STA357 Suggested Exercises, Fall 2026

by Jeffrey S. Rosenthal, www.probability.ca

This document provides some suggested homework exercises for some of the topics covered
in STA357, to help prepare for the tests. They are not to be handed in.

This document will be updated throughout the semester.
These exercises are taken from various other books, modified as necessary.

Note that some of these exercises might be harder than typical test questions, so please
do not feel discouraged if you find some of them challenging.

Infinitely Often (i.o.) and Borel-Cantelli

Exercise: Let P be the uniform distribution on {1, 2,3}. Give an example of a sequence
of events Ay, Ag, ... such that limsup,_, . P(A4,) < P(4, i.0.), i.e. the inequality is strict.

Exercise:  Let P be the Uniform distribution on [0,1], and let 0 < ¢ < d < 1 be
arbitrary real numbers. Give an example of a sequence A;, As, ... of subsets of [0, 1], such
that limsup,,_,., P(A4,) = ¢, and P(4,, i.0.) = d.

Exercise: Let Ay, As,..., By, By, ... be events, and let C, = A, N B,,.
(a) Prove that {A,, i.0.} N{B, i.0.} 2 {C, i.0.}.
(b) Give an example where this inclusion is strict, and another example where it is equal.

Exercise: Let A;, Ao, ... be a sequence of events, and let N € N. Suppose there are
events B and C such that B C A, C C for all n > N, and such that P(B) = P(C). Prove
that P(A, i.0.) = P(B) =P(C).

Exercise: Let {X,}22, be independent random variables, with P(X,, =) = 1/n for
i=1,2,...,n. Compute P(X, =5 i.0.), the probability that an infinite number of the X,
are equal to 5.

Exercise:  Let Xj, Xs,... be jointly-defined random variables, with Y >° % P(i <
X, <i+1) <C < oo for all n. Prove that P(X,, > n i.0.) = 0.

Exercise: Let X be a random variable with P(X > 0) > 0. Prove that there is 6 > 0
such that P(X > §) > 0. [Hint: Don’t forget continuity of probabilities.]

Exercise: Let §,¢ > 0, and let X7, Xs,... be a sequence of independent non-negative
random variables such that P(X; > 0) > e for all . Prove that P(Z?L X;=o00) =1



Exercise:  Let Aj, Ay, ... be a sequence of events, such that (i) A;,,A,,,..., A, are
independent whenever i;,4 > 4; +2 for 1 < j <k —1, and (ii) ), P(An) = o0. Then the
Borel-Cantelli Lemma does not directly apply. Still, prove that P(A,, i.0.) = 1.

Exercise: Consider infinite, independent, fair coin tossing, and let H, be the event
that the n'® coin is heads. Determine the following probabilities.
( ) ( n+1 N Hn+2 Nn...N Hn+9 ZO)
(b) ( n+1 N Hn+2 N...N Hgn ZO)
(c) P(Hpy1 N Hppo N .. N Hy g 210g, ) ©-0.).
(d) ( ni1 NV HpioMN oo N Hn+|_10g2 n| ZO) [Hint: Consider {AQTZUng nj}]

Convergence in Probability and WLLN

Exercise: Let U ~ Uniform[5,10], and Z = 1y¢ps 7y, and Z, = Lyeps74+ 1) Prove that
Z, 5 7.
Exercise: Let Y ~ Uniform[0, 1], and X,, = Y. Prove that X, Lo

Exercise: Let Wy, Ws, ... be i.i.d. ~ Exponential(3). Prove that there is some n € N
with P(W; + Wy + ...+ W, <n/2) > 0.999.

Exercise: Let Y7,Y5,... be i.i.d. ~ Normal(2,5). Prove that there is some n € N with
P(Y, +Yo+...+Y, >n) > 0.999.

Exercise: Let X, Xs,... be i.i.d. ~ Poisson(8). Prove that there is some n € N with

Exercise: Suppose U ~ Uniform[0,1] and Y,, = %% U. Prove that Y, L.

Exercise: Let C, be the number of heads when flipping n coins, and X,, = e~¢». Prove
that X,, = 0.

Exercise: Let C), be the number of heads when flipping n coins, and Y,, = C,,/(C,, + 1).
Prove that Y, A1

Exercise: Let Z, ~ Uniform[0,n], and W, = 5Z,/(Z, + 1). Prove that W, - 5.

Exercise: Let Z,, be the sum of the squares of the numbers showing when rolling n fair
six-sided dice. Find some number m such that % Zy Eom.

Exercise: Consider flipping n nickels and n dimes. Let X, equal 4 times the number of
nickels showing heads, plus 5 times the number of dimes showing heads. Find some number

r such that %Xn L



Exercise: Provide an example of random variables X, such that X, L 0,but E(X,,) =1
for all n.

Exercise: Prove or disprove that X, = 0 if and only if | X0 Lo
Exercise: Prove or disprove that X,, = 5 if and only if | X | 5.

Exercise: Suppose X, £ X and Y, £y, Prove that X,+Y, A x +Y.

