invertible and measurable function.
Then,

I1£(g(X)) = LEEXNI = ILX) — LX) @)

The proof'is in Sect. 1.

In general, for a measurable (not necessarily invertible)
function g, ¢~ (f(B)) C B, so the third equality in the
proof becomes < and

I1£(g(X)) — LEEX NI = ILX) — LX)

Proposition 2.3 states that the total variation distance
between two random variables is bounded above by the
expected value of the conditional random variable.

Proposition 2.3 Let X, X’ be two random variables with cor-
responding o-field B and Y € Y be some related random
variable. Then

I£(X) = LX) < E[ILX 1Y) = LX | V)]

The proof is in Section A.

Proposition 2.4 states that the convergence rate of a
Markov chain in R? with independent coordinates is d times
the maximum coordinate-wise convergence rate. This propo-
sition is an application of inequality 1.2 of Reiss (1981).

Proposition 2.4 Let {in}nzl € R4 be a Markov chain such
that each coordinate is independent of the other coordi-
nates, X;, 1L Xj.,i # j. Further suppose that for
two copies of the Markov chain {)2',,},121 and {)?;l}nzl,
maxi<;<q||L(Xi ) — LX) < Ar" for some A € Ry
andr € (0, 1). Then, ’

LX) — LX) < dAF" 3)

The proof is in Section A.

In this paper, we establish convergence bounds for Markov
chains that are geometrically ergodic in total variation dis-
tance.

Definition 2.5 (Geometric ergodicity) Let {X,},>1 be a
Markov chain with a stationary distribution 7r. The Markov
chain is geometrically ergodic if there existsa p < 1 and a
function M (x) < oo, m-a.e. such that for Xy = x,

I£(Xn) — 7|l < M(x)p" “

The geometric rate of convergence for X, is defined as p* =
inf{p : Eq. 4 holds}.

Proposition 4 of Qin and Hobert (2020) states that for any
sequence of drift and minorization conditions, the geomet-
ric convergence rate p established by the Rosenthal bound
(Theorem 12 of Rosenthal (1995b)) will increase at an expo-
nential rate for the autoregressive normal process in RY as
the dimension d — oo. This finding suggests that conver-
gence bounds that use the drift and minorization condition
do not scale well in dimension (see Lemma 3 and discussion
in Qin and Hobert (2020)). However, Proposition 2.4 shows
that since each coordinate in this example is independent, the
geometric convergence p rate is indeed invariant to dimen-
sion, regardless of the bounding approach. Thus, a drift and
minorization bound, including the Rosenthal bound, can eas-
ily be applied to the autoregressive normal process in R and
then extended to R? using Proposition 2.4. To see Proposi-
tion 2.4 applied to the autoregressive normal process in R?,
see Example 4.21.

2.2 Wasserstein distance

Let X, X' € R be two random variables equipped with
the Euclidean distance. The Wasserstein—1 distance can be
defined as follows,

W(L(X), LX) = inf{E[|Y — Y'[] : £L(X) = L(Y)
and £(X) = L)}

In comparison with total variation distance, there is not
as much literature dedicated to Markov properties that can
be derived from the convergence in Wasserstein distance (Jin
and Tan 2020). However, this literature is growing. For exam-
ple, Jin and Tan provide sufficient conditions in Jin and Tan
(2020) for the CLT based on convergence in Wasserstein dis-
tance (see Theorems 9 and 10).

2.3 Coupling

Total variation can also be defined in terms of the coupling
characterization (Gibbs and Su 2002),

1£(X) — LX) =inf{P(Y #Y') | LX) = L(Y)
and L(X) # L)}

The total variation metric measures the distance between
two distributions, but is invariant to how these measures
are jointly distributed. For example, let X ~ N (0, 1) and
X' ~ N(,1) be two random variables. Regardless of
whether X and X’ are highly dependent, for example if
X = X' + 1 orif X, X’ are independent, their total vari-
ation distance would be the same. The Nummelin splitting
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technique makes use of this by constructing alternative ran-
dom variables, ¥ and Y’, such that the marginal distributions
are the same L£(X) = L(Y), L(X') = L(Y’), and the proba-
bility that they are unequal is minimized. This technique was
first shown in Nummelin (1978). See Rosenthal (1995a) or
Meyn and Tweedie (1993) for an explanation. Finally, note
that the theory on maximal coupling guarantees that there
exists alternative random variables Y, Y’ as defined above,
such that || £(X) — L(X')|| = P(Y # Y’) Bottcher (2017).

Coupling techniques are widely used to calculate total
variation upper bounds on Markov chains (Rosenthal 2016,
1995b, a; Roberts and Rosenthal 2004; Rosenthal 1996; Yang
and Rosenthal 2019). Let {X,, },>1 and {X,},>1 be two copies
of a Markov chain. If we want to use the coupling charac-
terization for finding an upper bound on the total variation
distance, we must also make sure that the faithful coupling
condition holds (see Section 2 of Rosenthal (1997)). That is,
for any measurable set A € X,

P(Xyt1 € A: X, =xand X, =x')
=P(Xpt1 €A: X, =x)

P(X, ,€A:X,=xand X, =x)
=PX,, €A X, =x")

If the faithful coupling condition holds, then calculating the
probability that two chains are unequal at iteration n can
be interpreted as the probability that the two chains have
not yet coupled by iteration n. This is because once the two
Markov chains couple, they can be structured so that they
are equal forever and so P(X, # X,) = P(T > n) where
T = min{k : X; = X, } (Theorem 1 of Rosenthal (1997)). If
a minorization condition holds on the Markov chain, then the
faithful coupling condition also holds. For one-shot coupling,
we do not need faithful coupling, because we only try to
couple the chains at the last iteration.

3 One-shot coupling

One-shot coupling is an alternative way of applying cou-
pling methods to bound the total variation of two copies of
a Markov chain. To apply one-shot coupling, we define a
Markov chain in terms of iterated random functions (Diaco-
nis and Freedman 1999). That is, define a family of random
functions {gz : 6 e ®} such that O, = {610, ...,64n}1sa
random vector and

Xy = 84, (Xn-1)

The nth iteration of the Markov chain can be written in terms
of Xoy = x as follows,
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Xn=1(85,°85,_,---°8;,)(x) =85 (85 (.85 x)...)

Summarizing Section 3 of Roberts and Rosenthal (2002),
to find an upper bound on the total variation distance between
Xy and X}, = &, (X'y_) we do the following.

1. Contraction phase: For n < N, set 5,, = q,’l so that the
two chains get ‘closer’ together.

2. Coalescing phase: For n = N, we set all but one coor-
dinate of 6, and 5,’, to equality and attempt to couple X,
and X/ . That is, specify coordinate j € {1,...,d} and
set 0; , = 6], foralli # j. Then we attempt to jointly

choose 6, , and 9]/. ,» such that

8O ren1) K1) = 86111080 K1)

.....

The method used in the contraction phase is also known
as the common random number method and is discussed
in detail in Section 2.3.1 of Jacob (2021). The contraction
phase can also be used to directly generate upper bounds
in Wasserstein distance (Jacob 2021; Qin and Hobert 2021;
Gibbs 2004) (it is also used to generate bounds on other types
of distances like Monge—Kantorovich or Prokhorov Jacob
(2021)).

The one-shot coupling method has been applied over a
variety of specific examples, namely, a nested gamma model
inJovanovski and Madras (2013), an image restoration model
in Jovanovski (2014), and a random walk on the unit sphere
in Pillai and Smith (2017).

The contraction and coalescing phase described above
is how the one-shot coupling method was first defined in
Roberts and Rosenthal (2002). The following theorem sum-
marizes the above method and serves as a general outline for
bounding the total variation distance between two Markov
chains. The coalescing condition below does not specify
how the two chains will couple, unlike the method described
above.

Theorem 3.1 (One-Shot Coupling Theorem) Let {X,},>1,
{X)}u>1 be two copies of a Markov chain such that X, =
86,(Xn—1) and X = gg: (X, _,), where (0, 6,)n>1 are inde-
pendent random variables with respect to n and the marginal
distribution of 6y, 6, ~ D, for some distribution D. Suppose
that the following two conditions hold for some non-negative
integer ny.

1. Contraction condition: There exists a D € (0, 1) such
that for any n > no when 641 =6, | ~ D

E[186,1 (Xn) = 86,1, (X,)I] < DE[ X, — X,,]
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2. Coalescing condition: There exists a C > 0 such that for
anyn > ng

I£(Xn) = LX) < CENXp—1 — X411

Then the total variation distance between the two Markov
chains at iteration n > ng is

LX) — LXI < CD" " E[ Xy — X, 1]

Proof (Proof of the One-Shot Coupling Theorem 3.1) Fix
n > np. We are interested in finding an upper bound on
I£(X,) — L(X,)Il. To do so, we first generate alternative
random variables, Y, Y, such that

1. forO <m <no: Yy =X, Y, =X,
2.forng < m < n: 6, =6, ~ Dand Y, =

86, Ym-1), Yr/n = g@m(Yy/n_l)-
3. form = n:0y,, 0, ~ D withan arbitrary joint distribution
and Y, = 86y, Ym-1), Yy;1 = 8¢, (Y,:1_1)

By construction, Y, < X and Y, < X, for0 <m <n.

Next we find an upper bound on the total variation distance
between Y, and Y. By the contraction condition for ng <
m < . El86,., (Ym) — 86,1 Yy < DE[|Y,, — Y}, [] and
S0,

E[|Yn—1 =Y, 111 = Ellgo, ,(Yn—2) — g6, , (Y} _5)I]
< DE[|Yy-2 — Y, 5]
< D" E[Y,, — Y ]

no

By the coalescing condition,

IL(Yn) — LA < CE[[Yu—1 — Y, 1]
< CD"MTE[|Y,, — Y, 1]
=CD" " E[| Xy, — X),, 1]

no

Finally since Y, 4 Xpand Y, 4 X!,
LX) — LX) = [1L(Y,) — LKYD)| < D "0~
EllX, — X, ]

]

If £(X,) has a density function with respect to X,,_; = x,
denoted f(x,z), then Theorem 3.1 can be proven using
Wasserstein distance as an intermediary step with the fol-
lowing lemma.

Lemma 3.2 (Theorem 12 of Madras and Sezer (2010)) If
%fXIf(x, 7) — f(x', 2)|A(dx) < Clx — x'| holds, then for
n>0

IL£(Xn) — LX) < CW(L(Xn—1), LX)

If the contraction condition holds, then for n > ng,
W(L(Xy-1). LX[,_}) < E[|X,—1 — X},_[] < D"~
EllX, — X ;lo |] and the proof of Theorem 3.1 directly fol-
lows.

In most cases, ng = 0. See the GARCH Example 5.12 for
an alternative case, ng = 1.

In general, the contraction condition can be weakened.
Theorem 1.1 of Diaconis and Freedman (1999) provides suf-
ficient conditions to guarantee the existence of D as defined in
the above theorem. The conditions in Theorem 1 of Steinsaltz
(1999), which are called local contractivity and are weaker,
could also replace the contraction condition in the above the-
orem.

To bound the total variation between a Markov chain,
{Xn}n>1, and the corresponding stationary distribution, 7,
we set X(, ~ . This implies that X, ~ 7 and ||£(X,) —
7| < CD"™ Ex 2[|Xn, — Xool] where C, D, and ng
are satisfied according to the conditions above.

To find an upper bound on Ex_ ~x[|Xn, — Xool], we use
the following Lemma 3.4, which uses a drift condition to
bound the expected distance between the stationary distribu-
tion of a Markov chain and an initial value.

Definition 3.3 (Drift condition) Let {X,},>1 be a Markov
chain on X. A drift condition is satisfied if there exists a
function V : X — R and constants A € (0,1) and b < oo
such that E[V (X)) | Xn—1] < AV(X,—1) + b.

Lemma 3.4 Let {X,},>1 be a Markov chain such that a drift
condition 3.3 holds with V(x) = (x + h)?>,h € R. The
expected distance between Xo and Xoo ~ 7 is bounded

above as follows, E[|Xc0 — Xo|] < ,/% + E[|Xo + h|].

Proof E[|Xoo — Xoll < E[|Xeo + hI] + E[|Xo + hl] =<
,/% + E[|Xo + h|]. The last inequality holds by Lemma
3.5. O

Lemma 3.5 (Proposition4.3 (i) of Meyn and Tweedie (1993))
If the drift condition holds, then E;[V (X)] < %. See Sect.
C.3 for a proof.

See Numerical Example 4.18 for an application of Lemma
3.4.
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4 Random-functional autoregressive
processes

The following section proposes the Sideways Theorem to
generate upper bounds on the total variation distance for
random-functional autoregressive processes.

Definition 4.1 (Random functional autoregressive processes)
The sequence {X, },>1 is a random functional autoregressive
process if for g : R> — R

Xn = g(gl,nv anl) + 92,11

where (01 ,,62,,) € R? are random variables and 1.n,02.0)
AL (B1.m, 02,m) when n # m.

Theorem 4.2 (Sideways Theorem) Let {X,},>1 € R be a
random-functional autoregressive. Suppose that,

1. Contraction condition: There exists a D € (0, 1) such
that forn > 0,

E[1g01n+1, Xn) — 8O1n+1, X,)I] < DE[1X, — X,

2. Attributes of the conditional density 6, ,, | 61 ,: The con-
ditional density of 62, | 01.,

(a) is bounded above: There exists a K > 0 such that for
all (01,,62,) € R2, the conditional density function
of 02,y is bounded above by K, fo, , (020 | 01,n) < K.

(b) has at most M local extrema points that are at most
L > Odistance apart: For any 61 ,, there are M local
maximas and minimas (local extrema points) within
the conditional density. The local extrema points are
at most L distance apart.

(c) is continuous for any 01 ,

Then an upper bound on the geometric rate of convergence
of the Markov chain is D and the total variation distance
between the two copies of the Markov chain, X,, X;l, is
bounded above as follows,

I1£(Xn) — LX)
KM+1)  Iys
2 L

<

) DENXe— Xp1 (5)

The attributes of the conditional density of 65, | 01,
serve to prove, by integrating along the y-axis or flipping the
density sideways, that the coalescing condition is satisfied. To
prove the Sideways Theorem, we show that the contraction
and coalescing conditions are satisfied and then apply the
One-Shot Coupling Theorem 3.1.

Lemma 4.3 (Coalescing condition) If the density of 62 |
01.n for any 01, is (1) bounded above, (2) has at most M
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local extrema points that are at most L distance apart, and
(3) is continuous then for n > 0,

I£(Xn) — LX) < CENXn—1 — X;_41]

Where C = w + IMT>I See Sect. B.0.1 for a proof.

Proof of Theorem 4.2 1f (6 ,, 02.,) = (Q{Jl, 95’,1) then the
contraction condition defined in the One-Shot Coupling The-
orem 3.1 holds for D € (0, 1) and n > 0. The coalescing
condition holds by Lemma 4.3, which can be applied when
condition 2 is satisfied (attributes of the conditional density
of 62, | 01.,). By the One-Shot Coupling Theorem 3.1, the
total variation distance between two copies of the process
can be bounded above using Eq. 5. O

In Guibourg et al. (2012), it is shown that when the func-
tion g is deterministic (g is a function of X,_; only and
not 01 ) and given the same assumptions on 6, ,, the upper
bound on the geometric rate of convergence is D (see Corol-
lary 8 and Example 9 of Guibourg et al. (2012)). This matches
the results from our theorem.

Note that the Sideways Theorem 4.2 provides an upper
bound on total variation distance, but does not imply the
existence of a stationary distribution for the Markov chain.
To develop the intuition for this, first note that convergence
in total variation distance implies convergence in distribution
(Gibbs and Su2002). Suppose that £(X,), £(X},) have distri-
bution functions, F;,, F,i, then by Helly’s Selection Theorem
(see Lemma 11.1.8 of Rosenthal (2016)), a right continuous
function F exists such that F,, — F and F, — F pointwise.
However, the function F may not necessarily be a distri-
bution function. This is an illustration of why a stationary
distribution may not exist.

A simple counter example would be the process X, =
%X,,_1 +n+2,, Z, ~ N(0, 1).Itis clear how the Sideways
Theorem 4.2 could generate a geometric convergence bound
over two iterations of the process if E[Xo — Xé] < 00, but
Xy, X, — oo almost surely and so there is no stationary
distribution. See (Steinsaltz 1999) for more information on
sufficient conditions for stationarity.

4.1 An example of a nonlinear autoregressive
process

Example 4.4 (Nonlinear autoregressive process) This exam-
ple is discussed in Section 4 of Qin and Hobert (2021). Let
{Xy}n>1 be a Markov chain such that

1 .
Xnt1 = E(Xn —sin X,) + Zp41

where {Z,},>1 ~ N(0,1) are independent and identi-
cally distributed (i.i.d.) random variables. In Qin and Hobert
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(2021), itis assumed that {Z, },,> are i.i.d. random variables
with a mean of 0 and a variance of 1.

For g(x) = %(x — sin(x)), the derivative is g'(x) =
%(1 — cos(x)) and so sup, g &'(x) = 1. This cannot be
used. Instead, we can find a value for D in terms of the sec-
ond iteration. That is,

D? _ qup X2 = Xl | X = 5. X, = 51
X,y lx — yl

Lemma 4.5 The value of D as defined above can be written
as

Proof If E[|01 ,|] < 1, then set D = E[|61 ,|] and so the
contraction condition in Theorem 4.2 holds,

El1g01n+1, Xn) — 801041, X})I]
= E[101,n+1Xn — 01,041 X,11 < DE[IX, — X1

Since all of the conditions in Theorem 4.2 are satisfied, Eq.
5 holds. 0O

4.3 Bayesian regression Gibbs sampler

Example 4.7 (Bayesian regression Gibbs sampler) Suppose

D? = sup

i ) . ) —sin2 ,
\/Zh(x, y)2 - 4h(x,y) smhg}%)cosk(x,y) + sz h(x, y)(l + cos? k(x,y)e2sm k(x,y))

X,y \/§|x =l

where
1 . .
h(x,y) = Z(y — X + sinx — sin y)
1
k(x,y) = Z(x +y —siny —sinx)

The proof can be found in Sect. C.1.

Using simulation, we can deduce that D? ~ (0.813%2 =
0.661, which closely matches the geometric convergence rate
found in Qin and Hobert (2021) for the Wasserstein distance
of D =0.814.

Using the Sideways Theorem 4.2 notation, K = Ners and

M = 1. An upper bound on the total variation distance is
1
L(Xp41) — LX) Il < ——E[1X0 — X([10.661N/2]
I n+ n+1 l o | ol

Thus, if Xg = 1 and X6 = 2, then after 20 iterations,
the total variation distance between the two processes will
be less than 0.01.

4.2 Random-coefficient autoregressive models

Corollary 4.6 Let {X,},=1 € R be a random-coefficient
autoregressive model. That is, X,, is of the following form

Xn = el,an—l + 92,n

where (01, 02.,) AL (61,m, 02.m) whenn #= m. If we replace
the contraction condition of the Sideways Theorem 4.2 with

1. E[|6ha]]l <1

Then Eq. 5 holds for D = E[|6; ,|].

we have the following observed data ¥ € R* and X € R¥*P
where

Y| B0 ~ Nu(XB, 0% I)

for unknown parameters 8 € R”, 0> € R. Suppose we apply
the prior distributions on the unknown parameters,

e o~ Ny, “TZI,,), where A > 0 is known
o 7(0?) x 1/0?