Exercise:  Let Xj, X5, ... be a sequence of random variables, with E[X,,] = 8 and
Var[X,,] = 1/4/n for each n. Prove or disprove that {X,,} must converge to 8 in probability.

Exercise: Suppose lim,,_,., E(|X, — X|) = 0. Prove that X,, L' [Hint: First show
that 1)x,_ x> < 1|X, — X|.]

Exercise: Let r € N. Let X1, X5,... be identically distributed random variables
having finite mean m, which are r-dependent, i.e. such that Xy, , Xy,, ..., X}, are independent
whenever k;,1 > k; + r for each i. (Thus, independent random variables are 0-dependent.)
Prove that - 3" | X Lomasn — oo. [Hint: Break up the sum )" | X; into r + 1 different
sums. |

Exercise: Let X;, X5, ... be a sequence of independent random variables with P(X,, =
3 =P(X,=-3")=3. Let S, = X; +... + X,.
(a) Compute E(X,) for each n.
(b) For n € N, compute R, =sup{r € R; P(|S,| > r) = 1}, i.e. the largest number such
that |.S,| is always at least R,,.
(c) Compute limy, o0 = R,
(d) For which e > 0 (if any) is it the case that P(£]S,| > €) 4 07
(

e) Why does this result not contradict the weak law of large numbers?

Convergence Almost Surely and SLLN

Exercise: Let U ~ Uniform[5, 10}, and Z = 1yeps,7), and Z, = 1y¢ps741,). Prove that
703 Z.

Exercise: Let Y ~ Uniform[0, 1], and X,, = Y. Prove that X, “3 0.

Exercise: Let Wi, Ws, ... be ii.d. ~ Exponential(3). Prove that P(3 n € N with
W1+W2+...+Wn<n/2):1.

Exercise: Let Y7,Y5,... be ii.d. ~ Normal(2,5). Prove that P(3n € N with Y; + Y5+
FY,>n)=1



Exercise: Suppose Zi, Z,, ... are i.i.d. with finite mean m. Let M, = %(ZI + Zy +
...+ Z,). Determine (with explanation) whether each of the following statements are true
or false:

(a) P(In: M, =m)=1.
)

(b) P(3n:m — 0.0l < M, <m +0.01) = 1.
(¢c) P(m —0.01 < M, <m+ 0.01 for all but finitely many n) = 1.
(d) PGn:a—0.01 < M, <z+0.01) =1 for all z € R.

Exercise: Let {X,} be iid. ~ Uniform[3,7], and V,, = 2(X; + X, 4+ ... + X,,). Find
(with proof) a number r such that Y, “3 r.

Exercise: Let Z, be the sum of the squares of the numbers showing when we roll n fair
six-sided dice. Find (with proof) a number r such that 17, 3 r.

Exercise: Consider flipping n nickels and n dimes. Let X, equal 4 times the number of
nickels showing heads, plus 5 times the number of dimes showing heads. Find some number
r such that %Xn =

Exercise: Suppose Y, “¥ Y. Does this imply that P(|Y; — Y| > |Y, — Y]|) = 0?

Exercise: Suppose P(Z =0)=P(Z =1) =1/2. Let X,, = Z for all n (so the X,, are
all identical). Let M,, = %(Xl +Xo+ ...+ X,).
(a) Prove that P(lim, . M, = 0) = P(lim,, ., M,, = 1) = 1/2.
(b) Prove that there is no number m such that M, “3 m.
(¢c) Why does part (b) not contradict the SLLN?

Exercise:  Suppose {Y,} are independent, with P(Y,, = n) = 1/n and P(Y,, = 0) =
1 —1/n. Prove that, as n — oo:

(a) Y,/no0.

(b) Y, /n?%3 0.

(¢) Y,/n %0, ie. Y,/n does not converge a.s. to 0.
Exercise: Prove or disprove that X,, 3 0 iff | X 220.

Exercise: Prove or disprove that X,, ©3 5 iff | X,,| “3 5.

Exercise: Suppose X, X and Y, B Y. Prove that X, + Y, 23 X + V.

Expectation Limit Theorems

Exercise: For the simple counter-example with S = N, P(s) = 27° for s € 5, and
X(s) = 2™ 05y, verify explicitly that the hypotheses of each of the Monotone Convergence
Theorem, the Bounded Convergence Theorem, and the Dominated Convergence Theorem,
are all violated.



Exercise:  Give an example of a sequence of random variables {X,} with X,, “3 0
which is unbounded, but still has E(X,,) — 0.

Exercise: Let X, Xi, X5,... be non-negative random variables, each having finite
expected value, with X,, 3 X. For n, K € N, let Y, x = min(X,, K). Prove or disprove
that each of the following statements must hold:

(a) limg oo lim, oo E(Y, k) = E(X).
(b) limy, oo limg oo E(Y, k) = E(X).

Exercise: Suppose that lim, . X,(s) = 0 for all s € S, but lim,_,, E(X,) # 0.
Prove that E(sup,, |X,|) = oc.