The Bayesian regression Gibbs sampler is based on the con-
ditional posterior distributions of f,, o> and is defined as
follows.

o Bulo? .Y ~NpB,o2 A7h
e o | fu¥ ~ T (B2 L[ = AT AG - B +C]).

I, B) represents the inverse gamma distribution.
where A = XTX + A1 p 1s positive semi-definite, g =
A7'XTy andC =YT (I, — XA ' XxT)y.

The following theorem gives an upper bound on the con-
vergence rate of the Bayesian regression Gibbs sampler.

Theorem 4.8 For two copies of the Bayesian regression
Gibbs sampler, (Bn, 0y) and (B}, 0,/,2), defined in Example
4.7,

IL(Bns 0n) — LBL, 5D

n—1
! p
< KE[|o} — 6, _— 6
< KE[|o] 0|J(k+p_2) ©)
k+2p B2 jope
where K = (i/(zklr?pj (k+2cp+2> 2 o +2p+ '
2
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In Theorem 3.1 of Rajaratnam and Sparks (2015), it was
shown than for the equivalent example and some 0 < M| <
M>, which are not specified,

p n
M (m) < |IL(Bn,0n) — ||

n
<M (kL>
+p—2

This means that the bound derived from the Corollary 4.6
is sharp up to a constant. The primary difference between
Theorem 3.1 in Rajaratnam and Sparks (2015) and the bound
in Theorem 4.8 is that the latter provides explicit values for
the constant, M5 and as a result, numerical upper bounds can
be calculated.

Before proving Theorem 4.8, we present some lemmas.

Lemma4.9 The variable o} can be written as a random-
coefficient autoregressive process, onz = X,,Y,,an_l + Y,

where X, ~ T (%, %) and Y, ~ T~} (HTP, %) And so,
IL(Bn, 02) — LBL, o, < 1L} — L,

n’-n

The proof can be found in C.2. T'(«, B) represents the
gamma distribution.

Lemma 4.10 (Contraction condition) The Bayesian regres-
sion Gibbs sampler satisfies the contraction condition with

D= (ﬁ) The proof can be found in C.2.

Lemma4.11 (Attributes of the conditional density 6, |
01.,) For the Bayesian regression Gibbs sampler,
02, | 61.n has a continuous density, M = 1 and K =

Csz“p k+2p+2 B4l iapn

(F/(k)+2p) ( +é’+ ) e~ 2 .Theproofcanbefound
2

in C.2.

Given the above lemmas, the proof of Theorem 4.8 is
straightforward when the Sideways Theorem is applied.

Proof of Theorem 4.8 Letn > 0.

I£Bu, 02) — LB, 0D < 1L} — LoDl

n—1
< KE[|o§ — 0’1 (ﬁ)

where K is defined in Lemma 4.11. Lemma 4.9 implies the
first inequality. The second inequality is a result of Corollary
4.6, which is satisfied because of the contraction condition
(Lemma 4.10) and the properties of the conditional density
02 | 01,n (Lemma4.11). O

Numerical Example 4.12 (Application of the Bayesian
regression Gibbs sampler) Suppose that we are interested
in evaluating the delay in getting a PhD (Y ), based on age,
age squared, sex and whether the student has a child at home

@ Springer

(X ). For more information on this problem, see van de Schoot
etal (2013); Smeets et al. (2019). We want to find the upper
bound on the total variation distance for a Bayesian regres-
sion Gibbs sampler fitted to this model. In this case, there are
333 observed values (k = 333) and 4 covariates (p = 4).
Using the notation from Theorem 4.8, K = 0.0682. Further
suppose that we are interested in evaluating the upper bound
between two copies of the Markov chain X,, X|, such that
og = 1and a(/)z = 1001. Then,

LB, 0n) — LB o)l < 68.16454 (0.0119403)"" (7)

After three iterations, the total variation distance between
the two chains will be less than 0.01.

4.4 Bayesian location model Gibbs sampler

Example 4.13 (Bayesian location model Gibbs sampler) Sup-
pose that we are given data points Y, ..., Y; ~ N(u, 7™ ")
where 1, 7! are unknown and J > 3. Let W, 7! have flat
priors on R and R . The Gibbs algorithm is based on the con-
ditional posterior distributions of 1, 771, which are defined
as follows.

® Unt1 =Y+ Zny1/N I
o r-1 _ 2+50—mar)?
n+1 = Gnt1

where Z, ~ N(0, 1) and G,, ~ F(JTH, 1) are independent
and S = Y1, (vi — ¥)%

The following theorem gives an upper bound on the con-
vergence rate of the Bayesian location model Gibbs sampler.

Theorem 4.14 Fortwo copies of the Bayesian location model
Gibbs sampler Example 4.13,

LG 175 = LG, 7Yl

: 1\"!
<KE[ry' — 157"l (7) (8)
(S/2)L2—J S _JT_3 J+1
where K = rh) <J—+1) e 2.

This bound compares to the one derived in Section 6 of
Roberts and Rosenthal (2002) which states that,

LG, 77 = L, 7 DI

- J 1) Efe! _1 1\"
= E‘i‘ [|T() — T [1 7

Both bounds return the same geometric rate of convergence.
However, the magnitude of constant K is difficult to compare
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against (% + 1) without knowing S. Note that the bound
derived from Corollary 4.6 is calculated in a systematic way.
Before proving Theorem 4.14, we present some lemmas.

Lemma4.15 The variable T, can be written as a random-
coefficient autoregressive process, T, =X n Ynt;_ll + Y,
where X, ~ T (%, %) /and Y, ~ r-! (jTJrz, %) And so,
ILGn, 771 = LGy, 7,7 DI < 1L = LG, DI The

proof can be found in C.3.

Lemma 4.16 (Contraction condition) The Bayesian location
model Gibbs sampler satisfies the contraction condition with
D = } The proof can be found in C.3.

Lemma 4.17 (Attributes of the conditional density 6, |
01.n) For the Bayesian location model Gibbs sampler, 6 ,, |
01.n has a continuous density, M = 1 and

_J=3
2

J-1
(2O (5 ) o
g \J+1

The proof can be found in C.3.

Given the above lemmas, the proof of Theorem 4.14 is
straightforward when the Sideways Theorem is applied.

Proof of Theorem 4.14 Note that
(VT S B (T |

, s 1\!
<L, — LI < KE[ ' =75 N (7)

where K is defined in Lemma 4.17. The first and second
inequality are a result of Lemma 4.15 and Corollary 4.6,
respectively. Corollary 4.6 is satisfied because of the con-
traction condition (Lemma 4.16) and the properties of the
conditional density 6>, | 61, (Lemma 4.17). O

Numerical Example 4.18 (Application of Bayesian location
model Gibbs sampler) Suppose that we are given the girth
in inches of a sample of trees (see the trees dataset in R),
Yi,..., Y31 ~ N(u, t’l), where |, =1 are unknown. We
want to find the upper bound on the total variation distance
for the Gibbs sampler model applied to this problem. In this
case, the number of datapoints is 31 (J = 31) and using
the notation from Theorem 4.14, K = 13.74027. Further,
suppose that we are interested in evaluating the upper bound
between a Markov chain (i1, ‘L'n_l) with initial value 1:0_1 =1
and the corresponding stationary Markov chain, which is
denoted as (Lo, rogl).
By Lemma 4.19, a drift function exists.

Lemma 4.19 For Numerical Example 4.18, the following
drift condition holds,

El(r; ' +0.5248723)* | ¢!}

< 0.6583702(z; | 4 0.5248723)? + 106.3874

The proof can be found in C.3.

So by Lemma 3.4,
Ellt' — 75 'l < 18.12198 (10
Combining this with Theorem 4.14,

1L (s T 1) = L(oos DI

1 n—1 1 n—1
< 13.74027 x 18.12198 | — =249 —
31 31

After 4 iterations, the total variation distance between the
two chains will be less than 0.01. This bound compares to the
bound derived in Roberts and Rosenthal (2002), which, com-
bined with Eq. 10, states that || £(tt,, T, 1) — L(ioos T <
299 (3)".

4.5 Autoregressive normal process

Example 4.20 (Autoregressive normal process in R) Let
{Xn}u>1 € R be an autoregressive normal process. Then
forii.d. Z, ~ N(0, 1),

1 3
Xn = EXn—l + Zzn

In this case, 61 , = % and 6, , = \/gzn. The density of 6> ,

is continuous and uni-modal and K = ,/ % By Corollary
4.6,

, 2 , 1 n—1
I1£(Xn) — LX</ QE[IXO — Xpll <§> (11

It is known that the geometric rate of convergence for
the autoregressive normal process is 1/2 (Qin and Hobert
2020), so once again the Sideways Theorem 4.2 generates
tight geometric convergence rates up to a constant.

When comparing the upper bound with the actual total
variation distance, note that if Xo = x¢ is known, X, ~
N (’2‘—2, 1— ﬁ). Thus, the total variation distance between two
copies of an autoregressive normal process X,, X, where the
initial values are known, Xo = x¢ and X{; = x, is as follows
(see Section 2 of Roberts and Rosenthal (2002)),

lxo — x{]
on+l /1 — 4L"

Figure 1 shows how the upper bound for the autoregres-
sive normal process using Eq. 11 compares to the actual total

I1£(X,) — LX) =1-2® | -

@ Springer
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Fig.1 This figure compares the
actual value of

I1£(X,) — £(X),) |l against the
upper bound derived from the
Sideways Theorem 4.2, (Eq. 11)

)

, 0.4-
when X,,, X, are two copies of
the autoregressive normal
process (i.e., So3
kS \
n—z nl+[zilvz s \
> n ;
N(, 1))andxo—0x 502
o
[t
-
0.1 . >
0.0-

variation distance when xop = 0 and x(’) = 1. The total vari-
ation is less than 0.01 after 6 iteration and the upper bound
on the total variation is less than 0.01 after 7 iterations.

In the following section, we extend the above example to
higher dimensions.

4.6 Processes in RY

Next we extend the autoregressive normal process as defined
above to R,

To do so, we apply Proposition 2.4 to an autoregressive
normal process in R? with independent coordinates, Example
4.21, and non-independent coordinates, Example 4.22.

Example 4.21 (Autoregressive normal process in R? with
independent coordinates) Let {)? nln>1 € R? be an autore-
gressive normal process with independent coordinates. Then
fori.i.d. Z, ~ N(O, L),

- 1- 3=

Xn = zxnfl + Zzn

Andifi # j,then Z; , 1L Z; ,. Further, X; , = 3 Xj n—1 +
\/gZi,n fori € {1, ..., d} and so by Example 4.20,

2 1 n—1
I1L£(Xin) — LOX; ) S\/3n [1Xi.0 ,,ol](2>

Since each coordinate is independent and bounded above by
the same value, Proposition 2.4 implies that
1 n—1
()

> - 2
I£(Xn) — LX) < dy) 35 S EllXio—

T 0<i<d

@ Springer

Upper bound vs actual total variation distance
For the autoregressive normal process

e,

8 12
lteration

*— Actual —* Theoretical upper bound

Again, it is known that the geometric rate of convergence
for the autoregressive normal process in R is 1/2 (Qin and
Hobert, 2020).

Finally, to apply numbers to this example, suppose that
X N X "€ R100 and the initial values of this process are X 0=
(1,...,1)and X, = (0, ..., 0). The total variation distance
would be bounded above with [|£(X,4+1) — LX) <

100,/ % (%)n This means that at 14 iterations the total vari-
ation distance would be less than 0.01.

The following example is a more general version of the
above, where X, is a general autoregressive normal process
: d
in R4,

Example 4.22 (Autoregresswe normal process in R?) The
random vector {X Jn>1 € RY is an autoregresswe normal
process if for matrix A and random vector Wn ~ N (0, by d)
(25 is a positive semi-definite matrix)

Theorem 4.23 Suppose that A is a diagonalizable matrix.
Then for two copies, Xn, X e RY, of the autoregressive
normal process defined in Example 4.22,

N N d -~ _
I£(X,) — LX) < \/Ellﬁdlllzllpllzllp Yl
E[lXo — X{ll2] max [2;]" (12)
1<i<d

where A = PDP~" with D as the corresponding diagonal
matrix, A; is the ith eigenvalue of A and |-||2 denotes the
Frobenius norm. The proof can be found in C.4, which uses
a modified version of the Sideways Theorem.
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Numerical Example 4.24 (Application of the autoregressive
normal process in R?) To apply numbers to this example,
suppose that X X € Rloo are two copies of the following
process Xn = AX + Z,,, Z ~ N(0, A) where

11

P10 00
A= §28° "

000 %%
and the initial values of this process are ;(() =(1,...,1)
and X6 = (0,...,0). The total variation distance would

be bounded above with |L(X,) — LX)l < 98782.31
(0.7498791)". This means that after 56 iterations the total
variation distance would be less than 0.01.

5 Autoregressive conditional
heteroscedastic processes

In this section, we look at bounding the total variation dis-
tance between two copies of an ARCH process.

Definition 5.1 (Autoregressive conditional heteroscedastic
(ARCH) process) The sequence {X,},>1 is an ARCH pro-
cess if for g : RZ - R

Xy = g(el,nv Xn—l)92,n (13)

where (01 ,,, 62.5) € R?2 are random variables and ©1.n,02.0)
AL (O1,m, 02,m) when n # m.

5.1 Application to the LARCH model

Example 5.2 (Linear ARCH process) Let {X,},>1 € Rbe a
linear ARCH process. Then for i.i.d. Z, and By, B1 € R

X, = (,BO + ﬂ]Xn—l)Zn

See Section 7.3.3 of Doukhan (2018) for more details on this
model.

The following theorem provides an upper bound on the
convergence rate of two copies of a LARCH process.

Theorem 5.3 Let {X,},>1 € R and {X)},>1 € R be two
copies of the linear ARCH process. Suppose that,

e Bo,p1 >0and Z, > 0 a.s.
e the density of log(Zy) is bounded above, has at most M
local maxima and minima, and is continuous.

Then, the process is geometrically ergodic if B1 E[|Zo|] < 1
and an upper bound on the total variation distance between
the two processes is,

Bi1(M + 1)
280
D" VE[|Xo — X} (14)

I£(Xn) = LX) < supe” fz,(e")

Where D = B1E[Zo]

Lemma 7.3.2 of Doukhan (2018) says that if 81 E[| Zp|] < 1,
then a stationary distribution exists. This theorem makes an
even stronger assertion that under some additional assump-
tions, the process will also be geometrically ergodic with
geometric convergence rate D = 1 E[|Zp|] < 1.

Before proving Theorem 5.3, we present some lemmas.

Lemma 5.4 (Contraction condition) The LARCH process
satisfies the contraction condition if D = B1E[Zp] < 1.
See Sect. D.1 for a proof.

Lemma 5.5 (Coalescing condition) Suppose that the density
of log(Zy) is bounded above, has at most M local maxima
and minima and is continuous. Then the LARCH process
satisfies the coalescing condition

I£(Xn) — LX) < CENXn—1 — X;,_4]]

wheren > 1 and C = BrM+1)
2B0

D.1 for a proof.

sup, e* fz,(e*), See Sect.

Note that the density of log(Zo) is fiog(zy) (X) = €* fz,(e).

Proof of Theorem 5.3 Suppose that the assumptions in Theo-
rem 5.3 are satisfied. Then the LARCH model satisfies the
contraction condition (Lemma 5.4) and the coalescing condi-
tion (Lemma 5.5). By the One-Shot Coupling Theorem 3.1,
Eq. 14 holds. O

Numerical Example 5.6 We find the convergence rate of
Example 10.3.1 of Brockwell and Davis (2002), which is of
the form,

X2=(1+05%x2_ )72

n—1
where Z> ~ x2(1). Further let Xo = 0.1 and X, = 1.1
The density oflog(Z,%) is flog(zg)(x) = (27) 1/2ew—e)/2

and 50, SUP fiog(z2) () = (2m)~1/2e0=/2 = # The

e

density oflog(Z,zl) is also unimodal, so M = 1. By Theorem
5.3, an upper bound on the total variation distance is

I1£(X,) — LX) < 0.5"~! (15)

e
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After three iterations, the total variation distance is less than
0.01. In comparison, Fig. 2 shows how the bound compares
to a simulated estimate of the total variation distance for this
process.

5.2 Application to the asymmetric ARCH model

Example 5.7 (Asymmetric ARCH process) Let {X,,},n > 1
€ R be an asymmetric ARCH process. Then for i.i.d. Z,

Xy =\ @Xao1 + P + 22,

where a, b, ¢ € R. See Exercise 4.1 of Doukhan (2018) for
more details on this process.

The following theorem provides an upper bound on the
convergence rate of two copies of an asymmetric ARCH pro-
cess.

Theorem 5.8 Ler {X,},>1 € R and {X)},>1 € R be two
copies of the asymmetric ARCH process defined in Example
5.7. Suppose further that the density of Z,, is centred at 0 and
is monotonically decreasing around zero (i.e., w(x) > w(y)
if |x| < |y|.). Then, the process is geometrically ergodic if
lalE[|Zo|l < 1 and an upper bound on the total variation
distance between the two processes is

12X — L0 = 2 pr=1 Bl x0 — X

c

(16)

where D = |a|E[|Zy|]

Exercise 4.1 part 1 of Doukhan (2018) states that the process
has a stationary solution if D = |a|E[|Zy|] < 1. Theorem
5.8 shows that under certain additional assumptions on Z,, the
process will also be geometrically ergodic with a specified
quantitative bound.

Before proving Theorem 5.8, we present some lemmas.

Lemma 5.9 (Contraction condition) The asymmetric ARCH
process satisfies the contraction conditionif D = |a|E[|Zo|]
< 1. See Sect. D.2 for a proof.

Lemma 5.10 (Coalescing condition) Suppose that the den-
sity of Z,, is centred at 0 and is monotonically decreasing
around zero. Then, the asymmetric ARCH process satisfies
the coalescing condition

I£(Xn) — LX) < CENXn—1 — X;_4]]

wheren > 1 and C = IZ—' See Sect. D.2 for a proof.

Proof of Theorem 5.8 Suppose that the assumptions in The-
orem 5.8 are satisfied. Then the asymmetric ARCH model
satisfies the contraction condition (Lemma 5.9) and the coa-
lescing condition (Lemma 5.10). By the One-Shot Coupling

Theorem 3.1, Eq. 16 holds. |

@ Springer

Numerical Example 5.11 Suppose a = 0.5,b = 3,¢c = 5,
Z, ~ N(0,1) and Xo = 0,X(, = 5. Then by Jensen’s
inequality, D = 0.5E[|Zo|] < 0.5E[Z3]"/? = 0.5 and 50 by
Theorem 5.8
, 0.5 nel "
I1£(X,) — LX) < =5 x5x0.5 =0.5 17
So, by iteration n = 7, the total variation will be less than
0.01.
In comparison, Fig. 3 shows how the bound compares to

a simulated estimate of the total variation distance for this
process.

5.3 Application to the GARCH(1,1) model

Example 5.12 (GARCH(1,1) process) Let {X,},>1 € Rbe a
GARCH(1,1) process. Then for i.i.d. Z,

Xy =0,2Zy
where for o, 8, y € R,

oy =’ + X, +y0)
See Section 7.3.6 of Doukhan (2018) for more details on this
model.

The following theorem provides an upper bound in total
variation distance between two copies of the GARCH(1,1)
process.

Theorem 5.13 Let {X,}n>1 € R and {X)},>1 € R be two
copies of the GARCH process defined in Example 5.12.
Suppose that the density of Z, is centered at 0 and is
monotonically decreasing around zero. Then, the process is
geometrically ergodic ifﬂzE[|Z(2)|] +y? < 1. Further sup-
pose that x, x(/), og, and 0(;2 are known. Then an upper bound
on the total variation distance between the two processes is

I£(Xn) = LX<

Dn—l p p
— /82133 — x1 + v210§ — o)
(18)
where D = [ B2E[Z3] + y2
Before proving Theorem 5.13, we present some lemmas.

Lemma 5.14 (Contraction condition) The GARCH(1,1)
process satisfies the contraction condition if D =

VB2E[ZZ] + y? < 1 See Sect. D.3 for a proof.

Lemma 5.15 (Coalescing condition) Suppose that the den-
sity of Z,, is centred at 0 and is monotonically decreasing
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Fig.2 This figure compares a
simulated approximation of
1£(X3) — £(X?)|| against the
upper bound (Eq. 15). X2, X2
are two copies of the LARCH
process (i.e.,
X2=(1+05%2_)Z2and
72 ~ x*(1)) and

X3 =0.1,X7 =1.1.To
simulate total variation, 10
million simulations were run
with bin length=0.01 for the
estimated density function

Fig.3 This figure compares a
simulated approximation of
I1£(X,) — £(X),)|l against the
upper bound (Eq. 17). X,,, X,
are two copies of the
asymmetric process (i.e., X, =
VO5X, 1 +3)2 4527, Z, ~
N(0,1)) and xg = 0, x; = 5. To
simulate total variation, 10
million simulations were run
with bin length=0.01 for the
estimated density function

Fig.4 This figure compares a
simulated approximation of
I1£(X,) — £(X),)|l against the
upper bound (Eq. 19). X,,, X,
are two copies of the asymmetric
process (i.e., X, = 0,Z, and
o7 = 0.13000 + 0.1266X7_| +
0.792262_, and Z, ~ N(0, 1))
and Xo = 0.1, 09 = 0.01 and
Xy =-0.1,05=0.1.To
simulate total variation, 1
million simulations were run
with bin length=0.01 for the
estimated density function
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around zero. Then the GARCH(1, 1) process satisfies the coa-
lescing condition,

I1£(Xn) = LX< E[|Xn-1— X;_41]

aE[|Zo]]

Forn >2, D = /B2E[Z}] + y2. See Sect. D.3 for a proof.

Lemma 5.16 (Initial condition) Suppose that we know 002,
062 and X, X, then

ELIX1 = Xj[] < \/B21X3 — X + v?l0g — 02| ELZol]

See Sect. D.3 for a proof.

Proof of Theorem 5.13 Suppose that the assumptions in The-
orem 5.13 are satisfied and let n > 2. Then the GARCH(1,1)
model satisfies the contraction condition (Lemma 5.14) and
the coalescing condition (Lemma 5.15). Thus, by the One-
Shot Coupling Theorem 3.1,

1£(X,) — LX) < D"2E[1X) — X}[]

aE[Zo]

Further, by Lemma 5.16 when the initial values 002, 0(;2, X0,
x(, are known,

anl ; -
— JB21X3 - X31 + 2103 — o]

where D = 1/ﬁzE[Z(z)] + y2 O

Numerical Example 5.17 In Example 10.3.2 of Brockwell
and Davis (2002), a GARCH(1,1) model is applied for the
daily returns of the Dow Jones Industrial Index between
between July 1997 and April 1999. Let

LX) — LI <

X, =02,
= excess daily return of the Dow Jones Industrial

Index at time n

The following is the fitted GARCH volatility estimates when
Zp ~ N(O, 1),

02 = 0.13000 + 0.1266X>_, +0.79225>

Suppose that we want to find the total variation of the fitted
process with varying initial values representing two market
states, Xo = 0.1, 00 = 0.01 and X, = —0.1, 6 = 0.1 Then
by Theorem 5.13,

0.792210.012 — 0.12]
0.13

n—1

I£(Xn) = LI < \/

@ Springer

~ 0.2456D" ! (19)

where D = /0.1266 + 0.7922 = +/0.9188

By iteration 77, the total variation distance between the
two processes is less than 0.01. In comparison, Fig. 4 shows
how the bound compares to a simulated estimate of the total
variation distance for this process. The actual total variation
distance appears to be much smaller than the upper bound.

Acknowledgements We thank the referees for their many excellent
comments and suggestions.

Declaration

Conflict of interest The authors declare that they have no conflict of
interest.

Appendix A: Propositions related to the prop-
erties of total variation distance

Proof of Proposition 2.2 Let A be the sigma field of X and B
be the sigma field of ).
First note that f~'(B) = {f~'(B): B € B} = A:

e f~(B) C A:For B € B, f~'(B) C A by measurabil-
ity.

e A C f'(B): Let A € A Then f(A) € B and
F~Yf(A) e f~1(B) by definition. By invertibility,
FY(f(A) =Aandso A € f~1(B).

The equality in Eq. 2 can then be proven as follows,

ILCf (X)) = LN
= sup |[P(f(X) € B)— P(f(X') € B)|

Bef(B)
= sup [P(X e f7'(B)— P(X' e f(B))
Be f(B)
= sup|P(X € A) — P(X' € A)| Since f~'(B) = A
AcA
= [|L(X) — LX)
[m}
Proof of Proposition 2.3

I£(X) — LX) = sup|P(X € A) — P(X" € A)|

AeB
=sup|| P(XeA|y) —P(X €A|yudy)
AeB
< sup / IP(XeAly) —P(X' € Alyludy)
AeBJY

by Jensen’s inequality
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< / sup|P(X € A | y) — P(X' € A | )|u(dy)
Y AeB

<E[ILX 1Y) = LX I D]
O

Proof of Proposition 2.4 To prove this, we use the concept of
maximal coupling over the coordinates. By maximal cou-
pling, for i € {1,...,d} there exists random variables

M yv'M 4 vm rod M
Xl.’n, Xiy” such that X; , = Xi’n and Xi’n = Xl.’n and

IL(Xi0) — LX] )1 = PXM, # x;M)

(see Proposition 3g of Roberts and Rosenthal (2004) or Sec-
tion 2 of Bottcher (2017)).

Further, there exists a unique product measure such that for
any Ay, ... Aq € B.P(N_ (X} e A =T]L, P(XM, e

n

A;) (Theorem 18.2 of Billingsley (2012)). For the unique
product measure, the following equality holds,

d
PN xM e A= ]_[ P(XM € A)
i=1
d
=[] PXin € A)) = P(N{_ Xin € A)
i=1

And so by uniqueness, for A € B9, P(XM e A)=P(X, ¢

A). By definition, this means that X n 4 X ,11” , which implies
that ()},11”, )?,;M) € C()}n, )?;l), the set of all couplings of
X, X/,

We now use )?,11” )};M to prove Eq. 3.

1£(X) — LX)

= _ _ inf _
Y,Y'eC(Xy, X))

< P(XM £ XMy
= P(UL (XM £ XM))

P(Y # Y') by Eq. 2.4 of Béticher (2017)

d
<> PN #xM) by subadditivity
i=1

< dAr"

Appendix B: Lemmas related to the Sideways
Theorem

The following are lemmas and corresponding proofs and
corollaries related to the Sideways Theorem (4.2).

B.0.1 Lemmas providing an upper bound on the
integral difference between a functionand a
corresponding shift

The following lemmas are used in the proof of Lemma 4.3.

Lemma B.1 Forany invertible, continuous function f : R —
R where the codomain is f(R) = (a, b) and A > 0,

/le(XvLA) — f()ldx = (b —a)A

Proof Since f is invertible and continuous, it is strictly
monotone (Lemma 3.8 if Hairer and Wanner (2008)).
Assume that f is strictly increasing. The integral can be writ-
ten as follows,

mex 4 A) - FOOldx = /Rf(x +A) — f)dx

b
:// If(x+n)<y<fx)dydx
R Ja

b
= / / Lp-1()—a<x<p1(ndydx
R Ja
b
= /a /R I-1(y)—A<x<f~1(ydxdy by Fubini’s Theorem
b
= / Ady
a
=(0b-a)A
If f is strictly decreasing apply the transform h(x) =
a + b — f(x). The function 4 is a strictly increasing invert-

ible function with codomain (a, b) and so using the previous
result for increasing functions,

/le(x +A) = f(x)ldx

= / |h(x + A) — h(x)|dx = (b —a)A
R

m}

LemmaB.2 Let f : R — R be a continuous function that
is invertible over the set (c,d) and is a constant function
over (c, d)€. Further suppose that the codomain is f(R) =
(a, b). Then for A > 0, we get that

lef(erA) — fldx = (b —a)A

Proof Assume that f is an increasing function and so f(c) =

a, f(d)=band [f(x + A) — f()[ = f(x+ A) = f(x).

@ Springer
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Let0 < € < (¢ — d)/2 and define

f(x) whenx € (c +¢€,d — €]

(fc+e)—a){l —e* 7€) +a whenx € (—00, ¢ + €]
ge(x) =
(fd—¢€)—b)(1 —e?*) + b whenx € (d — €, 00)

Note that g (x) is continuous, invertible, an increasing func-
tion and the codomain is (a, b). By Lemma B.1 for each
€e>0

/ ge(x + A) — ge(x)dx = (b —a)A
R

Further, for all x € R, lime0g(x + A) — ge(x) =
f(x+A)— f(x)and so gc(x + A) — g (x) converges point-
wise to f(x + A) — f(x). Next, for 0 < € < (¢ —d)/2,
|ge(x + A) — ge(x)| < 2|b| and so the function g, (x + A) —
ge(x) is uniformly bounded. The above statements allow us
to apply the dominated convergence Theorem (Theorem 16.5
of Billingsley (2012)) and so

/f(x—i—A)—f(x)dx
R
= limf gex +A)—gc(x)dx = (b —a)A
e—0 Jr

If f is strictly decreasing apply the transform h(x) =
a + b — f(x). The function 4 is a strictly increasing invert-
ible function with codomain (a, b) and so using the previous
result for increasing functions,

/le(XvLA)—f(X)Idx=/R|h(X+A)
—hx)|dx =B —a)A

O

LemmaB.3 Ler f : R — R be a continuous function with
the following properties:

e the codomain is (0, K)

e (my,my,...,my) are the local maxima and minima
points

e limy o f(x) =0andlimy_,_ f(x) =0

Further suppose that A < max;—> . y{m; —mj_1}. Then

,,,,,

/If(x—A)—f(X)ldx =KM+ DA
R

Proof Since A < max;— __m{m; — m;_1}, we have that
mi—A<mp<m—A<...<mpy.Letl,..., Iy be
the intersection points or the points where f (I;) = f(I;—A).

Show that m; — A < I; < m;: Suppose that m; is a local
maximum point. Let g(x) = f(x + A). Within the interval

@ Springer

(m; — A, m;), f'(x) > 0and g’(x) < 0by assumption. This
implies that f(m; —A) < f(m;)and g(m; —A) > g(m;) by
the Mean Value Theorem. Further since g(m; — A) = f(m;)
we have that g(m; — A) > f(m; — A) and g(m;) < f(m;).

Let h(x) = g(x) — f(x). Then h(m; — A) > 0 and
h(m;) < O further & is a strictly decreasing function over
(m; — A, m;) since g, — f are strictly decreasing functions
over the same interval. So by the intermediate value theorem,
there exists an & € (m; — A, m;) such that h(§) = 0 or
f(&) = g(&) = f(E+ A).Further by injectivity, & is unique.
Let I; = &. A similar proof can be given for when m; is a
local minimum.

Show that [,"*| f(x + A) — f(x)|dx < K A: Note first
thatm; — A < I; <m; <mjp1 —A < Ij41 < mj4 further
define

f(m;) whenx € (—oo, m;]
f(x)  whenx € (m;, mjy1]
f(miy1) whenx € (mji1, 00)

fikx) =

Note that over the interval (m;, m;1], the function f is either
a strictly increasing or a strictly decreasing function.

lit1
/I_ [ (x + A) — F(0)ldx
=/1_ 1FG A+ A) — f)ldx

miy1—A
+ / G+ A) — FCOldx

m;

Iit)
+f G+ A) — FGOldx
miy1—A
< /, 1F G4 A) — f(m)ldx

mip1—A
+ / 1+ A) — f)ldx

mj

Iit1
+ / fmisn) — f(0)ldx
i+1—A

m

- /1 1fiG 4+ A) — fi(0ldx

mip1—A
+/ [fi(x +A) — fi(x)|dx

Iiy
+/ oG+ A) — fi(0ldx
miy1—A
Iiv1
=/I_ fiCx + &) — fi(0)ldx
Imz'+1
s/v i+ 8) = fildx

= /lei(x +A) — fi(x)|dx
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=|[f(m;) — f(mit)|A < KA

The last equality is a result of Lemma B.2.
By similar reasoning, it can be shown that

SR A) = f)ldx < KA
SR+ ) = f()ldx < KA

Finally note that the intersection points partition R into M + 1
subsets and so

/If(x—A)—f(JC)IdxSK(M-Irl)A
R

Proof of Lemma 4.3

Lemma 4.3 represents the coalescing condition for the Side-
ways Theorem 4.2.

Proofof Lemma 4.3 Set 6; , = 6;

1,n°

Define
A= g(el,n, Xn—1) — g(91,n, X,/171)

Let fx,, fX;, be the density functions for X,, X ;l, respec-
tively, and fy, ,, fo,,+n bethe density functions for 6; ,,, 62 »
+ A.

Suppose that A, X,,_1, X;lf] € R are known and so,

Xn =800, Xn-1)+ 62, = 62,
=X, — 8010, Xn-1)

X, =gO1n. X,_)+65, = 05, —A
=X, — 8010, Xn-1)

d .
We know that 6, , = Oé , and in general A, 6y, are ran-
dom variables, so

I1£(Xn) — LX)
< Eg A [ILX0 | 01,0, &) = LX), | 010, M

by Proposition2.3 B
= Eoy,.a [I£O20 1 61,0) = LEO2n — A 1 61,0)]]
by Proposition 2.3 (B2)

By the assumptions in the theorem, the density of 6, , is
continuous with M extrema points and has a codomain that is
in (0, K).Let (m1, ma, ..., myr) be the local extrema points
where m; < m;ifi < jand L < maxo<j<p{m; —m;_1}
be the maximum distance between two local extrema points.
So, continuing from the inequality B1 and by the definition
of total variation, Eq. 1,

1£(X) — LX)

1
< Eyp,, [EA |:5 /leez_,, x 1 01.0) = fo,,,—a(x | Gl.n)ldx:l:|
1
= Ep,, |:EA I:E /R\sz.n(x [ 010) = fo,,,(x + A 91,n)|dX]]
1
= Ey,, |:EA [5 /R\feg,” (x| 01.0) — fo,,,(x + A 91,:1)|dX1A<LH
1
+ Eg,, |:EA [5 /R\fez_,, (x| 01,0) = fo,,,(x + A 91.n)|dx1A>L]]
1
< §E61'” [EA[KM + DAl + Pa(l A |> L)
_km+n EAll A ]

EAllA
< 5 allAll+ I

The second last inequality is a result of Lemma B.3. The

coalescing condition is thus satisfied as follows with C =
K(M+1) + Iy=1
2 L

IL(Xn11) = LX)l
< CE[1gO1n, Xn—1) — §O1n. X)_I]
=CE[|gb1,n, Xn—1) + 020
— (810, Xp_1) + 62,011
= CE[|X, — X,]

Appendix C: Lemmas for random-functional
autoregressive process examples

C.1 Proof of Lemma 4.5

Proof of Lemma 4.5 First note that

E[|Xn42 — Xp ol | Xn = x, X} = y]

1 1
=F Hg <§(x —sinx) + Z,,) —g <§(y —siny) + Z,,) H

1 1
= EE HE(X — y+siny — sinx)

1 1
+ sin (E(y —siny) + Zn> — sin (5()( —sinx) + Zn> H

1
= EE [g(x,y) + G(x, y)Il

where g(x,y) = 3(x —y +siny — sinx) and G(x, y) =

sin (3(y —siny) + Z,) sin (3(x —sinx) + Z,). By

trigonometric identities !, for k(x, y) = *R=SI=S0E gpq
_ y—x+sinx—siny

h(x,y) = —7F——.

G(x,y) =2cos <x +Y —51;1)1 —my +Zn)

I The trigonometric identities used are 2 cos usinv = sin(u + v) —

sin( — v) and cos(i 4+ v) = cos u cos v +sin u sin v where u, v € R

@ Springer
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sin(y x+s1ilx smy) Let X, = % Y, = Zgn' We can rewrite 0,12 =

Xn Y02 | + Y, where X, ~ r (%, %) and ¥, ~ !

=2cos (k(x,y) + Z,) sinh(x, y)
= 2sinh(x, y) (cos Z, cosk(x, y)
+sin Z, sink(x, y))

And so,

E[|Xn42 — X)) | X =x, X;, = y]

(’#, %) Using the notation from the Sideways Theorem

42601, =Xp,Y,and 62, =7Y,.

Since B, can be written as a random function of o2,

1
EE [lg(x, y) + 2sinh(x, y) (cos Z, cosk(x, y) + sin Z, sink(x, ¥))|]

IA

2

l\/E [(g(x, y) 4+ 2sinh(x, y) (cos Z, cosk(x, y) + sin Z, sink(x, y)))z]

1 g(x, y)sinh(x, y)cosk(x, y)
25\/8()5’)’)2"‘4 61/2

+ 2sin? h(x, y) (1 +

cos? k(x, y) — sin® k(x, y)
)

1 h(x, y)sinh(x, y)cosk(x, y)
— 2 _
- ﬁ\/ 2h(x, 2 —4 77

+sin? i(x, y) (l +

cos? k(x, y) — sin® k(x, y)
)

]
C.2 Proof of lemmas used in Theorem 4.8

To prove the first part of this theorem, we apply the de-
initialization technique which shows how the convergence
rate of a Markov chain can be bounded above by the con-
vergence rate of a more simpler Markov chain that includes
sufficient information on the Markov chain of interest. The
concept of de-initialization and a proposition that bounds
total variation is provided below.

Definition C.1 (De-initialization) Let {X,},>1 be a Markov
chain. A Markov chain {Y,},>1 is a de-initialization of
{Xp}n>1 if foreachn > 1

E(Xn | Xo, Yy) = E(Xn | Yy)

Proposition C.2 (Theorem 1 of Roberts and Rosenthal (2001))
Let {Yy,},>1 be a de-initialization of { X, },>1 then for any two
initial distributions Xo ~ w and X{, ~ 1/,

I£(Xn) = LX) < I1£Y) — LA

Proofof Lemma 4.9 Note that B, = B + 0y_1Zn. Zn ~

N,(0, A~") can be written as a random function of o?.

Substituting Sy, o*n2 can then be written as a random func-

tion of its previous value for independent Z,2l ~ x*(p) and
k

Gn ~ T (2, 1),

2
2ot € o ¢
" C 2G,

+
n—1 2G”

@ Springer

L"(ﬁnvar% | IBOa O—(%’Uy%) = L(ﬂnvay% | O—nz)

and so o2 is a de-initialization of (8,, 0,2). By Proposition
C2,

I£(Bu, 02) — LB, 0, < I1£(02) — LoD

We are thus interested in evaluating the convergence rate of
o2 to bound the convergence rate of (8, 5,2).

To interpret this in another way, if 0,% couples then the
distribution of 8, is the same for both iterations, so it is auto-
matically coupled. An alternative proof can be made using
the results from Liu et al. (1994). O

Proof of Lemma 4.10 By Lemma 4.9, 61 , = X, Y, and so,

K = E[|01,n]] = E[XnYs] = E[X,]E[Y,]

Ck+p—-2 k+p-—-2

Proof of Lemma 4.11 Calculate the conditional density
02.n | 01.,, We remove the subscript n on the random vari-
ables. Let X, Y be as described in Lemma 4.9. Since the
random variables are independent, the joint density is the
product of the densities.
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C/2 L P/2=1,xC/2
['(p/2)

c/2 )21,
L(tk+p)/2)

fxyx,y) =

(C3)

Then (61, 6,) = (XY, Y) is a transformation with the Jaco-
bian |J| =0, ! and the density written as follows,

01 _
for.6,(01,02) = fx.y <5 92) 6,

c/2 91 PR aep
T T(p/2)

c/2 9—(k+p)/2—lef%0 1
T((k+p)/2) *

Next fo,19,(02 | 61) is proportional to fy, g, (01, 62) and so
we can derive the conditional density of 6, as follows,

J0210, (62 | 61) < fo,.6,(01, 62) (C4
o~ el P2~ 12016/292—<k+p>/2—le—é6/26;1

(C9)

_ 92—<p/2+(k+p>/2>—1e—é(91+1>0/2 (C6)

This is proportional to an inverse gamma distribution and
50,62 | 6 ~ T~ (% O + 1)C/2). Since the condi-
tional density is an inverse gamma distribution, the number
of modes is M = 1 and the density function is continuous.

Calculate the maximum value of fy,9, (62 | 61) : Fig.
5 shows how the maximum value of the density 1ncreases
as the shape, (01 + 1)C/2 decreases when the rate, 2” is
fixed. It can also be shown from equation C4 that the densuy
function of fy, |9, (6> | 61) is maximized when 6; = 0 since
the normalizing constant will be the largest. This means that
fo216, (02 | 1) reaches its maximum height when 6; = 0
and so we find the value of fg, 9, (62 | 61) evaluated at 6, =
the mode (Section 5.3 of Hoff (2009)).

k+2p+2 ’

C
K = f92|91 (m |9] = 0)

k+2p
T

_k+2p_1 _%
k+2p 2 e y
I'(=*)

__cC
Y=t 2+2

k+2p _k+2p
_cp

r(2L)

_ k+2p+42
2

C 2
<k+2p+2 ¢

k+2p k2

(Cc/2) 2 k+2p+2\ 2  kt2pt2

=T C e
I'(=")

And so,

k

€/ (k+2p+2\ " oo

— k+2[) C e 2
['(=*)

(C7)
C.3 Proof of lemmas used in Theorem 4.14

Proof of Lemma 4.15 The iteration T, +11 can be written as
~1

a function of its previous value, 7, " since p,11 = y +
Zn1/N I T
2
—1 _ Zl’l+] S T_l + S (C8)
T TS 26, " 26
Next we can rewrite, r‘l = X, an;_]l + Y, where X, =
z; 1 1 (J+2 S
ITHNF(z 2)andYn—2G+1 ~T ( 2 ’2)
Since (i, T, —1y can be written as a random function of
T, L
LGty o, 10 70D = LG 77 117
and 7, ! is a de-initialization of (w,, 7, !). Further, by Propo-
sition C.2,
1L Cn. 77" = LGay. 7,7 < 1L = L, D]

To interpret this in another way, if 7, couples then the
distribution of i, is the same for both iterations, so it is auto-
matically coupled. An alternative proof can be made using
the results from Liu et al. (1994). O

Proof of Lemma4.16 By Lemma 4.15, 61, = X, Y, and so
by Corollary 4.6

1S
= E[|01x]] = E[X,Y,] = E[X,]E[Y,] = 357

1
J
]

Proofof Lemma4.17 To find M, K and show that the con-
ditional density is continuous, we (a) show that 6, | 67 ~
r-! (% @1+ 1S/ 2),Which directly implies that the con-
ditional distribution is continuous and M = 1 and we (b) we
find the value of K.

(a) Calculate the conditional density 6, ,, | 6, , For sim-
plicity, we remove the subscript n on the random variables.
Let X, Y be as described in Lemma 4.15. Since the random
variables are independent, the joint density is the product of
the densities.

S/2 121,682 S/2
I'(1/2) I'((J +2)/2)
YU/, -5z

fX,Y(x’ y) =

(C9)

@ Springer
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Fig.5 Inverse gamma density Inverse gamma density for different rates
when o = 100 and For fixed shape, alpha = 100
B =1,10,100 i
beta
=
£ !
S — 10
100
3
0 - {' N
0 50 75 100

Then (61, 6,) = (XY, Y) is a transformation with the Jaco-
bian |J| =0, !and the density written as follows,

01 _
for.6,(61,62) = fx.y (5, 92> 0y"

_ S (e s
S r(1/2) \ 6,
S/2 _ L sp
/ 6; I+2/2-1 =% o
I'((J +2)/2)

Next fg,16,(02 | 61) is proportional to fy, 6,(01, 62) and so
we can derive the conditional density of 6, as follows,

Jo10, (02 | 61) o fo,,6,(01, 602) (C10)
1 _ L
- 921—1/26 92915/292 (J+2)/2 1e % S/292_1

(C11)
_ 1
1
— 92—(./—1)/2—16—92 61+1)S/2 (C13)

This is proportional to an inverse gamma distribution and so,
0,6 ~T! (]T*I, (61 + 1)S/2). We know that the inverse
gamma distribution is continuous and unimodal, so M = 1.

(b) Calculate the maximum value of fp,19, (02 | 01) :
Similar to Fig. 5 of Example 4.7, fg,19,(62 | 01) reaches
its maximum height when #; = 0. It can also be shown
from equation C10 that the density function of fy,9, (62 | 61)
is maximized when #; = 0 since the normalizing constant
will be the largest. So the largest value of fa,6,(02 | 61)
will occur when 6; = 0. To find the maximum conditional
distribution, we find the value of fy, g, (6> | 61 = 0) evaluated

@ Springer

at 6, = Jiﬂ’ the mode (see Section 5.3 of Hoff (2009)).

S
K = fo10, (— |6 = 0)

J+1
J—1
/2T s, _sp
= —( /./)7] _%_le y |y: S
F(T) J+1
S/ s N\
T =y \ 711 e’
rcsh \J+
And so,
J—1 J=3
s/ T (S \T
k= 8/ P (C14)
rzh \v+1
O

Proof of Lemma 3.5 By the property of stationary distribu-
tion, if onz_l ~ 7 then a,% ~ 7 and so the lemma follows
from the following.
2y1 _ 2 2
Ey2 V(o)) = Ecrj_1~n[E[V(0n) | o111
<Ep AV (52 ) + b]
= hE,2 V(o) +b

Proofof4.19 Let . = 0.6583702, h = —0.5248723 and
b = 106.3874, then

E[V (o)) |07 ]

= E[(o; —h)* | 0,1

= E[(06)? = 2ho + 12 | 02 ]

= E[(XaYno,—| + Y)? = 2h(Xu Yoo,y + Vo) + 1 | o7 )]
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= E[Y2N(E[X21(02_)? + 2E[X,)02 4+ 1)

— 2h(E[X,)E[Y,loy | + E[Y,]) + h?
= EIYIE[X} (o) )* + 2E[X,E[Y, 1o,

+ E[Y2] = 2hE[X,)E[Yalo2 | — 2RE[Y,] + h?
= E[Y;1E[X;)(0,_)* + 2E[X,1(E[Y,]

— hE[Y, Do, + E[Y;]] — 2hE[Y,] + h?
= 0.6583702(c;2_ )% + 0.69112060,_; + 107.3691
= Mo )? +2xho2 | + Ak +b
=Mo2  +1)*+b

C.4 Proof of Theorem 4.23

Proof of Theorem 4.23 This example uses a modified version
of the Sideways Theorem 4.2 to find an upper bound on the
convergence rate. We will also use Proposition 2.2, which
states that the total variation between two random variables
is equal to the total variation of any invertible transformation
of the same two random variables.

Let Xn, X ’ € R? be two copies of the autoregresswe
normal process as defined in Example 4.22. Then for Z ~
N (O, I).

Xy = AXu1 + ZaZy X, = AX, |+ %47,
We apply the one-shot coupling method to bound the total

variation distance. For n < N set Z, = Z,.
Suppose Xo, X, are known and define

A =57 AMXo — X))l

Decompose A = P D P~! with D as the corresponding diag-
onal matrix, A; is the ith eigenvalue of A and ||-||, denotes
the Frobenius norm. Then A is bounded above as follows,

A =27 A"(Xo — X))l
= I=;'PD" P~ (X0 — X2
< 1=, 2 - IPLRUD" 121l P~ 1211 X0 — Xpll2
by Lemma 1.2.7 of Aggarwal (2020)

-1 — v v
<115 2 - 1P 120 P~ 211 Xo — Xpll2

d
Do a P
i=1

Y2l Xo — Xpllav/d max | 2; |
1<i<d

-1 —
= IZ; N2 IPl2IIP

For now assume that X, X (’) are known and note that E;l
is an invertible transform. We bound the total variation dis-
tance as follows by applying two mvertlble transforms on the
Markov chain and using the fact that Zm = Z ,m < N.

IL(Xn) — LKW
= E iz [“EO?N) - w?/mu]

by Proposition 2.3
=Ez, . [IIE(E;U?N) - L():;U?’N)”]
by Proposition 2.2
= Eigy [1EET ARt + Zn) = £C57 AX Y + Z3)1]
= Eggp, o 1L AN R0 + Zy) = L2 AVEG + Z3)]
by Proposition 2.2
= gz 16y + 574N Ko - %) — L]
= 1LZy + 2 AN (Xo — X)) — LZ)|

There exists a rotation matrix R € RY*9 such that

RIZ'AX, — X)D1 = (12, AX, — X)II2, 0, ... 0)
=(A,0,...0)

Aggarwal (2020). By properties of rotation, R is orthogonal,
soRT =R 1and RZ, ~ N, RI;RT) = N0, Iy) ~ Z,
In other words, RZ,, < Zn 4 Z;.Thus, continuing the above
equality,

LK) — LX)
< IL(Zy + =71 A" (X0 — Xp)) — L(Z))
= IL(RIZy + =7 AKX, — X)) — LRZ)]|
= IL(Zy + (A,0,...0) — L(Zy|

by Proposition 2.2

Next, suppose that Xj, X(/) are unknown. Then, the
inequality stated in Eq. 12 is shown as follows,

1£(X,) — LX)

< Ea [||L(Zn +(A,0,...0)) — L‘,(Z,,)H] by Proposition 2.3

1 [ e~ Tl
= EA 7/‘ —_—
2 Jpa  (2m)d/2

1

e /2 _ e—(.vl—mz/z‘ d;}

1 2 2
—EA| = N/ =82y *i|
A [2 /R 2 N2 Y
= EAllL(Z1 + A) = L(Z1,0)I]

1
< ——FE[A] byLemmaB.3
27 Y

d —1 -1 v v/
<. —= NP2l P E[llXo — X, max | A; |"
=V 12, M2 - I P21l I ETI Xo 0”2]1§i§d| il
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Appendix D: Lemmas for ARCH process exam-
ples

D.1 Proof of lemmas used in Theorem 5.3

Proofof Lemma 5.4 Let {X,},>1 € Rand {X)},>1 € R be
two copies of the LARCH process. For fixed n > 1, let
Z, = Z,, and so,

E[|Xn — Xp11 = E(Bo + B1Xn—1)Zn — (Bo + B1X,,_ ) Znl]
< BIEUZJNE[|Xp—1 — X}, ]

. d . .
Since Z, = Zp > 0 a.s., the geometric convergence rate is
D = B1E[Zo]. O

Proof of Lemma 5.5 For a fixed n > 0, suppose that Z, 1,
Z 1 are independent. By Proposition 2.3, the total variation
distance between the two processes is bounded above by the
expectation of the total variation.

I1£(Xn+1) = LX) < ENLBo + B1Xn) Zn+1)
— L((Bo + B1X,) Znr D]

Note that Z,, 1 and Z), 1 areused interchangeably in the total

variation distance since Z; 41 4 Z;Hr] .LetY, = Bo+ B1Xn,
Y, = Bo+ BiX,, A =Y, — Y, and A = $. WLOG
Y, > Y, sothat A, A" > 0. Then,

I1L(Xnt1) = LX)l
< E[LY,Znt1) — LY, Zy1D] by Proposition 2.3
= ElLYnZns1) = L(Yn + D) Zni D]
= E[||L(Zy41) — L1 + A")Z,11)|]] by Proposition 2.2
= E[||£(0g(Zu+1)) — L>og(1 + A") 4+ log(Zu11) 1]
by Proposition 2.2

M+1 i
< 25 supet f7, (¢ Ellog(1 + A)
X

< Mz“ Sgpexfzn(ex)%
BLETXy — X,

Bo

M +1
= + supe” fz, (e*)
2 x

The second last inequality is by Lemma B.3. See the proof
of Lemma 4.3 for more details. The last inequality is by the
Mean Value Theorem. O

D.2 Proof of lemmas used in Theorem 5.8
Proofof Lemma5.9 Let {X,},>1 € Rand {X)},>1 € R be
two copies of the asymmetric ARCH process.

For a fixedn > 1, let Z, = Z,, and so,

E[1X, — X,11

@ Springer

=FE |:|\/(an_1 + b)2 + szn - \/(GX,/,,I + b)2 + szl1|]

= |\/(aX,,,1 +b)2+c?— \/(aX;l_l +b)% + 2|
E[|Z,[]

Note that the derivative of f(x) = /(ax + b)% + % is

a(ax + b) - la(ax + b)| B

‘()] = =la| (D15
el |\/(ax+b)2+c2_\/(ax+b)2 al (B

and so,
E[IXy — X1 < [alE(|Z,NE[| Xn—1 — X},_41]

Thus, the geometric convergence rate is D = |a|E[|Zp|]. O

Proofof Lemma5.10 Let {X,},>1 € R and {X),},>1 € Rbe
two copies of the asymmetric ARCH process.

Forn > 1, Z,, Z), are independent. By Proposition 2.3,
the total variation distance between the two processes is
bounded above by the expectation of the total variation with
respect to Xp—1, X', Zn, Z),.

n—1°

I£(Xn) — LX)l

<E [nﬁ(\/ (@Xp_1 + D)2 +c2Zy)

—c(f@x,  +b72+ 2zl

Let Y,—1 = v/(aXy—1 +b)? + 2 and Y/ _,
= V@Xy—1+b)?+c2, A =Y | — Y,y and A =
%. WLOG, Y, _, < Y,_1,50 =1 < A" < 0, because

Y,—1,Y,_, > 0and

I1£(Xn) — LX) < ENLY—1Zn) — LY, 1 Zo)|]
= ElIL(Yn-1Zn) — L(Yn-1+ D)ZW)I]
by Proposition 2.2
= E[|£(Z,) — L((1 + AHYZ,)|]] by Proposition 2.2

< E [Supl — T[Z"—(‘x)}
x TA+A")Z, (X)

by Lemma 6.16 of Levinet al. (2017)

Let the density of Z, be 7z, (x), then mq4anz,(x) =
1 x
mnzn <m>
I1£(Xn) — LX) < E |:sup1 —(1+ A/)ﬂz,,(x):|
X 7TZ,, (W)

< E[supl — (1+ A")]

— E[A]
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E[|Yy—1 — Y, 4]

C

sinceY,,_1 > ¢

|al /
7E[|Xn_1 - X, 1]

IA

by equation D15

The second inequality is by assumption 7wz, (x)>77, ( i f N ) .
]

D.3 Proof of lemmas used in Theorem 5.13
Proofof Lemma5.14 Let {X,},>1 € Rand {X,,},>1 € Rbe
two copies of the GARCH process. Forn > 2, let Z,, = Z,’1.

First note that,

E[|Xy — X,|1 = EllonZn — 0,Zu|1 = Elloy — 0,11Zxl]
= E[loy — 0,11E[1Zxl] (D16)

Next, we find an upper bound on E[|o, — o,|] by first
noting that o,% =a?+ (;322,21_1 + yz)crf_l by substitution.

E[loy — a,]]

= E|l\/e? + (B2Z2_, + yD)ol,

o2+ (222 + y?)o,;z_lq

<E|JB*Z: |+ y2]E[|on_1 - a,;_lq

[ El[|Xn-1 — X/_1|]
=E|,/B*Z2 2 L
AR =Ty

The above inequality is by taking the maximum of the deriva-
tive and the last equality is a result of Eq. D16. Finally,
substituting E[|o,, — o, |] into Eq. D16,

E[|X, — X1
E[1Xn—1 — X;,,1 (]

< EL/BZ;_ 4+ 7] E[|Za]]
nl E[|Za-11] "
= El\/B*Zp_, + y21E[| X1 — X, 4]
< VB2ELZG1+ y2E[Xp-1 — X;, 4]
by Jensen’s inequality
Thus, the geometric convergence rate is
D = /BE[Z}]1+ y2. o

Proofof Lemma5.15 Let {X,,},>1 € R and {X),},>1 € Rbe
two copies of the GARCH process.

For n > 2, suppose that Z,, Z, are independent. By
Proposition 2.3, the total variation distance between the two

processes is bounded above by the expectation of the total
variation.

1£(Xn) — LX) < ENL(0nZy) — L(0) Zp)]I]

LetA =0, —op,and A’ = UA.WLOG, 0, < on,80A, A <
0 because oy, o,, > 0 and

I£(Xn) — LI
= ElIL(0nZy) — L((on + D) Zy)|]
by Proposition 2.2
= E[IL(Zy) — L1+ ANZI]

by Proposition 2.2
< E [Supl — T[Z"—(‘x)}
x TA+A")Z, (X)

by Lemma 6.16 of Levinet al. (2017)
Let the density of Z, be mz,(x), then m(1anz, (x) =
1 X
T+A 2 (H-_A>
I1£(X0) — LX)l

7z, (X)

<E|supl—(1+A)
x Tz, (ﬁ)

< E[supl — (1 + A")]

X
b ti >
y assumption 77z, (x) > 7z, <l n A’)

= E[A]
E[|o) —
< —Ha" Inll since 0, > o
(07
<——FE[Xy-1 — X, 4]
QElZy—1ll " ol

by equation in proof D.3

O
Proof of Lemma 5.16
E[1X1 = X}1]
= |c;v12 — 01’2|E[|Zl 11 by equation in proof D.3
= o2 + B2X3 + y70f — \Ja? + BXZ + yPoENZ)
< 1@+ B2X2 + y208) — (@2 + B2XZ + 20D EIIZ1])
sincel vz — /il =/ (V3 — Y12 =[x + vy — 2435
<VlIx =yl
< JB1X3 = XZ1 + y?10¢ — o PIEN Z0l)
[m}
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